
Lecture Notes in Computer Science 1517
Edited by G. Goos, J. Hartmanis, and J. van Leeuwen



�
Berlin
Heidelberg
New York
Barcelona
Hong Kong
London
Milan
Paris
Singapore
Tokyo
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Institute of Informatics, Slovak Academy of Sciences
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Preface

The International Workshop on Graph-Theoretic Concepts in Computer Science
is one of the most traditional and high quality conferences in Computer Science.
Previous conferences were organized at various places in Austria, Germany, Italy,
and the Netherlands. The workshop aims at uniting theory and practice by
demonstrating how graph-theoretic concepts can be applied to various areas in
computer science, or by extracting new problems from applications. The goal is
to present recent research results and to identify and explore directions of future
research. The workshop is well-balanced with respect to established researchers
and young scientists.

The 24th International Workshop on Graph-Theoretic Concepts in Computer
Science (WG ’98) was held at Smolenice Castle, near Bratislava, Slovak Republic,
June 18–20, 1998. It was organized by the Slovak Academy of Computer Science
in cooperation with the Department of Computer Science I at RWTH Aachen
(Germany) and with Slovak Society for Computer Science. For the first time in
its history, WG took place in a country of the former eastern block, in the Slovak
Republic.

The program committee of WG’98 consisted of:

H. Bodlaender, Utrecht (NL)
A. Brandstädt, Rostock (D)
M. Habib, Montpellier (F)
J. Hromkovič, Aachen (D)
L. Kirousis, Patras (GR)
L. Kučera, Praha (CR)
A. Marchetti-Spaccamela, Roma (I)
E. Mayr, München (D)
R. Moehring, Berlin (D)
M. Nagl, Aachen (D)
H. Noltemeier, Würzburg (D)
F. Parisi Presicce, Roma (I)
O. Sýkora, Bratislava (SK)
G. Tinhofer, München (D)
D. Wagner, Konstanz (D)
P. Widmayer, Zürich (CH)

The call for papers for WG’98 was mailed and posted on several electronic
bulletin boards. As a consequence, 61 papers were submitted and reviewed by
the program committee. All submissions were carefully refereed by four or more
members of the program committee. We would like to thank very much all
members of the program committee and all subreferees for their cooperation
and for exhaustive and detailed reports and comments.
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After collecting, combining, and weighting all reports the program commit-
tee selected 30 papers for presentation at the workshop. The average level of
submissions was high, with 38 papers scoring above the average, and we were
sorry to have to reject some of them. We were impressed by the scientific quality
of the graph-theoretic applications they covered. Thanks to all authors for their
submissions.

The workshop took place June 18–20, 1998, and was attended by 66 scientists
from the following countries: Brazil, Canada, Czech Republic, France, Germany,
Greece, Hungary, Israel, Italy, Japan, The Netherlands, Russia, Slovakia, United
Kingdom, and United States of America.

This volume contains all contributed papers from the workshop. They have
all undergone careful revision after the meeting, based on the discussions and
comments from the audience and the referees.

Special thanks have to go to Martin Bečka, Sylvia Gavorová, Tomáš Hrúz,
Robert Szelepcsényi, and Imrich Vrťo for the excellent organization of the works-
hop in Smolenice castle as well as for the nice social program in the forest around
the castle. We would like to thank Walter Unger for the organization of the el-
ectronic program committee meeting and for the help with LATEX during the
whole time, starting with submissions and finishing with the preparation of this
volume.

Aachen, August, 1998 Juraj Hromkovič, Ondrej Sýkora
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Linear Time Solvable Optimization Problems on
Graphs of Bounded Clique Width

(Extended Abstract)

B. Courcelle1, J.A. Makowsky2?, and U. Rotics2

1 Laboratoire d’Informatique
Université Bordeaux-I
33405 Talence, France

Bruno.Courcelle@labri.u-bordeaux.fr

2 Department of Computer Science
Technion–Israel Institute of Technology

32000 Haifa, Israel
{janos,rotics}@cs.technion.ac.il

Abstract. Graphs of clique-width at most k were introduced by Cour-
celle, Engelfriet and Rozenberg (1993) as graphs which can be defined
by k-expressions based on graph operations which use k vertex labels.
In this paper we show that the (q, q − 4) graphs are of clique width at
most q and P4-tidy graphs are of clique-width at most 4. Furthermore,
the k-expression (for k = 4 or k = q) associated with such a graph can
be found in linear time.
(q, q − 4) graphs were introduced by Babel and Olariu (1995) and ex-
tends the class of P4-sparse graphs. P4-sparse graphs were introduced
by Hoàng (1985) and are widely studied because of their applications in
areas such as scheduling, clustering and computational semantics. Ano-
ther extension of P4-sparse graphs are the P4-tidy graphs which were
introduced by Rusu (1995).
Furthermore, we show that the class of LinEMSOL(τ1,L) optimization
problems is solvable in O(f(|V |, |E|)) time on a class of graphs of clique-
width at most k in which for every graph G an expression defining it
can be constructed in O(f(|V |, |E|)) time. By the above this applies in
particular to (q, q −4) graphs, P4-tidy graphs and P4-sparse graphs with
f linear.
Finally, we show that the above results cannot be extended to MSOL(τ2)
decision and optimization problems on the vocabulary τ2 which allow ed-
ges to be considered as elements of the domains of the graphs in question,
and by that, allow quantifying over edges in addition to quantifying over
vertices.

? Partially supported by a Grant of the Israeli Ministry of Science for French-Israeli
Cooperation (1994), a Grant of the German-Israeli Binational Foundation (1995-
1996), and by the Fund for Promotion of Research of the Technion–Israeli Institute
of Technology

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 1–16, 1998.
c© Springer-Verlag Berlin Heidelberg 1998



2 B. Courcelle, J.A. Makowsky, and U. Rotics

1 Introduction

The class of P4-sparse graphs was introduced by Hoàng in his doctoral disserta-
tion [Hoà85], as the class of graphs for which every set of five vertices induces
at most one P4 (i.e., a path of length 4). This class contains the class of P4-
reducible graphs introduced by Jamison and Olariu in [JO89], as the class of
graphs for which no vertex belongs to more than one induced P4. These two
classes contain the class of cographs, and has been studied intensively in the
recent years, motivated by the practical applications of these classes in areas
such as scheduling, clustering and computational semantics. In [JO89] and in
[JO92b] a unique tree representation is proposed for the classes of P4-reducible
and P4-sparse graphs respectively. These tree representations are used later in
[JO95a] and in [JO92a] to develop linear O(|V |+ |E|) recognition algorithms for
these classes. In [JO95b] linear O(|V | + |E|) time algorithms are proposed for
solving five optimization problems on the class of P4-sparse graphs: maximum
size clique, maximum size stable set, minimum coloring, minimum covering by
cliques, and minimum fill-in. If the tree representation of the P4-sparse graph
is also given as input, then the running time of these algorithms is just O(|V |)
independently of the number of edges in the graph. They conclude their paper
with

Problem 1 ([JO95b]). Find other optimization problems which can be solved in
linear time on the class of P4-sparse graphs.

Giakoumakis and Vanherpe in [GV97] took up this line of research. They used
the modular decomposition tree representation of a graph, to obtain linear
O(|V | + |E|) time algorithms for the maximum weight clique and for the maxi-
mum weight stable set problems in the case P4-sparse graphs, for the optimal
weighted coloring and for the minimum weight clique cover problems in the case
of P4-reducible graphs. If the modular decomposition of the graph is given an
input, then the running time of these algorithms is just O(|V |).

Giakoumakis and Vanherpe also introduced in [GV97] the classes of extended
P4-sparse and extended P4-reducible graphs, and showed how to extend their re-
sults to these two classes of graphs, with a minimal additional work. P4-sparse
graphs (P4-reducible graphs) can be characterized by a set of seven (nine) forbid-
den induced subgraphs Z1, . . . , Z7 (Z1, . . . , Z9), [GV97]. The class of extended
P4-sparse (P4-reducible) graphs is defined by the set Z2, . . . , Z7 (Z2, . . . , Z9) of
forbidden induced subgraphs.

Babel and Olariu introduced in [BO95] the class of (q, t) graphs which, for
t = q−4, extends the class of P4-sparse graphs. In such a graph no set of at most
q vertices is allowed to induce more than t distinct P4’s. Clearly, we assume that
q ≥ 4. (4, 0) graphs are exactly the cographs.

Rusu, cf. [GRT97], introduced the class of P4-tidy graphs which extends the
class of extended P4-sparse graphs. Let G be a graph and X be an induced P4.
A vertex v outside X is a partner of X if X and v together induce at least two
P4’s. A graph is P4-tidy if any induced P4 has at most one partner.
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In this paper we show that a wide class of decision and optimization pro-
blems on the classes of (q, q − 4) graphs and P4-tidy graphs is solvable in
time O(|V | + |E|) or in time O(|V |) assuming that the modular decomposi-
tion of the graph is given as input. These problems are characterized by their
expressibility in certain variations of Monadic Second Order Logic MSOL(τ1,L)
(for decision problems) or LinEMSOL(τ1,L) (for optimization problems), the
study of which was initiated by B. Courcelle and others in a sequence of papers
[Cou90,Cou91,Cou94,Cou95,Cou96,CM93,ALS91]. Roughly speaking,

MSOL(τ1) is Monadic Second Order Logic with quantification over subsets
of vertices, but not of edges; MSOL(τ1,L) is the extension of MSOL(τ1) with
the addition of labels added to the vertices. LinEMSOL(τ1,L) is the extension
of MSOL(τ1,L) which allows to search for sets of vertices which are optimal with
respect to some linear evaluation function. The precise definitions will be given
in section 2. A typical MSOL(τ1,L) decision problem is k-colorability for fixed
k. The maximum weight clique and the maximum weight stable set problems
are LinEMSOL(τ1,L) definable. The optimal (weighted) coloring problem is not
LinEMSOL(τ1,L) definable, cf. [Lau93]. We show that:

Theorem 1. Every LinEMSOL(τ1,L) problem on the classes of (q, q−4) graphs
and P4-tidy graphs can be solved in time O(|V | + |E|) and the corresponding
algorithm can be effectively constructed from its LinEMSOL(τ1,L) definition. If
the modular decomposition of the graph is given as input then the running time
of the algorithm is O(|V |).
In particular this also holds for the class of (extended) P4-sparse graphs, for the
class of (extended) P4-reducible graphs and for the class of cographs.

For example, in the terminology and numbering of [GJ79], all the following
problems are LinEMSOL(τ1,L) definable. So we have:

Corollary 1. The following problems can be solved in linear time on the classes
of (q, q − 4) graphs, P4-tidy graphs (and any of their subclasses): vertex cover
[GT1], dominating set [GT2] domatic number for fixed k [GT3], k-colorability
for fixed k [GT4], partition into cliques for fixed k [GT15], clique [GT19], inde-
pendent set [GT20], induced path [GT23] and unweighted Steiner trees [ND12].

Remark 1. This includes some of the results of [BO98] which were obtained
independently and without analyzing the logical form of the problems.

In section 3 we extend Theorem 1 above to the class of graphs of bounded clique-
width, introduced by Courcelle et al. [CER93]. We recall the notions of graph
operations and clique-width presented in [CO].

A k-graph is a labeled graph with vertex labels in {1, 2 . . . , k}. We shall use
3 types of graph operations on k-graphs denoted ⊕, ηi,j , and ρi→j . Informally,
G1 ⊕G2 is the disjoint union of the k-graphs G1 and G2, ηi,j(G) is the k-graph
obtained by adding to G undirected edges connecting all vertices labeled i to all
the vertices labeled j in G, and ρi→j(G) is the k-graph obtained by changing
all the i labels to j labels in G. A formal definition of these graph operations is
given in section 4.
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With every graph G one can associate an algebraic expression built using
the 3 type of operations mentioned above which defines G. We call such an
expression a k-expression defining G, if all the labels in the expression are in
{1, . . . , k}. Clearly, for every graph G, there is an n-expression which defines G,
where n is the number of vertices of G. Let C(k) be the class of graphs which can
be defined by k-expressions. The clique-width of a graph G, denoted cwd(G), is
defined by: cwd(G) = Min{k : G ∈ C(k)}. With these definitions we show:

Theorem 2. Let C be a class of graphs of clique-width at most k (i.e., C ⊆ C(k))
such that there is a (known) O(f(|E|, |V |)) algorithm, which for each graph G in
C, constructs a k-expression defining it. Then every LinEMSOL(τ1,L) problem
on C can be solved (constructively) in time O(f(|E|, |V |)).
Theorem 2 applies to any class of graphs of bounded clique-width. There are
many such classes. For example, the cliques, the cographs, and any class of
graph of tree width at most k. We show that:

Proposition 1. (q, q − 4) graphs and P4-tidy graphs have clique-width at most
q and 4 respectively, and for each (q, q − 4) (P4-tidy) graph G, a q-expression
(4-expression) defining it can be constructed in Linear O(|V | + |E|) time.

Theorem 1 above follows from Theorem 2 and Proposition 1.
Courcelle and Mosbah [CM93] also considered the logics MSOL(τ2) which

is Monadic Second Order Logic with quantification over subsets of vertices or
edges,MSOL(τ2,L) which is the extension ofMSOL(τ2) by the addition of labels
added to the vertices and edges, and LinEMSOL(τ2,L) which is the extension of
MSOL(τ2,L) to optimization problems. They showed that Theorem 1 also holds
for all the LinEMSOL(τ2,L) optimization problems on each class of graphs of
tree width at most k. However, our next result shows that for the classes of
(q, q − 4), P4-tidy, (extended) P4-sparse, (extended) P4-reducible, cographs and
all graph classes which contains the cliques, Theorem 1 above is best possible,
provided that P 6= NP.

For labeled graphs this is easy to see as every graph can be represented as a
labeled clique with exactly the original edges labeled with one unary predicate.
But theorem 1 is also best possible for unlabeled graphs, provided that P 6= NP
on unary languages. More precisely, denote by P1 (NP1) the class of languages
over one letter (also called tally languages), which are in P (NP). In section 4
we show that:

Theorem 3. If P1 6= NP1 then there is an MSOL(τ2) definable decision pro-
blem over the class of cliques which is not solvable in polynomial time.

Corollary 2. If P1 6= NP1 then over all the classes which contain the cliques,
in particular, the classes C(k) for each k, (q, q − 4) graphs, P4-tidy graphs, (ex-
tended) P4-sparse, (extended) P4-reducible, and cographs, there are MSOL(τ2)
definable decision problems which are not solvable in polynomial time.

In this extended abstract we just sketch the proofs of the theorems mentioned
above. The detailed proofs will be presented in the full paper.
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2 Background

2.1 Monadic Second Order Logic Decision and Optimization
Problems

In what follows, we will use the term graph for finite undirected graphs without
self loops or multiple edges. We will use the term labeled graph for graphs having
labels which are associated with their vertices or edges.
The following are the two most common (labeled) graph presentations, for logi-
cally oriented work:

Definition 1 ((The vocabularies τ1 and τ1,L)). We denote by τ1,L the voca-
bulary of the form: E,U1, . . . , Uk for some fixed integer k. For a labeled graph G,
we denote by G(τ1,L) the presentation of G as a logical structure 〈V,E,U1,. . . ,Uk〉,
where V is the domain of the logical structure which consists of the set of vertices
of G, E is the binary relation corresponding to the incidence matrix of G, and
U1, . . . , Uk are the unary predicates corresponding to the labels of the vertices of
G. In the case when k = 0 we denote this vocabulary as τ1.

Definition 2 ((The vocabularies τ2 and τ2,L)). We denote by τ2,L the voca-
bulary: {R,PE , PV , U1, . . . , Uk} for some fixed integer k. For a labeled graph
G, we denote by G(τ2,L) the presentation of G as a logical structure 〈V ∪
E,R, PE , PV , U1, . . . , Uk〉, where the domain of the logical structure consists of
the set of vertices and edges of G, R is a binary relation, such that (e, v) is in R
if v is a vertex of G which is incident with the edge e of G, PV (PE) is a unary
predicate such that v (e) is in PV (PE) if v (e) is a vertex (an edge) of G, and
U1, . . . , Uk are the unary predicates corresponding to the labels of the vertices
and edges of G. In the case when k = 0 we denote this vocabulary as τ2.

We recall that Second Order Logic (SOL) is like first order logic, but allows also
variables and quantification over relation variables of various but fixed arities.
Monadic Second Order Logic (MSOL) is the sub-logic of SOL where relation
symbols are restricted to be unary. More details on the definition of MSOL can
be found in [Cou97,EF95,Pap94]. For a set variable X and a first order variable
u, we denote by X(u) the atomic formula indicating that u ∈ X.
Graphs are a special case of finite structures. Therefore, before concentrating
on graphs, we start with the following definitions and facts concerning finite
structures. In what follows we will be concerned only with finite structures,
therefore whenever we use the term structure we mean finite structure. Let τ
denote any vocabulary consisting of a finite set of relation symbols, and let K
be any class of τ−structures. We denote by Str(τ) the class of all τ−structures,
and for every closed MSOL formula ϕ over τ we denote by Mod(ϕ) the class of
all τ -structures in which ϕ holds.

Definition 3 ((MSOL(τ) decision problem over K)). We say that a de-
cision problem, is an MSOL(τ) decision problem over K, if it can be expressed
in the following form: Given a τ -structure A ∈ K does A |= ϕ? where ϕ is any
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closed MSOL formula over τ . Note that ϕ and K are not part of the problem
instance, which consists just of A. In the case that the class K consists of all
τ − structures, K = Str(τ), we will say that a problem which can be stated as
above is an MSOL(τ) decision problem.

Let f1, f2, . . . , fm, be m function symbols for some fixed integer m. For a set va-
riable Xi and an assignment z we use |z(Xi)|j as a short notation for:∑

a∈z(Xi) fj(a). We denote by |A| the cardinality of a finite set A.

Definition 4 ((LinEMSOL(τ) optimization problems over K)). We say
that an optimization problem P , is a LinEMSOL(τ) optimization problem over
K, if it can be expressed in the following form: Given a τ -structure A ∈ K, and
m evaluation functions f1, . . . , fm associating integer values to the elements of
A, find an assignment z to the free variables in θ such that:

∑

1 ≤ i ≤ l
1 ≤ j ≤ m

aij |z(Xi)|j = opt{ ∑

1 ≤ i ≤ l
1 ≤ j ≤ m

aij |z′(Xi)|j : 〈A, z′〉 |= θ(X1, . . . , Xl)}

where θ is an MSOL(τ) formula having free set variables X1, . . . , Xl, opt is eit-
her Min or Max, and {aij : 1 ≤ i ≤ l, 1 ≤ j ≤ m} are any integers. Since the
coefficients aij can be negative we shall only deal with Max. A minimization is ob-
tained from a maximization with negated coefficients. Note that θ(X1, . . . , Xl),K
and the constants {aij} are not part of the problem instance, which consists just
of A and the evaluation functions f1, . . . , fm.
For any assignment z to the free variables of θ which satisfies the above condi-
tion, we say that z realizes a solution to the problem P on A with evaluation
functions f1, . . . , fm.
In the case that the class K consists of all the τ -structures, K = Str(τ), we de-
note a LinEMSOL(τ) optimization problem over K shortly as a LinEMSOL(τ)
problem. Note that the syntax of every LinEMSOL(τ) problem is completely de-
fined by τ , θ(X1, . . . , Xl), the constants {aij} and m.

Example 1. The maximum weight clique problem is to find for a given graph
G, with weights assigned to its vertices, a clique C of G such that the total
weights of the vertices of C is maximum. This problem is a LinEMSOL(τ1)
problem since it can be expressed as follows: Given a graph G represented as
a τ1-structure, G(τ1) and one evaluation functions f1 associating integer weight
values to the vertices of G(τ1), find an assignment z to the free set variable X1
in θ such that:

|z(X1)|1 = Max{|z′(X1)|1 : 〈G(τ1), z′〉 |= θ(X1)}
where θ(X1) is defined by:

θ(X1) = ∀u, v((X1(v) ∧X1(u) ∧ u 6= v) −→ E(u, v))

Remark 2. Every MSOL(τ) decision problem can be expressed also as a
LinEMSOL(τ)) optimization problem. Thus, in the sequel we will be concerned
only with LinEMSOL(τ) optimization problems.



Linear Time Solvable Opt. Problems on Graphs of Bounded Clique Width 7

2.2 The Modular Decomposition of (q, q − 4) and P4-tidy Graphs

A subset M of vertices of a graph G is called a module of G if every vertex
outside M is either adjacent to all vertices in M or to none of them. A module
M is called strong, if for any module M1 either M ∩ M1 = ∅, or one module
contains the other.
The modular decomposition of a graph G, is a tree denoted as T (G). The leaves
of T (G) are the vertices of G, and the set of leaves associated with the subtree
rooted at an internal node, induce a strong module of G. An internal node
is labeled by either P, S or N standing for Parallel, Series and Neighborhood,
respectively, and it can be shown that for every graph G the tree T (G) is unique
up to isomorphism. More details on how the tree T (G) is constructed can be
found in [GV97,BM83,CH94].
Let h be an internal node of T (G), we denote by M(h) the module corresponding
to h which consists of the set of vertices of G of the subtree of T (G) rooted
at h. Let {h1, . . . , hr} be the set of sons of h in T (G), we denote by G(h) =
〈V (h), E(h)〉 the representative graph of the module M(h) defined by: V (h) =
{h1, . . . , hr} and

E(h) = {(hi, hj) | ∃u, v(u ∈ M(hi) ∧ v ∈ M(hj) ∧ (u, v) ∈ E)}

Note that by the definition of a module, if a vertex of M(hi) is adjacent to a
vertex of M(hj) then every vertex of M(hi) will be adjacent to every vertex of
M(hj). From the construction of T (G) it follows that:

Proposition 2. Let G be any graph and let h be an internal node of T (G):

(i) if h is an S-node then G(h) is a complete graph.
(ii) if h is a P -node then G(h) is edge-less.

Recall that the neighborhood N(v) of a vertex v of G is defined as the set of
vertices of G adjacent to v, i.e.: N(v) = {u|(u, v) ∈ E}.

Definition 5 ((Prime spider)). A graph G is a prime spider if the vertex set
of G can be partitioned into sets S,K and R such that:

(i) S is a stable set (i.e. no vertex in S is adjacent to the other), K is a clique
and |S| = |K| ≥ 2.

(ii) R contains at most one vertex, i.e. |R| ≤ 1, and if R contains one vertex
say r, then r is adjacent to all the vertices in K and is not adjacent to any
of the vertices in S.

(iii) There exist a bijection f between S and K such that either N(x) = {f(x)}
for all vertices x in S or else N(x) = K − {f(x)} for all vertices x in S.

The triple (S,K,R) is called the spider partition of G.

The following proposition follows from [GRT97]:
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Proposition 3 ((Giakoumakis, Roussel and Thuillier)). Let G be a P4-
tidy graph and let h be an internal N -node of T (G), then G(h) is either isomor-
phic to a prime spider, to a cycle of five vertices C5, to a path of five vertices
P5, or to the complement of a path of five vertices P5.

The following proposition follows from [BO95]:

Proposition 4 ((Babel and Olariu)). Let G be a (q, q−4) graph and let h be
an internal N -node of T (G), then G(h) is either isomorphic to a prime spider,
or to a graph with at most q vertices.

3 Graphs of Bounded Clique-Width

3.1 Graph Operations and Clique-Width

A k-graph is a labeled graph with (vertex) labels in {1, 2, . . . , k}. A k-graph G,
is represented as a structure 〈V,E, V1, . . . Vk〉, where V and E are the sets of
vertices and edges respectively, and V1, . . . , Vk form a partition of V , such that
Vi is the set of vertices labeled i in G. Note that some Vi’s may be empty. A
non-labeled graph G = 〈V,E〉, will be considered as a 1-graph such that all the
vertices of G are labeled by 1.
For k-graphs G,H such that G = 〈V,E, V1, . . . , Vk〉 and H = 〈V ′, E′, V ′

1 , . . . , V
′
k〉

and V ∩ V ′ = ∅ (if this is not the case then replace H with a disjoint copy of
H), we denote by G⊕H, the disjoint union of G and H such that:

G⊕H = 〈V ∪ V ′, E ∪ E′, V1 ∪ V ′
1 , . . . , Vk ∪ V ′

k〉

Note that G⊕G 6= G.
For a k-graphG as above we denote by ηi,j(G), where i 6= j, the k-graph obtained
by connecting all the vertices labeled i to all the vertices labeled j in G. Formally:

ηi,j(G) = 〈V,E′, V1, . . . Vk〉 , where

E′ = E ∪ {(u, v) : u ∈ Vi, v ∈ Vj , u 6= v}
For a k-graph G as above we denote by ρi→j(G) the renaming of i into j in G
such that:

ρi→j(G) = 〈V,E, V ′
1 , . . . V

′
k〉, where

V ′
i = ∅, V ′

j = Vj ∪ Vi, and V ′
p = Vp for p 6= i, j.

These graph operations have been introduced in [CER93] for characterizing
graph grammars. For every vertex v of a graph G and i ∈ {1, . . . k}, we de-
note by i(v) the k-graph consisting of one vertex v labeled by i.

Example 2. A clique with four vertices u, v, w, x can be expressed as:

ρ2→1(η1,2(2(u) ⊕ ρ2→1(η1,2(2(v) ⊕ ρ2→1(η1,2(1(w) ⊕ 2(x)))))))
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With every graph G one can associate an algebraic expression built using the 3
type of operations mentioned above which defines G. We call such an expression
a k-expression defining G, if all the labels in the expression are in {1, . . . , k}.
Clearly, for every graph G, there is an n-expression which defines G, where n is
the number of vertices of G. Let C(k) be the class of graphs which can be defined
by k-expressions. The clique-width of a graph G, denoted cwd(G), is defined by:
cwd(G) = Min{k : G ∈ C(k)}. This value is a complexity measure on graphs
somewhat similar to tree width, which yields efficient graph algorithms provides
the graph is given with its k-expression (for fixed k). A related notion has been
introduced by Wanke [Wan94] in connection with graph grammars. C(1) is the
class of edge-less graphs.

Cographs are exactly the graphs of clique width at most 2, cf. [CO]. Trees
have clique width at most 3.

Problem 2. Find characterization of graphs of clique width at most k, k ≥ 3.
Does there exist a polynomial time algorithms for recognizing the classes
C(k), k ≥ 4 ?

A polynomial time algorithm for recognizing the class C(3) is presented in
[Rot98].

3.2 P4-tidy Graphs are of cwd ≤ 4 and (q, q − 4) Graphs are of
cwd ≤ q

Let G and H be two disjoint graphs and let v be a vertex of G. We denote by
G[H/v] the graph K obtained by the substitution in G of H for v. Formally,
V (K) = V (G) ∪ V (H) − {v}, and

E(K) = E(H) ∪ {e : e ∈ E(G) and e is not incident with v} ∪
{(u,w) : u ∈ V (H), w ∈ V (G) and w is adjacent to v in G}

Proposition 5. For every disjoint graphs G,H, and for every vertex v of G,
cwd(G[H/v]) = max{cwd(G), cwd(H)}.
Recall that for any graph G, we denote by T (G) the modular decomposition of
G (which is a tree), and for each internal node h of T (G) we denote by G(h) the
representative graph of h defined in section 2.2.

Proposition 6. For every graph G, cwd(G) = max{cwd(H) : H is a repre-
sentative graph of an internal node h in the modular decomposition of G} .

Proposition 7. For every prime spider G, cwd(G) ≤ 4.

Proposition 8. The P4-tidy graphs have a clique width at most 4, and for each
P4-tidy graph G, a 4-expression defining it can be constructed in time O(|V | +
|E|).
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Proof. Let G be a P4-tidy graph and let T (G) be the modular decomposition
of G. By proposition 6 above in order to show that cwd(G) ≤ 4, it is enough
to show that for each internal node h of T (G), cwd(G(h)) ≤ 4, where G(h) is
the representative graph of h in T (G). If h is a P-node (S-node) then G(h) is
an edge-less graph (a clique), and has a clique width equals to 1 (2). If h is an
N-node then by proposition 3 above G(h) is either a prime spider, a cycle of five
vertices C5, a path of five vertices P5 or its complement P5. Since C5, P5, and
P5 have cwd ≤ 4, and prime spiders have cwd ≤ 4 by proposition 7 above we
have shown that cwd(G) ≤ 4. A 4-expression defining G can be constructed in
linear time as follows:

(i) Construct the modular decomposition of G, T (G) in time O(|V | + |E|) by
classical methods, as shown in [GV97].

(ii) From the modular decomposition T (G) construct an expression consisting
of a sequence of vertex substitutions which defines G, as follows from pro-
position 6 above. Since the number of vertices in T (G) is O(|V |) (as proved
in [Spi92]), this step can be done in time O(|V | + |E|).

(iii) Convert the expression of vertex substitutions obtained at the previous step,
to a 4-expression for G as follows from proposition 5. This step can be done
in time O(|V |+|E|), since each graph H used in the substitutions is either an
edge-less graph, a clique, a C5 cycle, a P5 path, its complement P5, or a prime
spider for which a 4-expression can be constructed in O(|V (H)| + E(|H|))
as can be shown easily for the first 5 cases and as shown in proposition 7 for
the case of prime spiders.

Remark 3. The graph Z8 in [GV97] is P4-sparse (and hence P4-tidy) and of
clique-width exactly 4. So the bound on the clique-width in propositions 8 and 9
are best possible. Likewise C5 is an extended P4-reducible graph and has clique
width exactly 4. So the bound on the clique-width in proposition 8 is also best
possible for the class of extended P4-reducible graphs. This is in contrast to
P4-reducible graphs which can be shown, using [GV97, theorem 4.2], to be of
clique-width ≤ 3.

Proposition 9. The (q, q − 4) graphs have a clique width at most q, and for
each (q, q − 4) graph G, a q-expression defining it can be constructed in time
O(|V | + |E|).
Proof. Along the same lines of the proof of Proposition 8 above using Proposition
4 instead of Proposition 3.

Remark 4. Proposition 6 can be used to define a new class of graphs of bounded
clique width C1 from an other class of bounded clique width C, be setting C1 to
be the class of graphs whose prime graphs in the modular decomposition are in
C. This might be useful in an attempt to solve problem 2.

3.3 The Feferman-Vaught Theorem

In the proof of Theorem 2 we shall use a version of the Feferman-Vaught Theo-
rem, [FV59] adapted to MSOL. It is not clear who observed first that this
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adaptation to MSOL is true, but it is already in [Läu68,She75] and follows from
[Fef,Ehr61]. For a good exposition, cf. [Gur79,Gur85].

We review some notation from [CM93].
Definition 6. Let A be a τ -structure, let A be the domain of A and let ϕ be
a MSOL(τ)-formula with free set variables X1, . . . , Xn. We denote by sat(A, ϕ)
the set of subsets of An for which ϕ holds in A. Formally:
sat(A, ϕ) = {(D1, . . . , Dn) : Di ⊆ A, (A, D1, . . . , Dn) |= ϕ(X1, . . . , Xn)};
sat(A, ϕ) is the family of tuples of sets (corresponding to free set variables in ϕ)
which make ϕ true in A.
Lemma 1. Let k, h and n be fixed non-negative integers, then there are fini-
tely many MSOL(τ1,L)-formulas with free variables in {X1, . . . Xn} of quantifier
depth ≤ h in the language expressing properties of k-graphs, up to tautological
equivalence.

Proof. Follows from lemma 4.2 of [Cou90], adapted to k-graphs.

Lemma 2. For each k, for each operation f ∈ {ρi→j , ηi,j : i, j ∈ {1 . . . k}, i 6=
j} over k-graphs, for every MSOL(τ1,L) formula θ, there is an MSOL(τ1,L)
formula θ] such that for every k-graph G represented over τ1,L, sat(f(G), θ) =
sat(G, θ])).
For any set D we denote by P(D) the power set of D, i.e. the set of all subsets
of D. Let E,F be two subsets of D such that E ∩ F = ∅, let A ⊆ P(E)n, and
let B ⊆ P(F )n, (we call such A and B separated), we define A�B by:

A�B = {(D1 ∪D′
1, . . . , Dn ∪D′

n) : (D1, . . . , Dn) ∈ A, (D′
1, . . . , D

′
n) ∈ B)}

Theorem 4 ((Feferman-Vaught for MSOL)). For each k and for every
MSOL(τ1,L) formula θ with free variables X1, . . . , Xn, two lists of MSOL(τ1,L)
formulas ϕ1, . . . , ϕm and ψ1, . . . , ψm can be constructed such that all the formu-
las have the same free variables as θ and have quantifier depth no larger than
the quantifier depth of θ, and for every two k-graphs G and H represented over
τ1,L such that V (G) ∩ V (H) = ∅,

sat(G⊕H, θ) =
⋃

1≤i≤m

sat(G,ϕi)�sat(H,ψi).

Proof. Immediate reformulation of the result by Feferman-Vaught as discussed
in [Gur85]. The result can also be proved directly using pebble games forMSOL.

3.4 Linear Algorithms for Optimization Problems on Bounded
Clique-Width Graphs

Let G be a graph, let f1, . . . , fm be m evaluation functions associating integer
values to the vertices of G, let D1, . . . , Dl ⊆ V (G) and let

h(D1, . . . , Dl) =
∑

1 ≤ i ≤ l
1 ≤ j ≤ m

aij |Di|j
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where {aij : 1 ≤ i ≤ l, 1 ≤ j ≤ m} are any integers, and |Di|j is a short
notation for:

∑
a∈Di

fj(a). For A ⊆ P(V (G))l, let

Max h(A) = Max{h(D1, . . . , Dl) : (D1, . . . , Dl) ∈ A}

It is clear that for separated A and B:

Max h(A�B) = Max h(A) +Max h(B)

and for general A and B:

Max h(A ∪B) = Max{Max h(A), Max h(B)}

From definition 4 above it follows that a LinEMSOL(τ1,L) optimization problem
over a class of graphs K can be formulated as the computation of
Max h(sat(G, θ)) for a given graph G ∈ K represented over τ1,L, where θ is a
fixed MSOL(τ1,L) formula.

For each k-expression g we denote by Tree(g) the labeled tree corresponding
to g. The leaves of Tree(g) are the singletons in g (the basic graphs) labeled by
their initial label from {1, . . . , k}, and the internal nodes of Tree(g) corresponds
to the operations appearing in g. For each internal node x of Tree(g), we de-
note by Graph(x) the k-graph defined by the k-expression corresponding to the
subtree of Tree(g) rooted at x.

Theorem 2. Let C be a class of graphs of clique-width at most k, C ⊆ C(k), such
that there is a (known) O(f(|E|, |V |)) algorithm, which for each graph G in C,
constructs a k-expression defining it. Then every LinEMSOL(τ1,L) problem on
C can be solved (constructively) in time O(f(|E|, |V |)).

Proof ((Sketch)). Let P be a LinEMSOL(τ1,L) optimization problem over a class
of graphs C ⊆ C(k). As mentioned above P can be formulated as the computation
of Max h(sat(G, θ)) for a given graph G ∈ C represented over τ1,L. Since G ∈ C
there is a k-expression g which defines G. The computation of Max h(sat(G, θ))
can be done as follows:

(i) Traverse Tree(g) from top to bottom starting at the root assigning formulas
to the internal nodes of the tree using lemma 2 and Theorem 4, such that θ
is assigned to the root and for each internal node x and a formula ϕ assigned
to x, sat(Graph(x), ϕ) can be calculated from the sons of x and the formulas
assigned to them. In other words, sat(Graph(x), ϕ) can be calculated from
sat(Graph(yi), ψi,j) where yi are the sons of x and ψi,j are the formulas
assigned to yi.

(ii) Traverse Tree(g) from bottom to top and, at each node x and for each for-
mula ϕ assigned to x by the previous step, computeMax h(sat(Graph(x), ϕ))
using the values obtained so far for the sons of x and the formulas assigned
to them.
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For the complexity, the total time for handling the input graphG isO(f(|V |, |E|))
for constructing the k-expression g plus the total time for applying the above
procedure. First note that the size of the tree Tree(g) is O(|V (G)|). In step (i)
of the above process the number of formulas assigned to each node is bounded
by a constant (which does not depend on the size of the input graph G) since by
lemma 2 and Theorem 4 all these formulas are of quantifier depth no larger than
the quantifier depth of θ, and by lemma 1 the number of such formulas is boun-
ded (up to tautological equivalence) by a constant which depends just on the size
of θ and k. Hence, the computation done at each node by the above procedure
is bounded by a constant (with the uniform cost measure), and the total time
of the above procedure is bounded by O(|V |). Therefore the total complexity of
handling the input graph G is O(f(|V |, |E|)) + O(|V |) = O(f(|V |, |E|)).

4 Conclusion and Open Problems

We have shown that every LINEMSOL(τ1,L) problem on the class of graphs of
clique width at most k has a linear time solution. Can we extend this result for
the vocabulary τ2?

For labeled graphs over the vocabulary τ2,L (with unary predicates on vertices
and edges) it is easy to see that the answer is no, unless P = NP.

Proposition 10. If P 6= NP then there is a MSOL(τ2,L) definable decision
problem over the class of cliques which is not solvable in polynomial time.

Proof ((Sketch)). Assume that the vocabulary τ2,L has one unary predicate U1
which is used to label edges of the graph in question. Let G(τ2,L) be a graph re-
presented over τ2,L, One can construct an MSOL formula ϕ3col−2 over τ2,L which
states that there is a partition of the vertices of G into three sets X1, X2, X3
such such that these sets form a 3-coloring of the subgraph of G constructed
from G by omitting all the edges which are not labeled by U1. If we could de-
cide in polynomial time for a given clique K, whether K(τ2,L) |= ϕ3col−2, we
could solve the 3-colorability problem on general graphs in polynomial time, a
contradiction.

However, coding arbitrary graphs as definable subgraphs of cliques seems
to be cheating. The genuine question is, whether we can get the same without
this trick. If P 6= NP already on unary languages the answer is yes. More
precisely, let τ∅ denote the empty vocabulary. A spectrum is a set of structures
over τ∅definable by a formula ϕ of the form ∃X1, X2, ..., Xlσ, such that σ is first
order. BIN denotes the set of all spectra definable by formulas using only one
binary predicate symbol which represents a graph relation, i.e a relation which is
irreflexive and symmetric. Recall that P1 (NP1) denotes the class of languages
over one letter (also called tally languages), which are in P (NP). In [Fag74] it
was proved that P1 = NP1 if and only if BIN ⊆ P1.
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Theorem 3. If P1 6= NP1 then there is a MSOL(τ2) definable decision
problem over the class of cliques which is not solvable in polynomial time.

Proof (Sketch). Let A be a structure over τ∅, we denote by KA, the clique cor-
responding to A, such that the number of elements in the universe of A equals
to the number of vertices of the clique KA.
Let ϕ be an SOL(τ∅) sentence, we denote by ϕ] the MSOL(τ2) sentence cor-
responding to ϕ, which is constructed from ϕ, by replacing every binary set
predicate U(x, y) by the formula: ∃t(U(t) ∧ R(t, x) ∧ R(t, y)). Since in a clique
all the edges between all pair of vertices exist, each pair of vertices (x, y) can
be identified by the unique edge t, incident to both x and y. Therefore, quan-
tification over pair of vertices in cliques can be replaced by quantification over
edges, as indicated by the above formula which replaces a binary set predicated
U(x, y). Therefore, for every structure A over τ∅ and every spectrum S defined
by a sentence ϕ one can decide whether A ∈ S by deciding whether KA |= ϕ].
Therefore, assuming that, over the class of cliques every MSOL(τ2)-definable
decision problem can be solved in polynomial time, we get that BIN ⊆ P1. By
[Fag74] this implies that P1 = NP1, a contradiction.

Problem 3. Can we prove Theorem 3 above by replacing the condition P1 6=
NP1 by the condition P 6= NP?

We might ask the following:

Question 1. Is there any class of graphs C, such that C is not of bounded clique
width and every MSOL(τ1) problem on C has a polynomial time solution?

As an anonymous referee pointed out, the answer is yes. By combining small (of
size log n) graphs of clique width O(log n) with graphs of size n and bounded
clique width we can construct a C where we still can apply our proof technique
and show that every MSOL(τ1) problem on C has a polynomial time solution.

However, the following problem remains open:

Problem 4. Is there any class of graphs C, such that C is not of clique width
bounded by O(log n) and every MSOL(τ1) problem on C has a polynomial time
solution?

We have discussed in this paper optimization problems. In a forthcoming
paper we shall show how our techniques can be extended to MSOL(τ1) counting
(or enumeration) problems, such as counting the number of maximal cliques.
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Abstract. Minus domination in graphs is a variant of domination where
the vertices must be labeled −1, 0, +1 such that the sum of labels in each
N [v] is positive. (As usual, N [v] means the set containing v together with
its neighbors.) The minus domination number γ− is the minimum total
sum of labels that can be achieved. In this paper we prove linear lower
bounds for γ− in graphs either with ∆ ≤ 3, or with ∆ ≤ 4 but without
vertices of degree 2. The central section is concerned with complexity
results for ∆ ≤ 4: We show that computing γ− is NP-hard and MAX
SNP-hard there, but that γ− can be approximated in linear time wit-
hin some constant factor. Finally, our approach also applies to signed
domination (where the labels are −1, +1 only) in small-degree graphs.

1 The Notion of Minus Domination

Let G = (V, E) be a simple undirected graph with n vertices. N [v] denotes the
closed neighborhood of vertex v, that is, v together with all adjacent vertices. A
minus dominating function is a labeling of the vertices by values −1, 0, +1 such
that the sum of labels in each N [v] is positive. This generalizes the classical and
extensively studied concept of domination in graphs, where only labels 0 and +1
are permitted. Similar to the domination number γ(G), the minus domination
number γ−(G) is defined to be the minimum total sum of labels for minus
dominating functions. We simply write γ− for γ−(G). In contrast to γ, the
minus domination number γ− can be negative. Note that there always exist
minus dominating functions with any total sum from γ− to n.

A “sociological” motivation of minus domination has been suggested by [5].
Let our graph be the model of a network of people. An edge means that the joined
vertices are somehow related (acquaintances, neighbors, colleagues, or the like).
Assume that every “vertex” gives his opinion about some controverse question,
which may be negative, undecided, or positive, indicated by label −1, 0, +1, re-
spectively. Then it can happen that every vertex observes a majority of positive
opinions in his neighborhood (in case of a minus dominating function), neverthe-
less the total excess of positive votes is very small compared to the graph size, or
even the negative votes abound! One may brood about possible consequences of
this effect in social networks. Other motivations may come from facility location
problems.

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 17–25, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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A purely graph-theoretic motivation is that the minus domination problem
can be seen, in a clear sense, as a proper generalization of the classical domination
problem; cf. the remark in Section 2.

A similar concept is signed domination where only labels +1 and −1 are
allowed [6] [7]. The signed domination number γs is defined to be the minimum
total sum of labels for signed dominating functions (i.e. the sum of labels in each
N [v] must be positive again). Obviously we have γ− ≤ γs, but there is no such
relation between γs and γ.

Here we study minus domination in graphs of small maximum vertex degree
∆, which is a natural restriction. Our work is inspired by some observations in
[5] which we shall extend and refine.

It can be simply inferred from [5] that γ− ≥ n/3 for ∆ ≤ 2 (unions of paths
and cycles). Further, it has been shown there that γ− ≥ 0 for ∆ ≤ 5, and γ− ≥ 1
for ∆ ≤ 3. For ∆ = 6 or larger, γ− can be negative. Moreover, for ∆-regular
graphs, the sharper result γ− ≥ n/(∆ + 1) has been proven in [4]. Only a few
results are known about the complexity of minus domination [3]: The problem
is NP-complete for bipartite graphs and chordal graphs, and efficiently solvable
for trees.

In the present paper we prove some lower bounds for γ−, but mainly we
study the complexity aspects in case ∆ ≤ 4.

2 Preliminaries

Considering some fixed minus dominating function, let P , Z, and M be the sets
of vertices with labels +1, 0, and −1, also called positive, neutral, and negative
vertices, respectively. Let Pi denote the set of positive vertices having exactly
i negative neighbors. Similarly, Mi is defined to be the set of negative vertices
having exactly i positive neighbors. Clearly, M0 = M1 = ∅. Let Di be the set
of vertices of degree i. Further, let be M0

2 = M2 ∩ D2 and M ′
2 = M2 \ M0

2 . The
lower case symbols p, z, m, pi, mi, di, m

0
2, m

′
2 denote the cardinalities of the so

defined sets. Note that γ− = min(p − m) where the minimum is taken over all
minus dominating functions.

If X, Y are disjoint sets of vertices of G, symbol [X, Y ] denotes the bipar-
tite subgraph of G consisting of the parts X, Y and of all edges between X, Y
inherited from G; edges within X or Y are ignored. Our main tool throughout
the paper is to derive useful equations and inequalities by counting the edges of
carefully chosen bipartite subgraphs in two ways, namely as the sum of degrees
(i.e. with respect to the subgraph) in both X and Y .

The first central lemma describes p − m in ∆ ≤ 4 graphs in nonnegative
terms.

Lemma 1. Any minus dominating function in a ∆ ≤ 4 graph satisfies
p − m = p0 + p1/2 + m3/2 + m4.

Proof. ∆ ≤ 4 implies p = p0 + p1 + p2 and m = m2 + m3 + m4. In [P, M ] we see
p1 + 2p2 = 2m2 + 3m3 + 4m4. Now eliminate −m2 in p − m. ♦
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Lemma 2. In a ∆ ≤ 4 graph we have m′
2 ≤ z ≤ 4p0 + 2p1 and, moreover,

m′
2 ≤ 2p0 + p1.

Proof. Consider [M ′
2, Z]. Clearly, every M ′

2 vertex has a neutral neighbor. Since
∆ ≤ 4, a neutral vertex has at most one negative neighbor, and the first inequa-
lity follows.

Consider [Z, P0 ∪P1]. Every neutral vertex has a positive neighbor that must
be in P0 or P1, due to ∆ ≤ 4. Every vertex from P0 and P1 has at most 4 and 2
neutral neighbors, respectively. This proves the second inequality.

We can reduce our estimate for m′
2. For this let Z ′ (of cardinality z′) be

the set of vertices from Z having a negative neighbor. Similarly as above, con-
sider [M ′

2, Z
′] and [Z ′, P0 ∪ P1]. Since every Z ′ vertex has at least two positive

neighbors, we even have m′
2 ≤ z′ ≤ 2p0 + p1. ♦

The next lemma holds in any graph and is useful for reductions.

Lemma 3. If x ∈ D1 and w is the unique neighbor of x then we may assume,
in an optimal minus dominating function, that x ∈ Z and w ∈ P .

Proof. Since x must be dominated, at least one of x, w is positive. Assume x ∈ P .
Then either w ∈ Z or w ∈ P . In the former case we may exchange the labels of
x and w, deteriorating neither minus domination nor p − m. If w ∈ P then w
must have some neighbor w′ ∈ M , otherwise we could reset the label of x to 0,
contradicting optimality. But now we can make both x and w′ neutral. ♦

As a consequence, the classical domination problem can be reduced to special
instances of minus domination: If H is any graph of n vertices then append a
path of length 3 to every vertex u of H, say (u, v, w, x). Let G be the augmented
graph. We may assume x ∈ Z, w ∈ P , and, by similar arguments, v ∈ Z
and u /∈ M . This yields γ−(G) = n + γ(H). Thus many hardness results for
domination immediately translate to minus domination.

3 Linear Lower Bounds

First we strengthen the result of [5] for ∆ ≤ 3.

Theorem 1. If ∆ ≤ 3 then γ− ≥ n/5, and this bound is tight.

Proof. Consider an optimal minus dominating function. Since ∆ ≤ 3, Lemma
1 simplifies to γ− = p0 + p1/2 + m3/2, and we also have p2 = 0. Note that
n = p0 + p1 + m2 + m3 + z.

From [M2, P1] we immediately see 2m2 ≤ p1. Next consider [Z, P ]. Every
neutral vertex has a positive neighbor. Every P0 vertex has at most 3 neighbors
in Z, and every P1 vertex has at most one neighbor in Z. So z ≤ 3p0 + p1.
Replacing m2 and z with these estimates we obtain n ≤ 4p0+5p1/2+m3 ≤ 5γ−.

On the other hand, we present arbitrarily large (connected) graphs with
∆ = 3 and γ− = n/5: Take a cycle of length divisible by 3 and append a further
vertex of degree 1 to every vertex of this cycle, except every third vertex. Sets
P and M are obvious. ♦
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In contrast, there exist arbitrarily large connected graphs with ∆ = 4 but
γ− = 0: Take a 2-regular graph (union of cycles) whose n/2 vertices are positive.
Then add an independent set of n/2 negative vertices in such a way that P = P2,
M = M2. This can be easily done in many different ways, even if the graph is
required to be connected.

Remember that linear lower bounds for γ− hold in regular graphs [4]. So it
is interesting to relax this condition and to consider graphs with given minimum
degree δ and maximum degree ∆. The next result refers to the case δ = 3, ∆ = 4.
However it turns out that we only need the assumption d2 = 0.

Proposition 1. If ∆ ≤ 4 and d2 = 0 then γ− ≥ n/12.

Proof. Consider an optimal minus dominating function. Since d2 = 0 by assump-
tion, we have m2 = m′

2, and hence n = p0 + p1 + p2 + m′
2 + m3 + m4 + z.

From [P2, M ] and ∆ ≤ 4 we see p2 ≤ 2m ≤ 2m′
2+2m3+2m4. Lemma 2 yields

p2 ≤ 4p0 + 2p1 + 2m3 + 2m4, m′
2 ≤ 2p0 = p1, and z ≤ 4p0 + 2p1. Eliminating

these summands in n gives n ≤ 11p0 +6p1 +3m3 +3m4 so n ≤ 12γ− by Lemma
1. ♦

We conjecture that the constant can be slightly raised, but a limit is given
by 1/9, since it is not hard to construct arbitrarily large connected graphs with
γ− = n/9. It remains open whether a linear lower bound holds for ∆ = 5 and
d2 = 0.

We may further relax our assumptions and allow a few vertices of degree 2.
Modifying the above proof we see that a (smaller) positive linear lower bound
remains. This applies, for example, to the complete grid graphs which answers
a question from [5].

4 Complexity Results for Degree 4

In the following, α(H) denotes the size of a maximum independent vertex set in
graph H.

Theorem 2. Minus domination is NP-hard for planar ∆ ≤ 4 graphs.

Proof. We give a reduction from the maximum independent set problem for
planar ∆ ≤ 3 graphs which is NP-hard [8]. Let H be such a graph with n vertices
and e edges. W.l.o.g. we may assume that no vertex has degree 1. Replace every
edge uv of H with a component consisting of new vertices x, w, y, z and edges
xw, wy, yz, and link w to both u and v. The so obtained planar graph G satisfies
∆ ≤ 4.

By Lemma 3 we may assume x, z ∈ Z and w, y ∈ P . Regardless of the labeling
of the original vertices from H, all vertices in G fulfill the minus domination
condition, except perhaps the vertices w subdividing the edges of H. Note that
at most one of u, v can be negative, and that vertices from G that should be
positive can be made neutral. Since M forms an independent set in H, we have
γ−(G) = 2e − α(H). ♦
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Moreover, we can use our reduction (but without planarity) to show:

Theorem 3. For some ε > 0, the minus domination number in ∆ ≤ 4 graphs
cannot be approximated in polynomial time within a factor 1+ε, unless P = NP .

Proof. By [1], the maximum independent set problem in ∆ ≤ 3 graphs is MAX
SNP-complete, so there exists ε > 0 such that α(H) cannot be approximated for
such H in polynomial time within, say, 1 + 12ε unless P = NP . Assume that
γ− in ∆ ≤ 4 graphs can be approximated within factor 1 + ε. Since 2e ≤ 3n
and α(H) ≥ n/4, this could be used to approximate α(H) = 2e − γ−(G) within
1 + 12ε, a contradiction. ♦

Despite of NP-hardness in general, we can simply characterize the graphs
with ∆ ≤ 4 and γ− = 0. Namely, these are exactly the graphs addressed in the
remark before Theorem 1.

Theorem 4. A graph with ∆ ≤ 4 satisfies γ− = 0 if and only if the following
holds: d4 = d2 = n/2, every vertex of D2 has its two neighbors in D4, and every
vertex of D4 has two neighbors in D4 and D2, respectively.

Proof. If the conditions are fulfilled then P = D4 and M = D2 gives a minus
dominating function.

Conversely, consider a graph with ∆ ≤ 4 and a minus dominating function
with p − m = 0 on it. Lemma 1 gives p = p2 = m = m2. Moreover we have
m′

2 = z = 0, otherwise Lemma 2 would imply the existence of positive vertices
outside P2, which is a contradiction here. So P = P2 = D4 and M = M0

2 = D2
have the asserted properties. ♦

Consequently, we can simply decide in linear time whether a ∆ ≤ 4 graph
satisfies γ− = 0. More elaboration of the idea of Theorem 4 leads to the constant
approximability of γ− in ∆ ≤ 4 graphs. The existence of such a constant for
∆ ≤ 4 is not evident, since γ−/n can be arbitrarily small.

Theorem 5. In ∆ ≤ 4 graphs, γ− can be approximated in linear time within
some constant factor (here 20).

Proof. We may consider graphs with γ− > 0, since the case γ− = 0 can be easily
recognized, by Theorem 4.

Before going into the details, we roughly describe the idea leading to our
approximation. The graph must have a structure similar to that in Theorem
4, with only O(γ−) exceptions. To be more precise, consider an optimal minus
dominating function. By Lemma 1 we have γ− = p0 + p1/2 + m3/2 + m4, so
n − p2 − m0

2 = p0 + p1 + m′
2 + m3 + m4 + z ≤ 7p0 + 4p1 + m3 + m4 ≤ 8γ− where

m′
2 + z is estimated due to Lemma 2. That means, all but 8γ− vertices belong

to P2 ∪ M0
2 . Moreover, these two sets must have “nearly” equal size. Note that

P2 ⊆ D4 and M0
2 ⊆ D2. Thus, in our approximation we will make “almost” all

vertices of D4 and D2 positive and negative, respectively. However, in order to
guarantee both the minus domination property and a small excess of positive
vertices, we have to consider the vertex neighborhoods, too.
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In the following we collect some useful inequalities.
First let us bound p2 −m0

2. It is clear that at most 2m′
2 +3m3 +4m4 vertices

of P2 may have negative neighbors outside M0
2 . From [P2, M

0
2 ] we see that 2(p2−

2m′
2 − 3m3 − 4m4) ≤ 2m0

2, hence

p2 − m0
2 ≤ 2m′

2 + 3m3 + 4m4.

Similarly, at most 2p0 + p1 vertices of P2 may have neighbors in P ∩ D2. We
define Q to be the set of D4 vertices having at most two neighbors in D2. For
the cardinality of Q we get q ≥ p2 − 2p0 − p1.

Next, at most p1 vertices of M0
2 may have neighbors outside P2. Let U be the

set of D2 vertices having both neighbors in D4. So the cardinality of U satisfies

u ≥ m0
2 − p1.

In other words, all but p1 vertices of M0
2 have both neighbors in P2, and we

have seen above that at most 2p0 + p1 of them are not in Q. Hence at most
4p0 + 2p1 vertices of M0

2 may have neighbors in P2 \ Q. That means, at least
m0

2 − 4p0 − 3p1 vertices of M0
2 have both neighbors in Q.

Now let T be the set of D2 vertices having both neighbors in Q. (Clearly
T ⊆ U .) For the cardinality of T we have

t ≥ m0
2 − 4p0 − 3p1.

The nice point is that our sets Q, U, T can be constructed in linear time,
since their definitions rely on local degree conditions only. Moreover, they are
close enough to the original (and hard-to-compute) sets P and M .

Now define a new labeling by M̃ = T , Z̃ = U \ T , and P̃ = V \ U . First we
make sure that this is a minus dominating function. Since Z̃ ∪ M̃ ⊆ U ⊆ D2,
both neighbors of any negative or neutral vertex are in P̃ . Next consider a vertex
v ∈ P̃ . If v has a neighbor w ∈ M̃ at all, then w ∈ T . This implies that v itself
belongs to Q, and v has at least two neighbors in P̃ . Therefore the sum of labels
in each vertex neighborhood is positive.

Using Lemma 1 and 2, and the highlighted inequalities we get the following
estimation:

p̃ − m̃ = n − u − t
≤ p0 + p1 + p2 + m0

2 + m′
2 + m3 + m4 + z − u − t

≤ 5p0 + 5p1 + p2 − m0
2 + m′

2 + m3 + m4 + z
≤ 5p0 + 5p1 + 3m′

2 + 4m3 + 5m4 + z
≤ 15p0 + 10p1 + 4m3 + 5m4
≤ 20γ− ♦
We have already spent some effort to get a ratio being not too large, but

further improvements are desirable. However, large approximation ratios are not
untypical in the field. For a recent example, an 8k-approximation algorithm
for the minimum fill-in problem where k is the optimal solution, see [10]. The
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ratio remains large even in the bounded-degree case. (This result is of similar
spirit: First it is shown that only an easily detectable subset of O(k2) vertices is
“interesting”.) We hope that a better ratio can be achieved by utilizing graph
factors [9], since [P2, M

0
2 ] forms a large subgraph of degree at most 2.

Our approach yields another generalization of Theorem 4:

Proposition 2. For every fixed k there is a polynomial algorithm deciding whet-
her a given ∆ ≤ 4 graph satisfies γ− ≤ k.

Proof. Assume γ− ≤ k. We observed above that at most 8γ− ≤ 8k vertices
are outside P2 ∪ M0

2 . A naive algorithm might try all 38k labelings of all
(

n
8k

)

candidate subsets, and label all other vertices by +1 and −1. Since P2 ⊆ D4 and
M0

2 ⊆ D2. the labeling of n − 8k vertices is uniquely determined. ♦
Admittedly, the last result is of rather academic interest in the present form,

because of the unreasonable time bound. We conjecture that easily recognizable
large subsets of D4 and D2 have labels +1 and −1, respectively, in any optimal
solution. This would drastically reduce the number of candidate subsets. Furt-
hermore, it would be nice to characterize the ∆ ≤ 4 graphs with γ− = 1, 2, 3, . . .
by degree conditions, too. More interestingly, it is not clear whether analogues
of the previous results remain true for ∆ = 5.

5 Signed Domination

We have already defined the signed domination number γs in Section 1. Our
approach works also for signed domination, moreover, since label 0 disappears,
some things become easier and some results can be extended to ∆ ≤ 5. In this
informal section we report the γs counterparts of our γ− results. The very similar
proofs are omitted, subject to some hints.

Lemma 1 remains unchanged. For ∆ ≤ 5 we get an additional 3m5/2 term.
Lemma 2 becomes trivial, since m′

2 = z = 0 in arbitrary graphs.
Lemma 3: Both any degree-1 vertex and its neighbor must be positive.
Theorem 1: Note that now n = p0 + p1 + m2 + m3 ≤ p0 + 3p1/2 + m3 ≤ 3γs,

thus γs ≥ n/3, and this bound is tight: Consider a cycle of even length,
color the edges alternatingly red and blue, and finally, for every red edge
add a vertex being adjacent to both endpoints of this red edge. Moreover, if
a graph contains only vertices of degree 2 and 3 then we have γs = n − 2π,
where π means the neighborhood packing number.

Proposition 1 can be extended to ∆ ≤ 5. First note that p2 ≤ 2m3 + 2m4 +
2m5, which yields n = p0 +p1 +p2 +m3 +m4 +m5 ≤ p0 +p1 +3m3 +3m4 +
3m5 ≤ 6γs.

Theorem 2: NP-completeness is obvious for planar ∆ ≤ 3 graphs, using the
modified Lemma 3.

Theorem 3 therefore holds for ∆ ≤ 3.
Theorem 4: We can simply decide whether γs = 0 in ∆ ≤ 5 graphs. The only

difference is that P2 = D4 ∪ D5.
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Theorem 5 : Constant approximability holds even for ∆ ≤ 5, however since
there is no label 0, we must choose a more “bulky” function which gives a
poor ratio.

Proposition 2 : For ∆ ≤ 5 and any fixed k, one can decide whether γs ≤ k in
O(n2k) time.

6 Concluding Remarks

Our final remarks are not restricted to small-degree graphs.
We mention a nice identity that holds in many cases. A subset S of vertices is

called an independent perfect dominating set (IPDS) if every vertex of the graph
belongs to exactly one set N [v], v ∈ S. For a bibliography on perfect domination
cf. e.g. [2].

Theorem 6. If a graph admits an IPDS then all IPDS have the same cardina-
lity, namely γ− = γ.

Proof. Let S be an IPDS of size s. In a minus dominating function, every N [v]
must contain more positive than negative vertices, hence γ− ≥ s. On the other
hand, there exists a minus dominating function with p − m = s: Choose P = S
and M = ∅. Note that S is also a dominating set, hence γ ≤ γ−, and the reverse
inequality holds, trivially, in any graph [5]. So all three invariants are equal.
Since this consideration is true for any IPDS, the assertion follows completely.
♦

Note that domination is the hitting set problem in the hypergraph whose
hyperedges are the vertex neighboroods in a graph, or equivalently, the cover-
ing problem in the dual hypergraph. So it should be attractive to investigate
the minus counterpart of the covering problem in general hypergraphs and in
hypergraphs of bounded rank.
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Abstract. The vertex-disjoint triangles (VDT) problem asks for a set of
maximum number of pairwise vertex-disjoint triangles in a given graph
G. The triangle cover problem asks for the existence of a perfect triangle
packing in a graph G. It is known that the triangle cover problem is NP-
complete on general graphs with clique number 3 [6]. The VDT problem
is MAX SNP-hard on graphs with maximum degree four, while it can be
approximated within 3/2 + ε, for any ε > 0, in polynomial time [11].
We prove that the VDT problem is NP-complete even when the input
graphs are chordal, planar, line or total graphs. We present an O(m

√
n)

algorithm for the VDT problem on split graphs and an O(n3) algorithm
for the VDT problem on cographs. A linear algorithm for the triangle
cover problem on strongly chordal graphs is also presented. Finally, the
notion of packing-hardness, which may be crucial to the understanding
of the difficulty of generalized matching problems, is defined.

1 Introduction

The triangle cover problem is defined as follows: Given a graph G = (V, E) with
|V | = 3n, are there n vertex-disjoint triangles in G ? This problem is known to be
NP-complete on general graphs [6]: another related problem called the Vertex-
disjoint Triangles (VDT) problem asks for a set of maximum number of vertex-
disjoint triangles in a given graph G. This problem is also NP-hard (since the
more restricted triangle cover problem is NP-complete), but can be approximated
within 3/2+ε for any ε > 0 [11]. The problem is MAX SNP-hard even on degree-
bounded graphs [12], but admits a polynomial time approximation scheme on
planar graphs [1] and λ-precision unit disk graphs [10]. There are, however,
apparently no hardness results or exact algorithms known for this problem on
natural restricted families of graphs, and it is the purpose of this paper to initiate
an investigation of such issues.
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We are attempting to solve a specific instance of a generalized matching
problem, namely tripartite matching. The classical matching problem asks for a
set of maximum number of independent edges in a given graph. The notion of
a matching in a graph not only has a beautiful mathematical theory associated
with it, but also has numerous applications in such diverse fields as transversal
theory, assignment problems, network flows, multiprocessor scheduling, and the
Chinese postman and traveling salesman problems.

Generalization of the classical matching problem is motivated by both theo-
retical and practical constraints and has also motivated a lot of research though
most of them have only negative NP-completeness results [9,13]. As mentioned
in [13], the problem seems to be especially relevant in the context of examination
scheduling, where in addition to assignment of courses to examinations without
any first-order conflicts (essentially a graph coloring problem), there is the ad-
ditional objective of minimizing second-order conflicts (or inconveniences) like a
student writing two examinations on the same day.

It is well known that a maximum matching of a general graph can be found
in polynomial time [5,14], however the generalized matching problem seems to
be very difficult [13]. Thus, research in this direction also helps in narrowing
down the perceived gap between the classes P and NP with respect to graph
packing problems.

One other possible application for the Km-packing problem (for a fixed m),
mentioned in [3] as the orgy problem, is that: Given a group of people and the
affinities and dislikes between them, is it possible to divide them into groups of m
members each such that the persons in each group are all mutually compatible
(if such a partition is not possible, find one that leaves the least number of
isolated persons). Note that a special case of the K3-packing (or VDT) problem
which we are dealing with in this paper, is the classical 3-dimensional matching
problem (3DM), which given a set of n boys, n girls and n houses and their
mutual affinities, asks for the existence of a perfect marriage in which each boy
lives with a distinct girl in a house acceptable to both of them.

We consider the VDT problem on some interesting classes of graphs. We prove
that the vertex-disjoint triangles problem is NP-complete on chordal graphs,
planar graphs, line graphs and total graphs. A linear algorithm for the triangle
cover problem is presented for the class of strongly chordal graphs. We also
provide a polynomial time algorithm for the VDT problem when the input graph
is restricted to split graphs and cographs. The algorithm for cographs is based
on dynamic programming and runs in O(n3) time.

We now review some definitions relating to special classes of graphs. A graph
is chordal if it contains no induced cycle of length greater than three. A graph
is strongly chordal if it is chordal and every even cycle of length greater than
4 has an odd chord. A strongly chordal graph G = (V, E) has an associated
strong elimination ordering of vertices as v1, v2, . . . , vn that satisfies, for each
i, (1 ≤ i ≤ n), Ni[vj ] ⊆ Ni[vk] whenever vj , vk ∈ Ni[vi] and j < k. ( Ni[v]
stands for the closed neighborhood of v in the subgraph Gi of G induced by
{vi, vi+1, . . . , vn} ). A cograph is a graph that has no induced P4. A graph is said
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to be split if its vertex set can be partitioned into a clique and an independent
set. For a comprehensive treatment of these classes of graphs, see [7].

The line graph of an undirected simple graph G, denoted L(G), has vertex
set equal to the edge set of G and two vertices in L(G) are adjacent if their
corresponding edges in G are incident upon a common vertex of G. The total
graph of a graph G = (V, E), denoted T (G), has vertex set V ∪ E and two
vertices of T (G) are adjacent if the corresponding vertices and edges of G are
adjacent. Note that T (G) will have both G and L(G) as induced subgraphs. For
all graph-theoretic terms not defined explicitly here, refer [8].

Let us fix some notation that will be used throughout this paper. For a graph
G, we use α(G), ω(G) and γ(G) to stand for the size of the largest independent
set in G, clique number of G and the size of a minimum vertex-cover of G
respectively. Also the parameter that is our main concern in this paper, namely
the maximum number of pairwise vertex-disjoint triangles in G, will be denoted
by t(G).

2 NP-completeness Results

2.1 Chordal Graphs

In the following, we will prove that the VDT problem is NP-hard on chordal
graphs1. We prove this result by reducing the 3-satisfiability problem to the
VDT problem on chordal graphs.
Problem. The 3-satisfiability problem (3SAT).
Instance: Collection C = {c1, c2, · · · , cm} of clauses on a finite set U of variables
such that |ci| = 3 for 1 ≤ i ≤ m.
Question: Is there a truth assignment for U that satisfies all the clauses in C?

We will first show how to construct a chordal graph from a 3SAT instance.
Given an instance of 3SAT where C = {c1, c2, · · · , cm} and U = {u1, u2, · · · , un},
we will construct a chordal graph.

– For each variable ui, we construct
Wi = {w[i, j], w̄[i, j] : 1 ≤ j ≤ m},
Xi = {x[i, j], x̄[i, j] : 1 ≤ j ≤ m},
Si = {s[i, j] : 1 ≤ j ≤ m}, and
Ti = {t[i, j] : 1 ≤ j ≤ m}.
Let W = ∪n

i=1Wi, X = ∪n
i=1Xi, S = ∪n

i=1Si, and T = ∪n
i=1Ti.

– For each clause cj , we construct a vertex y[j]. Let Y = {y[j] : 1 ≤ j ≤ m}.

We will construct a chordal graph GC = (X∪W ∪K, KK∪WK∪XW ∪XY )
where K = S∪T ∪Y is a clique, both W and X are independent sets, KK is the
set of all edges connecting two vertices of K, XW is the set of edges connecting
a vertex in X and a vertex in W and so on. We have shown how to construct S,
T , and K. Totally, vertex set K has 2mn + m vertices and both vertex sets W

1 After presentation of this paper, we found out about reference [4] where the VDT
problem on chordal graphs is mentioned as an open question.
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and X have 2mn vertices each. Next, we show how to construct XW , XY , and
WK.

– Each vertex w[i, j] (resp. w̄[i, j]) is connected to a vertex x[i, j] (resp. x̄[i, j]).
Let
XW = {(x[i, j], w[i, j]), (x̄[i, j], w̄[i, j]) : 1 ≤ i ≤ n, 1 ≤ j ≤ m}.

– Each vertex w[i, j] is connected to vertex s[i, j + 1] if 1 ≤ j < m and each
vertex w[i, m] is connected to vertex s[i, 1]. Each vertex w̄[i, j] is connected
to vertex s[i, j]. Each vertex t[i, j] is connected to vertices w[i, j] and w̄[i, j].
That is, for each variable ui, we construct the following two sets of edges:
WSi = {(w[i, j], s[i, j + 1]), (w̄[i, j], s[i, j]) : 1 ≤ j < m} ∪

{(w[i, m], s[i, 1]), (w̄[i, m], s[i, m])} and,
WTi = {(t[i, j], w[i, j]), (t[i, j], w̄[i, j]) : 1 ≤ j ≤ m}.
Let WS = ∪n

i=1WSi and WT = ∪n
i=1WTi.

– For each ui ∈ cj (resp. ūi ∈ cj), y[j] is connected to w[i, j] and x[i, j] (resp.
w̄[i, j] and x̄[i, j]).
WY = {(w[i, j], y[j]) : ui ∈ cj} ∪ {(w̄[i, j], y[j]) : ūi ∈ cj}, and
XY = {(x[i, j], y[j]) : ui ∈ cj} ∪ {(x̄[i, j], y[j]) : ūi ∈ cj}.

– Let WK = WS ∪ WT ∪ WY .

It is straightforward to verify that GC = (X∪W ∪K, KK∪WK∪XY ∪XW )
is a chordal graph and can be constructed in polynomial time.

Totally, there are 4mn+m(2n+1) vertices in GC . We now state the following
lemma and sketch its proof (the complete details of the proof may be found in
the full version of the paper).

Lemma 1. The 3SAT instance has a truth assignment for U that satisfies all
clauses in C if and only if GC has m(n + 1) vertex-disjoint triangles.

Proof: (Sketch :) We outline the proof of the “if” part, the other part follows
similarly. Suppose GC has a set T of m(n + 1) vertex-disjoint triangles. It can
be shown that each triangle in T contains a vertex y ∈ Y or two vertices in K
with one in S and the other in T .

Consider the subgraph GC [i] induced by Wi ∪ Si ∪ Ti. The set of triangles Ti

in GC [i] can be partitioned into two sets:
T t

i = {{w̄[i, j], s[i, j], t[i, j]} : 1 ≤ j ≤ m} and,
T f

i = {{w[i, j], s[i, j + 1], t[i, j]} : 1 ≤ j < m} ∪ {{w[i, m], s[i, 1], t[i, m]}}.
It can also be shown that T will have to include exactly m triangles from Ti,
either all triangles in T t

i or all triangles in T f
i . Thus, in general T specifies a truth

assignment for U , with the variable ui being set true if and only if T ∩ Ti = T t
i .

It is easy to see that owing to the existence of m triangles in T with one vertex
each from Y , W and X, this truth assignment will indeed satisfy all clauses in
C.

Using lemma 1 and the fact that GC can be constructed in polynomial time
from the 3SAT instance, we immediately have:

Theorem 1. The vertex-disjoint triangle problem is NP-complete on chordal
graphs.
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2.2 Planar Graphs

Theorem 2. The vertex-disjoint triangle problem is NP-complete on planar gra-
phs.

Proof : The reduction is from the the independent set problem on planar cubic
graphs [6]. Let H = (V, E) be an arbitrary planar cubic graph. We reduce the
problem of determining α(H) to the problem of finding t(G), for a suitably
constructed planar graph G.

Let |V | = n and |E| = m. First form H ′ = (V ′, E′) (H ′ will not be simple)
from H as follows: For 1 ≤ i ≤ m, insert two new vertices ui and wi in the
edge ei of H and add one more edge between ui and wi. More precisely, if
V = {1, 2, · · · , n} and E = {e1, e2, · · · , em} where ei = (f(i), g(i)) for 1 ≤ i ≤ m
Define V ′ = V ∪ {ui, wi|1 ≤ i ≤ m} and Ei = {(f(i), ui), (wi, g(i)), pi, qi} where
pi, qi are the two edges between ui and wi in H ′. Now set E′ = ∪m

i=1Ei.
Clearly H ′ has no triangle, is planar and is 3-regular. Though, line graph are

defined in the strict sense only for simple graphs, we can speak of the line graph
of H ′ – L(H ′) whose vertices correspond to edges of H ′ and two vertices in L(H ′)
are adjacent iff the corresponding edges share at least one vertex in common. We
set G = L(H ′). It is not difficult to see that G will also be planar and ∆(G) = 4.
Since H ′ is triangle-free and 3-regular, it is easy to see that t(G) = α(H ′). From
our construction of H ′, it is possible to verify that α(H ′) = α(H) + m. Hence
we have:

t(G) = α(H) + m.
The conclusion now follows since G is planar with ∆ = 4 and can be con-

structed from H in polynomial time.

2.3 Line Graphs

We now prove that the VDT problem is NP-complete on line graphs ( Note that
line graphs are defined only for simple graphs).

Lemma 2. If G is a triangle-free 3-regular simple graph and L(G) is its line
graph, then t(L(G)) = α(G).

Theorem 3. The independent set problem is NP-complete on triangle-free 3-
regular graphs.

Proof (Sketch :) The reduction is once again from the independent set problem
on planar cubic graphs [6]. Let H = (V ′, E′) be an arbitrary planar cubic graph.
We reduce the problem of determining α(H) to the problem of finding α(G) for
a suitably constructed triangle-free cubic graph G. Let V ′ = {1, 2, · · · , n} and
E′ = {e1, e2, · · · , em} and ei = (f(i), g(i)) for 1 ≤ i ≤ m. Define G = (V, E) as
follows: For 1 ≤ i ≤ m, set
Ui = {uij |1 ≤ j ≤ 8} and
Ei = {(f(i), ui1), (g(i), ui8)} ∪ {(uij , ui,j+1)|1 ≤ j < 8} ∪ {(ui8, ui1)}

∪ {(uij , ui,j+3)|j = 2, 3, 4}
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Now define: E = ∪m
i=1Ei and V = V ′ ∪ (

⋃m
i=1 Ui). Note that |V | = 8m + n and

|E| = 13m.
Informally, in G we attach a 8-cycle with certain specific diagonals instead

of each edge of H. From the construction it is clear that G is 3-regular and has
no triangle. By our construction of G, it can be shown that α(G) = α(H) + 4m
and the result follows since G can clearly be obtained in polynomial time from
H.

Theorem 4. The vertex-disjoint triangle problem is NP-complete on line gra-
phs.

Proof : Follows from lemma 2 and theorem 3.

2.4 Total Graphs

Recall that the total graph of G = (V, E) is given by T (G) = (V ∪E, E′′) where:

E′′ = E ∪ {(e1, e2)|e1, e2 ∈ E and e1, e2 are adjacent in G }
∪{(v, e)|v ∈ V, e ∈ E and v is one of the ends of e in G}

Theorem 5. The vertex-disjoint triangles problem is NP-complete even when
restricted to total graphs.
Proof: The problem is clearly in NP. To prove NP-completeness, we employ a
reduction from the independent set problem on a 3-regular triangle-free graph
H = (V, E) which is NP-complete due to theorem 3. Let V = {v1, v2, . . . , vn}.

From H obtain a graph H ′ by attaching a new pendant vertex to each vertex
of H. More formally, H ′ = (V ′, E′) where:

V ′ = V ∪ {ui|1 ≤ i ≤ n} and,
E′ = E ∪ {qi = (ui, vi)|1 ≤ i ≤ n}.

Now, let G = T (H ′) be the total graph of H ′. Let P be a set of maximum
number of pairwise vertex-disjoint triangles of G. By the nature of the graph
H ′, it is easy to see that P may be modified without reducing its cardinality
to include all the triangles Ti of the form (ui, qi, vi) of G for 1 ≤ i ≤ n. Since
V ′ ⊂ ⋃n

i=1 Ti, clearly the optimum way to find the remaining triangles for P , is
to find a set of maximum number of vertex-disjoint triangles of L(H). Thus, we
have:
t(T (H ′)) = n + t(L(H)) and using lemma 2, t(T (H ′)) = n + α(H).

The result now follows since determining α(H) is NP-complete and G =
T (H ′) can be constructed in polynomial time from H.

3 Triangle Cover on Strongly Chordal Graphs

In this section we present a linear algorithm for the triangle cover problem on
strongly chordal graphs given the strong elimination ordering2. Let v1, v2, · · · , vn

2 We found out, after presentation of this paper, that this result also appears in [4] –
in fact a more general algorithm that works for all chordal graphs is presented there.
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be the strong elimination ordering of a strongly chordal graph G = (V, E), |V | =
n, |E| = m. Let N(v1) = {vi1 , · · · , vik

} with 1 < i1 < · · · < ik. The following
lemma forms the basis of our algorithm:

Lemma 3. If G has a triangle cover, then G has a triangle cover comprising
the triangle (v1, vi1 , vi2).

Proof : Since G has a triangle cover T , we must have k ≥ 2 (k = |N(v1)|),
let (v1, vip

, viq
) belong to the triangle cover (p < q). Then by strong elimination

ordering , N(vi1) ⊆ N(vip), N(vi2) ⊆ N(viq ). So vip and viq can be substituted
for vi1 and vi2 respectively in the triangles in which they occur in T to give
another triangle cover T ′ such that (v1, vi1 , vi2) ∈ T ′.

Using the above lemma, we devise the following algorithm to find a triangle
cover of a strongly chordal graph G if one exists:
Algorithm TC-SCG :
Input : A strongly chordal graph G = (V, E) along with its strong elimination
ordering v1, v2, · · · , vn.
Output : Whether or not G has a triangle cover.

1. Initially all vi ∈ V are unmarked.
2. While there exists an unmarked vertex in V

(a) Choose the smallest such vertex, say vk ∈ V
(b) If vk has more than one neighbor vi with i > k then

– Let vp,vq be the smallest such neighbors
– Mark vk, vp, vq and continue

else output that G has no triangle cover.
3. Output that G has a triangle cover.

The proof of correctness follows from lemma 3. It is straightforward to modify
the algorithm so that it outputs a triangle cover if one exists. The complexity is
clearly linear once the ordering of vertices is available. Hence, we get,

Theorem 6. For a strongly chordal graph, a triangle cover, if one exists, can
be obtained in linear time once the strong elimination ordering of vertices is
available.

4 Vertex-Disjoint Triangles of Split Graphs

We now prove that if the input graph is restricted to split graphs, the vertex-
disjoint triangles problem can be solved in polynomial time. Suppose G = (V, E)
is a split graph where V is the disjoint union of an independent set S and a clique
K. Clearly it is enough to find the maximum number of vertex-disjoint triangles
in G such that each triangle has one vertex from S and two from K (the optimal
way to find some more triangles all of whose vertices are in K to form the optimal
triangle packing is obvious) and so we will consider this problem from now on.
Henceforth, we shall denote by tS(G) the maximum number of vertex-disjoint
triangles in G each of which has one vertex from S.

Since K induces a clique, the following lemma is obvious (recall that t(G)
denotes the maximum number of vertex-disjoint triangles in G):
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Lemma 4. If G = (V, E) is a split graph, then:

t(G) = tS(G) +
⌊ |K| − 2 × tS(G)

3

⌋

We now proceed to map the vertex-disjoint problem on a split graph G =
(V, E) with V = S ∪ K as above, to the maximum matching problem on a
suitably defined graph H. The construction of the graph H is described below:

For each u ∈ S ⊆ V , add a new vertex u′ that is adjacent to all and only
vertices to which u is adjacent in G. Also “join” u and u′ by an edge. Also
make K an independent set in H. Let H be the resulting graph. More formally,
H = (V ′, E′) where:

V ′ = V ∪ {u′|u ∈ S ⊆ V } and,
E′ = {(u, u′)|u ∈ S} ∪ {(u, v), (u′, v)|u ∈ S, v ∈ K and (u, v) ∈ E}.

Lemma 5. If m(H) denotes the matching number of H, then tS(G) = m(H)−
|S|.
Proof: Let M be a maximum matching of H, so that |M | = m(H). A matching
M is said to saturate a vertex v, if v is one of the ends of some edge in M .
If for some u ∈ S ⊆ V , M saturates u without saturating u′ or saturates u′

without saturating u, then clearly the matching M may be modified (without
changing its cardinality) so that it includes the edge (u, u′). Thus repeating this
process we will obtain a matching M ′ in which for each pair of vertices {u, u′}
where u ∈ S, either the edge (u, u′) is used by M ′ or both u, u′ are saturated
by different edges of M ′.

By our construction, the neighborhoods of u, u′ coincide in H, it therefore
follows that tS(G) equals the number of pairs (u, u′) such that u and u′ are
saturated by different edges of M ′ and this can be easily seen to be

|M ′| − |S| = |M | − |S| = m(H) − |S|

Theorem 7. The vertex-disjoint triangles problem can be solved in O(m
√

n)
time on split graphs.

Proof: Clearly it suffices to consider connected split graphs G = (V, E). Based
on the proof of lemma 5, we find that a maximum number of pairwise vertex-
disjoint triangles in G may be obtained from any maximum matching M of
H = (V ′, E′) as follows:

1. For each u ∈ S such that u and u′ are both saturated by different edges
(u, v1) and (u′, v2) of M where v1, v2 are distinct vertices in K, add the
triangle (u, v1, v2) to the triangle-packing.

2. Pack as many triangles, all of whose three vertices will lie in K, using the
vertices of K left unused by step 1.

Clearly the process can be done in linear time, if for each vertex v ∈ V (H),
its neighbor if any in M is stored and presented along with M . Since |V ′| =
O(n) and |E′| = O(m + n), the entire process may be implemented in O(m

√
n)

time [14].
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5 Cographs

In this section, we devise a polynomial algorithm for the VDT cover problem on
cographs based on dynamic programming. Cographs (or Complement reducible
graphs) are graphs with no induced P4. The class of cographs may also be defined
recursively as follows:

– K1 is a cograph.
– If G1,G2 are cographs, then so is G1 ∪ G2 and G1 × G2 ((Gc

1 ∪ Gc
2)

c).

Lemma 6. Let G = G1 × G2, G1 = (V1, E1), G2 = (V2, E2) and let T be a set
of p vertex-disjoint Kms in G (m ≥ 2). Then there exists T ′ , a set of p vertex-
disjoint Kms such that T ′ covers the same vertices as does T and T ′ does not
contain two Kms C1,C2 such that C1 ∩ V1 = φ and C2 ∩ V2 = φ.

Lemma 7. If m = 2 in lemma 6 above and |V1| ≤ |V2|, then T ′ can be chosen
so that every edge in T ′ intersects V2.

Let G = (V, E), |V | = n.
Define f(G, p) for 0 ≤ p ≤ n as follows:

f(G, p)=






−1if G does not have p vertex-disjoint triangles
q ifG has pvertex-disjoint triangles and a matching of size q disjoint

with the p triangles (q ≥ 0) and q is the largest such number

5.1 Recurrence equations for f(G, p)

We now give recurrence equations for f(G, p) for the two cases G = G1 ∪G2 and
G = G1 × G2, Gi = (Vi, Ei), |Vi| = ni for i = 1, 2.
Case 1: G = G1 ∪ G2
Since p triangles in G have to be chosen as i triangles from G1 and p− i triangles
from G2 for some 0 ≤ i ≤ p, we clearly have

f(G, p) = max
0≤i≤p

(f(G1, i) + f(G2, p − i))

Case 2: G = G1 × G2
This case is more tricky as triangles can have 0, 1 or 2 vertices from V1 and V2.
However by lemma 6, we may assume that in choosing the p triangles either
no triangle with all three vertices in V1 is chosen or no triangle with all three
vertices in V2 is chosen, hence following sub-cases arise :
Case 2.1: No triangle with all three vertices in V1 is chosen.
Let s, r, t denote the number of triangles with 2,1 and 0 vertices in V1 respectively
that are chosen with s + r + t = p , s, r, t ≥ 0.
Denote by α(s, r, t) the maximum number of independent edges disjoint with p
triangles with s, r, t number of them (the triangles) having 2,1 and 0 vertices from
V1 respectively.Let k1 and k2 be the number of vertices in V1,V2 respectively that
are “free” for choosing edges disjoint with the p triangles. Then, k1 = n1 −r−2s
and k2 = n2 − s − 2r − 3t.
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By lemma 6 and lemma 7, we may assume that the chosen maximum number
of edges comprise exactly min{k1, k2} edges from V1×V2. It follows that α(s, r, t)
is given as follows:

– k1 < 0 or k2 < 0 or f(G2, t) < r or f(G1, 0) < s : α(s, r, t) = −1
– f(G2, t) ≥ r, f(G1, 0) ≥ s, 0 ≤ k1 ≤ k2

α(s, r, t) =
{

k1 + f(G2, t) − r if 2(f(G2, t) − r) ≤ k2 − k1

k1 + bk2−k1
2 c otherwise

– f(G2, t) ≥ r, f(G1, 0) ≥ s, 0 ≤ k2 < k1

α(s, r, t) =
{

k2 + f(G1, 0) − s if 2(f(G1, 0) − s) ≤ k1 − k2

k2 + bk1−k2
2 c otherwise

In order that α(s, r, t) ≥ 0, the value of r should satisfy the following constraints:
k1 ≥ 0, k2 ≥ 0, f(G2, t) ≥ r, and f(G1, 0) ≥ s = p − t − r. In other words,
since k1 = n1 − r − 2s = n1 − r − 2(p − t − r) = (n1 − 2p + 2t) + r and
k2 = n2 − s − 2r − 3t = n2 − (p − t − r) − 2r − 3t = (n2 − p − 2t) − r, we must
have: min{n2 − p − 2t, f(G2, t)} ≥ r ≥ max{−(n1 − 2p + 2t), p − t − f(G1, 0)}.

Now it is a straight-forward computation to show that (k2−k1)−2(f(G2, t)−
r), (k1 − k2) − 2(f(G1, 0) − s), k1 + f(G2, t) − r, k2 + f(G1, 0) − s, k1 + bk2−k1

2 c
and k2 + bk1−k2

2 c are all independent of the value of r (as well as s) and depend
only on n1, n2, p, t, f(G1, 0) and f(G2, t).

Define α′
p to be the maximum number of independent edges that can be

chosen such that they are vertex-disjoint with p triangles none of which has all
three vertices in V1. Clearly, we have: α′

p = max{α(s, r, t)|0 ≤ s, r, t ≤ n, s + r +
t = p}.

For a fixed triple (s, r, t), it is clear that α(s, r, t) can be computed in O(1)
time, and hence from the above discussions, it is easy to see that α′

p can be
computed in O(n) time.
Case 2.2: No triangle with all three vertices in V2 is chosen.
In this one can define β(s, r, t) and β′

p in a manner similar to case 2.1 and set up
similar equations. It follows also that β′

p can be computed in O(n) time as well.
Clearly we have, for the case of join operation, f(G, p) = max{α′

p, β
′
p}.

5.2 Complexity Analysis

Using the results of section 5.1, the fact that the parse tree associated with
a cograph G can be obtained in linear time [2] and the fact t(G) = max{p :
f(G, p) ≥ 0}, the following results may be shown:

Lemma 8. If G = G1 ∪ G2 or G = G1 × G2, then given f(G1, p) and f(G2, p)
for 0 ≤ p ≤ n, computation of f(G, p) for 0 ≤ p ≤ n can be done in O(n2) time.

Theorem 8. The maximum number of vertex-disjoint triangles of a cograph can
be computed in O(n3) time.
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6 Conclusions and Open Questions

We have established that though matching is polynomial-time solvable even on
general graphs, tripartite matching or the vertex-disjoint triangle problem is NP-
complete even when restricted to chordal, planar, line and total graphs. Thus,
for most natural classes of graphs, packing a graph H (i.e finding vertex-disjoint
induced copies of H) in a graph G of that class becomes difficult when H has
three vertices.

This motivates the definition of the notion of packing-hardness number
of a class C of graphs as follows: The packing-hardness number of a class C of
graphs, denoted PH(C), is the smallest integer n such that there exists a n–vertex
graph H such that packing H in graphs of the class C becomes NP-complete.
Since matching is polynomial-time solvable, it follows that PH(C) ≥ 3 for all
classes C of graphs. The packing-hardness number is thus an excellent measure of
the difficulty of generalized matching problems on any given class of graphs. It is
proved in [13] that packing any connected graph with more than two vertices is
NP-complete on general graphs and consequently the packing-hardness number
of general graphs equals three. Also, it follows from our definition that, if the
VDT problem is NP-complete on a class C of graphs, then PH(C) = 3. Thus,
this paper proves that the packing-hardness number of chordal, planar, line and
total graphs is each equal to three. This paper is thus the stepping stone for
further research on the complexity of generalized matching problems on special
classes of graphs. The determination of the packing-hardness number for several
other classes of graphs will be presented as part of a separate document.

The VDT problem itself remains open on several other interesting classes
of graphs like permutation, distance-hereditary and comparability graphs. It is
easy to prove that the VDT problem is solvable in linear time on complements of
bipartite graphs. It however remains open on the super-class of cocomparability
graphs.
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Abstract. A new communication mode for the dissemination of infor-
mation among processors of interconnection networks via vertex-disjoint
paths is introduced and investigated. In this communication mode, in
one communication step two processors communicating via a path P
send their pieces of information to all other processors on this path, too.
The complexity of a communication algorithm is measured by the num-
ber of communication steps (rounds).
The main results are optimal (or nearly optimal, up to one round) bro-
adcast, accumulation, and gossip algorithms for paths, cycles, complete
graphs, two-dimensional grids, hypercubes and hypercube-like networks.

1 Introduction and Definitions

The study and the comparison of the computational power of distinct inter-
connection networks as candidates for the use as parallel architectures for exi-
sting parallel computers is an intensively investigated research branch of current
theory of parallel computing. One of the fundamental approaches helping to
search for the best (most effective) structures of interconnection networks is
the study of the communication facilities of networks (i.e., of the complexity
(effectivity) of solving fundamental communication tasks of information disse-
mination).

Some of the basic communication tasks are broadcast, accumulation and
gossip (an overview of the study of their complexity according to one-way and
two-way communication modes can be found in [6,8,9]).

Broadcast, accumulation, and gossip can be described as follows. Assume that
each vertex (processor) x in a graph (network) G has some piece of information
I(x). The cumulative message I(G) of G is the set of all pieces of information
originally distributed in all vertices of G. To solve the broadcast [accumulation]
problem for a given graphG and a vertex u ofG, we have to find a communication
strategy (using the edges of G as communication links) such that all vertices in G
learn the piece of information residing in u [that u learns the cumulative message
of G]. To solve the gossip problem for a given graph G, a communication strategy
such that all vertices in G learn the cumulative message of G must be found.
Since the above stated communication problems are solvable only in connected

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 38–49, 1998.
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graphs, we note that from now on we use the notion “graph” for connected
undirected graphs.

The meaning of a “communication strategy” depends on the communication
mode. A communication strategy is realized by a communication algorithm con-
sisting of a number of communication steps (rounds). The rules describing what
can happen in one communication step (round) are defined exactly by the com-
munication mode. In this paper we consider the two-way listen-in vertex-disjoint
paths mode (2LVDP mode). In this mode one round can be described as a set
P = {P1, . . . , Pk} of vertex-disjoint (simple) paths, where Pi = xi,1, . . . , xi,`i . In
this round the two endpoints xi,1 and xi,`i communicate with each other via the
path Pi and send there complete information to all other nodes on this path,
i. e. after this round all nodes on the path Pi know the complete information of
xi,1 and xi,`i

.
This communication mode was not considered in the literature before (as

far as we know), but several other disjoint paths modes were introduced and
investigated in [4,5,10,11,12,13,15,14].

The complexity of a communication algorithm A = A1, . . . , Ar, denoted by
com(A), is the number r of rounds of A. A communication algorithm that solves
the broadcast [accumulation] problem for a graph G and a vertex v ∈ V (G)
is called a broadcast [accumulation] algorithm for G and v. A communication
algorithm that solves the gossip problem for a graphG is called a gossip algorithm
for G.

For a graph G and a vertex v ∈ V (G) the broadcast complexity for v and G
in the 2LVDP mode is defined as

B2lv(v,G) := min{com(A) | A is a broadcast algorithm in the 2LVDP mode
for v and G}.

Furthermore the broadcast complexity for G in the 2LVDP mode is defined as

B2lv(G) := max{B2lv(v,G) | v ∈ V (G)},
and the minimum broadcast complexity for G in the 2LVDP mode is defined as

B2lv
min(G) := min{B2lv(v,G) | v ∈ V (G)}.

The accumulation complexity for v and G in the 2LVDP mode is defined as

A2lv(v,G) := min{com(A) | A is an accumulation algorithm in the 2LVDP
mode forv and G}.

Furthermore the accumulation complexity for G in the 2LVDP mode is defined
as

A2lv(G) := max{A2lv(v,G) | v ∈ V (G)},
and the minimum accumulation complexity for G in the 2LVDP mode is defined
as

A2lv
min(G) := min{A2lv(v,G) | v ∈ V (G)}.



40 H.-J. Böckenhauer

The gossip complexity for G in the 2LVDP mode is defined as

R2lv(G) := min{com(A) | A is a gossip algorithm in the 2LVDP mode for G}.

For a detailed analysis of the communication algorithms we need the following
notations:
Let G be a graph, let A = A1, . . . , Ar be a communication algorithm for G with
r rounds. For any x ∈ V (G), 0 ≤ i ≤ r, we define Ii(x) as the set of pieces of
information that the vertex x knows after i rounds of A. Particularly, I0(x) =
I(x) holds. Furthermore we define Ii(M) :=

⋃
x∈M Ii(x) for any M ⊆ V (G),

0 ≤ i ≤ r. A node that knows the cumulative message I(G) after k rounds of A
is called an accumulation point or accumulation node of G after k rounds of A.
A set of nodes M with

⋃
x∈M Ik(x) = I(G) is called a cumulative set of G after

k rounds of A.
This extended abstract is organized as follows: In Section 2 we will prove

strict (or nearly strict) lower and upper general bounds on the broadcast, ac-
cumulation, and gossip complexity. In Section 3 we will present without proofs
optimal (or nearly optimal) bounds on the broadcast, accumulation, and gossip
complexity for several classes of interconnection networks.

2 General Bounds

In this section we will prove some general bounds on the communication in the
2LVDP mode which hold for any graph. First, we show the following technical
lemma:

Lemma 1. Let G = (V,E) be a graph, and let A be a communication algorithm
for G in the 2LVDP mode. For any x ∈ V and k ≥ 0 the following holds:

a) |Ik+1(x)| ≤ |Ik(x)| + 2 · max{|Ik(v)| | v ∈ V },
b) |Ik(x)| ≤ 3k.

Proof. a): Since the active paths in one round ofA are vertex-disjoint, every node
can receive at most two messages in one round, namely from the two endpoints
of the active path. Now we consider an active path x1, . . . , x` in round k+1 with
x = xi for some i ∈ {1, . . . , `}. Then Ik+1(x) = Ik(x) ∪ Ik(x1) ∪ Ik(x`) holds.
This implies

|Ik+1(x)| ≤ |Ik(x)| + |Ik(x1)| + |Ik(x`)|
≤ |Ik(x)| + 2 · max{|Ik(v)| |v ∈ V }.

b): This follows from a) with induction over k, since |I0(v)| = 1 holds for all
v ∈ V . ut
Observation 1. For any n ≥ 3 and any graph G = (V,E) with n vertices:

a) 1 ≤ B2lv(G) ≤ n− 1,
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b) 1 ≤ B2lv
min(G) ≤ n− 2.

Proof. The lower bounds in a) and b) are obvious.
There exists an algorithm for broadcast from a vertex x that needs at most
n− 1 rounds: In every round x sends its information to another still uninformed
vertex. Thus, B2lv(G) ≤ n− 1.
It remains to show that B2lv

min(G) ≤ n − 2. There exists at least one path P =
x, y, z of length 2 with different x, y, z in G. Thus, an optimal algorithm for
broadcasting from the node x needs at most n − 2 rounds: In the first round x
and z communicate, after this round y also knows the information. In the other
n−3 rounds the vertex x sends its information to the other n−3 nodes of G. ut

Observation 2. The bounds of Observation 1 are strict.

Proof. For the lower bounds we consider the cycle Cn with n nodes. Cn is defined
by V (Cn) := {0, . . . , n−1} and E(Cn) := {{i, i+1} | 0 ≤ i < n−1}∪{{n−1, 0}}.
B2lv(Cn) = B2lv

min(Cn) holds, since Cn is vertex-symmetric. Thus, it suffices
to consider broadcasting from the node 0: One communication on the path
0, 1, . . . , n− 1 obviously solves the broadcast problem for 0 and Cn.
For the upper bounds we consider the star Sn with n nodes. Sn is defined by
V (Sn) := {0, 1, . . . , n − 1} and E(Sn) := {{0, i} | 1 ≤ i ≤ n − 1}. There are no
vertex-disjoint paths in Sn. Thus, there exists only one active path in each ro-
und, and in each round of a broadcast algorithm only one leaf of Sn can learn the
message. Thus, for broadcasting from a leaf v at least n−2 rounds are needed to
inform the other n−2 leaves, and for broadcasting from the center node at least
n − 1 rounds are necessary to inform the n − 1 leaves. Thus, B2lv(Sn) ≥ n − 1
and B2lv

min(Sn) ≥ n− 2. ut
Theorem 1. For n ≥ 2 and for any graph G = (V,E) with n nodes:

a) dlog3 ne ≤ A2lv
min(G) ≤ bn

2 c,
b) dlog3 ne ≤ A2lv(G) ≤ bn

2 c + 1.

Proof. The lower bounds follow directly from Lemma 1.
a): For the proof of A2lv

min(G) ≤ bn
2 c we consider a spanning tree T of G. It suffices

to show that A2lv
min(T ) ≤ bn

2 c holds. To prove this, we consider the following
communication algorithm A for T :

1. T̃ := T
2. If |V (T̃ )| ≤ 1, then stop.
3. Choose two different leaves u and v of T̃
4. Communicate between u and v.
5. Remove u and v from T̃ and continue with 2.

It remains to show that A is an accumulation algorithm for T with bn
2 c rounds:

In Step 5 of A the tree T̃ is reduced by exactly two nodes in every loop. The
algorithm stops, if |V (T̃ )| ≤ 1 holds. Thus, Step 4 is executed bn

2 c times, and
therefore A is a communication algorithm with bn

2 c rounds.
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Furthermore, the nodes of T̃ form a cumulative set after every loop iteration.
If |V (T̃ )| = 2 in Step 4, then u and v are accumulation nodes after Step 4. If
|V (T̃ )| = 3 holds with V (T̃ ) = {u, v, x} in Step 4, then u and v communicate
with each other via x. Thus, x is an accumulation node after Step 4. One of these
two cases will occur since |V (T̃ )| is reduced by exactly 2 in each loop. Thus, A
is an accumulation algorithm for T and also for G.
b): A2lv(G) ≤ A2lv

min(G)+1 is obvious: To accumulate in any vertex v accumulate
in a vertex x with A2lv(x,G) = A2lv

min(G) and communicate in one additional
round between v and x. ut
Observation 3. The bounds from Theorem 1 are strict.

Proof. The strictness of the lower bounds follows directly from the results for
the complete graph, as presented in Subsection 3.1.
For the strictness of the upper bound from Theorem 1 a) we consider the star
Sn. The size of a minimal cumulative set can be reduced at most by 2 in each
round. Thus, at least dn−1

2 e = bn
2 c rounds are necessary to obtain an accumula-

tion node.
For the strictness of the upper bound from Theorem 1 b) we consider the accumu-
lation in a leaf v of Sn for any odd n ≥ 3. After n−3

2 rounds there exist at least two
vertices x, y 6= v that have not sent their information. It obviously takes at least
two rounds to send I(x) and I(y) to v. Thus, A2lv(v, Sn) ≥ n−3

2 + 2 = bn
2 c + 1.

ut
Theorem 2. For any n ≥ 2 and for any graph G = (V,E) with n nodes:

dlog3 ne ≤ R2lv(G) ≤ n+
⌊n

2

⌋
− 1.

Proof. R2lv(G) ≥ dlog3 ne is obvious, since gossip is at least as hard as accumu-
lation.
The upper bound follows from the gossip algorithm consisting of accumulation
in a vertex v and broadcasting from v. Thus, R2lv(G) ≤ A2lv

min(G) + B2lv(G) ≤
bn

2 c + n− 1. ut

Observation 4. The lower bound from Theorem 2 is strict and the upper bound
from Theorem 2 is almost (i. e. up to one round) strict.

Proof. The strictness of the lower bound follows directly from the results for the
complete graph, as presented in Subsection 3.1.
For the strictness of the upper bound we consider the star Sn for any odd n ≥ 3.
Let A be a gossip algorithm for Sn. In each round of A at most two nodes send
their information. Thus, there exists a vertex x ∈ V (Sn) that has not sent in the
first n−1

2 = bn
2 c rounds. Thus, I(x) has still to be sent to all other nodes after

bn
2 c rounds. According to Observation 1, this needs at least n − 2 additional

rounds. Thus, R2lv(Sn) ≥ n+ bn
2 c − 2. ut

We conjecture that it could be possible to improve the general upper bound
on the gossip complexity by 1, but we are not able to prove this. Thus, we leave
it as an open problem here.
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3 Communication in Several Classes of Networks

In this chapter we will present our results for several classes of networks. Due to
space limitations most of the proofs are omitted in this extended abstract.

3.1 Communication in Complete Graphs

In this section we will determine the exact broadcast, accumulation, and gossip
complexity in the 2LVDP mode for the complete graph.

The complete graph with n nodes Kn is defined by V (Kn) := {1, . . . , n} and
E(Kn) := {{i, j} | i, j ∈ {1, . . . , n}, i 6= j}.

Theorem 3. For any n ≥ 2:

a) B2lv(Kn) = B2lv
min(Kn) = 1,

b) A2lv(Kn) = A2lv
min(Kn) = dlog3 ne,

c) R2lv(Kn) =
{ dlog3 ne if some m ∈ IN exists with 3m < n ≤ 2 · 3m

dlog3 ne + 1 if some m ∈ IN exists with 2 · 3m < n ≤ 3m+1

Sketch of the Proof.
a): Broadcast in Kn can be done by one communication on a Hamiltonian cycle
of Kn.
b): A cumulative set S of 3·m nodes after round i can be reduced to a cumulative
set of m nodes after round i+ 1 by communicating on m vertex-disjoint paths,
each consisting of three nodes of S.
c): The lower bounds follow from b) and Lemma 1. The upper bound in the first
case can be shown using the following gossip algorithm:

1. Divide V (Kn) into two disjoint subsets V1, V2 with |V1|, |V2| ≤ 3m.
2. Accumulate in the subgraph induced by Vi in m rounds in a vertex vi for
i ∈ {1, 2}.

3. Communicate in one round on a Hamiltonian path of Kn with the endpoints
v1 and v2.

ut

3.2 Communication in the Path

In this section we will determine the exact broadcast, accumulation, and gossip
complexity of the path Pn. We will see that even in this simple network the
communication tasks can be solved nearly optimally.

The path with n nodes Pn is defined by V (Pn) := {1, . . . , n} and E(Pn) :=
{{i, i+ 1} | 1 ≤ i < n}.
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Theorem 4. For any n ≥ 3:

a) B2lv(Pn) = 2,
b) B2lv

min(Pn) = 1,
c) A2lv

min(Pn) = dlog3 ne,

d) A2lv(Pn) =

{
dlog3 ne if some m ∈ IN exists with 3m < n ≤ 3m+1+1

2
dlog3 ne + 1 if some m ∈ IN exists with 3m+1+1

2 < n ≤ 3m+1

e) R2lv(Pn) =
{ dlog3 ne if some m ∈ IN exists with n = 3m + 1

dlog3 ne + 1 if some m ∈ IN exists with 3m + 1 < n ≤ 3m+1

Proof.
a), b): Proof omitted.
c): A2lv

min(Pn) ≥ dlog3 ne follows directly from Theorem 1 a).
We prove A2lv

min(Pn) ≤ dlog3 ne by induction over m := dlog3 ne.
The claim obviously holds for m = 1, since m = 1 implies n = 2 or n = 3.
As induction hypothesis, let A2lv

min(Pn) ≤ dlog3 ne for all n ≤ 3m.
For the induction step let 3m < n ≤ 3m+1. This implies dlog3 ne = m+ 1.
Let path(i, j) := ({i, . . . , j}, {{k, k + 1} | i ≤ k < j}) denote the subpath of Pn

containing exactly the vertices i, . . . , j for any i, j ∈ {1, . . . ,m} with i ≤ j.
If 3m < n ≤ 2 · 3m, then divide Pn into the two subpaths PL := path(1, 3m)
and PR := path(3m + 1, n). By induction hypothesis there exist vertices x ∈
V (PL) and y ∈ V (PR) with A2lv(x, PL) = A2lv

min(PL) ≤ m and A2lv(y, PR) =
A2lv

min(PR) ≤ m. Accumulate in m rounds in PL in the vertex x and in PR in
the vertex y and communicate in one additional round between x and y. Then
x, y, and all vertices between x and y are accumulation points of Pn after m+1
rounds.
If 2 ·3m < n ≤ 3m+1, then divide Pn into the three subpaths PL := path(1, 3m),
PM := path(3m+1, 2·3m), and PR := path(2·3m+1, n). By induction hypothesis
there exist vertices x ∈ V (PL), y ∈ V (PM ), and z ∈ V (PR) with A2lv(x, PL) =
A2lv

min(PL) ≤ m, A2lv(y, PM ) = A2lv
min(PM ) ≤ m, and A2lv(z, PR) = A2lv

min(PR) ≤
m. Accumulate in m rounds in PL in the vertex x, in PM in the vertex y, and
in PR in the vertex z and communicate in one additional round between x and
z. Then y is an accumulation point of Pn after m+ 1 rounds.
d): Proof omitted.
e): If n = 3m + 1 for some m ∈ IN, then R2lv(Pn) ≥ dlog3 ne follows directly
from Theorem 2. For the proof of R2lv(Pn) ≤ dlog3 ne we consider the following
gossip algorithm: Divide the path Pn into the two subpaths P := path(1, n

2 ) and
P ′ := path(n

2 + 1, n), and accumulate in these subpaths in the endpoints 1 and
n. Since P and P ′ have n

2 = 3m+1
2 vertices each, this accumulation is possible in

dlog3
n
2 e = m rounds. One additional communication between the nodes 1 and

n completes the gossip. Thus, R2lv(Pn) ≤ m+ 1 = dlog3 ne.
If 3m + 1 < n ≤ 3m+1 for some m ∈ IN, first, we prove by contradiction that
R2lv(Pn) ≥ m+ 2 = dlog3 ne + 1 holds:
Suppose that R2lv(Pn) ≤ m+1 = dlog3 ne. Theorem 4 c) implies, that A2lv

min(Pn)
= m+ 1. Thus, there exists no accumulation point after m rounds. This implies
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that every node lies on an active path in round m + 1. We show the following
claim:

There exists only one active path in round m+ 1 with the nodes 1 and
n as senders.

(1)

Proof of the claim (1): We prove (1) by contradiction: Suppose that the
two endpoints of Pn lie on two different active paths in round m + 1. Let this
be path(1, x) and path(y, n). Let Px := path(x, n) and Py := path(1, y). This
situation is shown in Fig.1.

1 x y n

Py

Px

� � � �
� �^ ^

m + 1 m + 1

Figure 1. The paths in the proof of (*) in Theorem 4 e)

The vertices 1 and x, and also the vertices y and n, form a cumulative set of
Pn after m rounds. Thus, x is an accumulation point of Px after m rounds, since
1 and x are a cumulative set of Pn after m rounds, and every information from
Px that is known to 1 has been sent to 1 via x. With the same arguments, y is
an accumulation point of Py after m rounds. But y is also an accumulation point
of Px \ Py since every information from Px \ Py has been sent to x via y. Thus,
y is an accumulation point of Pn after m rounds in contradiction to Theorem 4
c). This completes the proof of (1).

From (1) we know that the two endpoints of Pn form a cumulative set after
m rounds. This implies that one of these endpoints knows at least dn

2 e pieces of
information. W. l. o. g. we assume that 1 is this endpoint.
Let A be an accumulation algorithm for Pn s. t. the vertex 1 knows ` ≥ dn

2 e
pieces of information after m rounds of A, namely I(i1), I(i2), . . . , I(i`) for some
nodes i1 < i2 < . . . < i`.
For all 1 ≤ j ≤ ` there is a vertex v ∈ {i1, i2, . . . , i`} that sends the information
I(ij) to the vertex 1. Note that if 1 would get the information I(ij) from a vertex
u /∈ {i1, i2, . . . , i`} then it would get the information I(u) at the same time. This
contradicts u /∈ {i1, i2, . . . , i`}.
Thus, for the accumulation in the vertex 1 it suffices to consider those active
paths that contain an endpoint in {i1, i2, . . . , i`}. We can construct an accumu-
lation algorithm B for G = ({i1, i2, . . . , i`}, {{ij , ij+1} | 1 ≤ j < `}) and the
vertex 1 = i1 from the algorithm A. Obviously, G is isomorphic to P`. Thus,
there exists an accumulation algorithm for P` and 1 with m rounds. In the same
way we can construct an accumulation algorithm for Pd n

2 e and 1 from B. Thus,
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we get
A2lv(1, Pd n

2 e) ≤ m. (2)

Note that a construction as above is necessary to obtain (1) from the fact
Im(1) ≥ dn

2 e, since in general A2lv(G0) ≤ A2lv(G) does not hold for every
induced subgraph G0 of a graph G.
Together with the fact A2lv(1, Pn) = A2lv(n, Pn) = A2lv(Pn) this implies
A2lv(Pd n

2 e) ≤ m.
But 3m + 2 ≤ n ≤ 3m+1 holds and thus:

3m + 3
2

=
⌈

3m + 2
2

⌉
≤

⌈n
2

⌉
≤

⌈
3m+1

2

⌉
=

3m+1 + 1
2

.

If 3m+3
2 ≤ dn

2 e ≤ 3m, then Theorem 4 d) implies A2lv(Pd n
2 e) =

⌈
log3

⌈
n
2

⌉⌉
+ 1 =

m+ 1.
If 3m < dn

2 e ≤ 3m+1+1
2 , then Theorem 4 d) implies A2lv(Pd n

2 e) =
⌈
log3

⌈
n
2

⌉⌉
=

m+ 1.
This contradicts (2) in both cases, and this contradiction implies R2lv(Pn) ≥
m+ 2.

It remains to show that R2lv(Pn) ≤ m+ 2.
If 3m+1 < n ≤ 3m+1+1

2 ,we know from Theorem 4 d), that A2lv(Pn) = m+1. This
implies R2lv(Pn) ≤ m+2, since there exists a gossip algorithm that accumulates
in one endpoint and communicates between the two endpoints in one additional
round.
If 3m+1+1

2 < n ≤ 3m+1, we consider the following gossip algorithm: Divide
Pn into the two subpaths P := path(1, bn

2 c) and P ′ := path(bn
2 c + 1, n), and

accumulate in these subpaths in the nodes 1 and n. This can be done in m+ 1
rounds, according to Theorem 4 d), since P and P ′ have at most dn

2 e ≤ 3m+1+1
2

nodes each. Then communicate in one additional round between 1 and n. This
algorithm implies R2lv(Pn) ≤ m+ 2. ut

3.3 Communication in the Cycle

In this section we determine the exact broadcast, accumulation, and gossip com-
plexity of the cycle Cn. The broadcast and accumulation complexity of Cn follow
directly from the results for the path.

Theorem 5. For any n ≥ 3:

a) B2lv
min(Cn) = B2lv(Cn) = 1,

b) A2lv
min(Cn) = A2lv(Cn) = dlog3 ne,

c) R2lv(Cn) =
{ dlog3 ne if some m ∈ IN exists with 3m < n < 2 · 3m − 1

dlog3 ne + 1 if some m ∈ IN ex. with 2 · 3m − 1 ≤ n ≤ 3m+1

Proof. Proof omitted.
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3.4 Communication in some Hypercube-like Networks

In this section we will use the results for the cycle to determine the broad-
cast, accumulation, and gossip complexity for the hypercube network Hk, the
cube-connected-cycles network CCCk, the butterfly network BFk, the shuffle-
exchange network SEk, and the DeBruijn network DBk.
The formal definitions of these networks and a discussion of their properties can
be found in [9,14,16].

Theorem 6. For any k ≥ 2 and for Xk ∈ {Hk, CCCk, BFk, DBk} and for
n := |V (Xk)|:
a) B2lv(Xk) = B2lv

min(Xk) = 1,
b) A2lv(Xk) = A2lv

min(Xk) = dlog3 ne,
c) R2lv(Xk) =

{ dlog3(n)e if some m ∈ IN exists with 3m < n < 2 · 3m − 1
dlog3(n)e + 1 if some m ∈ IN ex. with 2 · 3m − 1 ≤ n ≤ 3m+1

Sketch of the Proof. All of these networks contain a Hamiltonian cycle [16]. Fur-
thermore, n 6= 2 · 3m and n 6= 2 · 3m − 1 holds for all m ∈ IN and for all of these
networks. Thus, Theorem 6 follows from the results for the cycle. ut

Theorem 7. For any k ≥ 2:

a) B2lv
min(SEk) = 1,

b) B2lv(SEk) = 2,
c) A2lv

min(SEk) = dlog3(2
k)e,

d) A2lv(SEk) =

{
dlog3(2k)e if some m ∈ IN exists with 3m < 2k ≤ 3m+1+1

2
dlog3(2k)e + 1 if some m ∈ IN ex. with 3m+1+1

2 < 2k ≤ 3m+1

Sketch of the Proof. SEk contains a Hamiltonian path [7]. Therefore Theorem
7 follows from the results for the path and from the fact, that SEk contains two
nodes of degree 1. ut

Theorem 8. For any k ≥ 2:

a) If 2k = 3m + 1 for some m ∈ IN, then R2lv(SEk) = dlog3(2k)e.
b) If 3m+1+1

2 < 2k ≤ 3m+1 for some m ∈ IN, then R2lv(SEk) = dlog3(2k)e + 1.
c) If 3m + 1 < 2k ≤ 3m+1+1

2 for some m ∈ IN, then

dlog3(2
k)e ≤ R2lv(SEk) ≤ dlog3(2

k)e + 1.

Sketch of the Proof. Theorem 8 follows from the results for the path. ut
We were not able to determine the exact gossip complexity for the shuffle-

exchange network SEk, if 3m + 1 < 2k ≤ 3m+1+1
2 for some m ∈ IN, and we leave

it as an open problem here.



48 H.-J. Böckenhauer

3.5 Communication in the Two-Dimensional Grid

In this section we will determine the accumulation and gossip complexity for the
two-dimensional grid Gk,`, using the results for Pn and Cn.

The two-dimensional k×`-grid Gk,` is defined by

V (Gk,`) := {(i, j) | 1 ≤ i ≤ k, 1 ≤ j ≤ `} and
E(Gk,`) := {{(i, j), (i+ 1, j)} | 1 ≤ i < k, 1 ≤ j ≤ `}

∪ {{(i, j), (i, j + 1)} | 1 ≤ i ≤ k, 1 ≤ j < `}.

Since every two-dimensional grid contains a Hamiltonian path, we know
B2lv

min(Gk,`) = 1 and B2lv(Gk,`) ≤ 2.
If k or ` is even, Gk,` contains a Hamiltonian cycle, and thus, B2lv(Gk,`) = 1
holds. If k and ` are odd, then there exists a vertex that cannot be the endpoint
of a Hamiltonian path, e. g. the vertex (1,2). Thus, B2lv(Gk,`) = 2 holds.

Theorem 9.

a) A2lv
min(Gk,`) = dlog3(k · `)e for any k, ` ≥ 1,

b) A2lv(Gk,`) = dlog3(k · `)e for any k, ` ≥ 2.

Proof. Proof omitted.

Theorem 10. For any k, ` ≥ 2:

a) If k · ` = 2 · 3m − 1 for some m ∈ IN, then

dlog3 k · `e ≤ R2lv(Gk,`) ≤ dlog3 k · `e + 1.

b) If k · ` 6= 2 · 3m − 1 for all m ∈ IN, then

R2lv(Gk,`) =
{ dlog3(k · `)e if some m ∈ IN exists with 3m ≤ k · ` ≤ 2 · 3m

dlog3(k · `)e + 1 if ∃ m ∈ IN with 2 · 3m + 1 ≤ k · ` ≤ 3m+1

Proof. Proof omitted.

We were not able to determine the exact gossip complexity of Gk,` in the
case k · ` = 2 · 3m − 1, and we leave it as an open problem here.

4 Conclusion

In this paper, we have constructed accumulation and gossip algorithms in the
2LV DP mode for many networks and we have proven their optimality.
We have seen that the accumulation and gossip problem can be solved optimally
or nearly optimally for all networks containing a Hamiltonian path.
The main open problem we see left is the design of optimal accumulation and
gossip algorithms for networks that do not contain a Hamiltonian path, e. g. for
complete k-ary trees.
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Abstract. We consider broadcasting on asynchronous anonymous to-
tally unoriented n×m torus, where N = n·m is the number of nodes. We
present a broadcasting algorithm with message complexity 1.43N+O(n+
m) and prove the lower bound in the form 1.14N−O(1). This is an impro-
vement over the previous 2N +O(

√
N) upper bound and 1.04N −O(

√
N)

lower bound achieved by Diks, Kranakis and Pelc [DKP96]. Unlike the
algorithm from [DKP96], our algorithm works also on non-square tori,
does not require the knowledge of sizes n and m and uses only messa-
ges of size O(1) bits. This is the first known broadcasting algorithm on
unoriented tori that does not use all edges.

1 Introduction

Broadcasting is one of the most fundamental communication tasks in parallel and
distributed computing. One node of the network, called source, has a message
which has to be transmitted to all other nodes in the network.

The complexity of broadcasting strongly depends on the amount of topo-
logical information available at nodes. If links of a network are globally consi-
stently labelled, forming sense of direction [FMS95,Tel95a], broadcasting is pos-
sible using only linear number of messages w.r.t. the number of nodes [FMS96].
But if a network is unoriented (no consistent global labels on links are availa-
ble), then the lower bound for general networks is linear in the number of links
[FMS96]. This lower bound is achievable by the naive broadcasting algorithm,
in which a node immediately spreads the message to all neighbours except to
the one from which it received it.

While this strategy cannot be improved on general networks, broadcasting
algorithms might exploit the knowledge of special topologies to reduce the num-
ber of messages. For example, on the complete unoriented N–node network the
broadcasting is trivially accomplished by sending only N − 1 messages from the
source to all its neighbours. Another, not so trivial example, is the class of unori-
ented N–node chordal ring networks with chords leading to 2k closest neighbours
in the ring, where the broadcasting can be performed using only O(N) messages
[Pel97].
? The research was partially supported by EU Grant No. INCO-COP 96-0195

”ALTEC-KIT” and by the Slovak VEGA project 1/4315/97.

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 50–62, 1998.
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Other results have been obtained for broadcasting on special topologies with-
out orientation. It was stated as an open question (see [Tel95a], cf. also [Mans96])
whether there exists a broadcasting algorithm on unoriented N–node hypercu-
bes using only O(N) messages in the worst case. This question was positively
answered only recently in [DR97,DKP96,DDKPR98], where two different inde-
pendently obtained linear message algorithms for broadcasting on unoriented
anonymous hypercubes were presented. Further improvements of these results
in the time and bit complexity can be found in [DRT98].

We are interested in broadcasting on unoriented tori. Since tori have constant
degree, the naive broadcasting algorithm using 3N+1 messages is asymptotically
optimal. However, it is possible to improve the constant factor, as documented
by the algorithm from [DKP96], which uses 2N+O(

√
N) messages on

√
N×√

N
tori. In [DKP96] it was also shown that the lower bound is non-trivial (1.04N −
O(

√
N) messages). We further improve these results, both in upper and lower

bounds. We present 1.43N + O(n+m) message broadcasting algorithm which,
unlike the algorithm from [DKP96], works also on non-square torus, does not
need to know its size and uses only messages of size O(1). This is the first
know broadcasting algorithm working on unlabeled tori that does not use every
link. We also present an improved lower bound 1.14N −O(1), using a technique
with potential for further improvement of this lower bound. Our lower bound
is on the number of used links and it applies also for the case of synchronous
communication, regardless whether vertices know the size of torus.

The paper is organized as follows. In Section 2 we present the computational
model. In Section 3 we show 1.43N + O(n + m) broadcasting algorithm. In
Section 4 we prove an 1.14N −O(1) lower bound for broadcasting on unlabeled
N–node tori.

2 The Model

The computational model is the standard model of asynchronous distributed
computing [Tel94b]. Every message will be delivered in a finite but unbounded
time. FIFO on links is not required. All processors are identical and run the
same algorithm.

The underlying topology of the network is anonymous unoriented torus of
size n × m. Anonymity means that processors do not have given distinct iden-
tities. Unorientation means that each processor can distinguish its links only
by uninterpreted labels 1, 2, 3 and 4. However, this labeling is arbitrary at each
processor and labels are thus without any topological meaning. That means that
if a processor sends a message on an unused link, the actual link (from the set
of yet unused links) is chosen by the adversary, as all unused links look alike to
the sender and we are interested in the worst case behaviour.

We are interested in communication complexity, expressed by the number of
messages sent in the worst case. The worst case refers to the adversary decisions
concerning choices of yet unused links, and to the worst possible message delays.
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We are considering the problem of broadcasting. At the beginning there is a
single active processor – the source of information. Other processors will became
active only after receiving a message. Only active processors can send messages.
At the end of computation we require each processor to be active (it has received
an information).

3 Upper Bound

In this section we present a broadcasting algorithm on asynchronous anonymous
totally unoriented n ×m tori using 10

7 n ·m + O(n +m) messages in the worst
case.

3.1 Informal Description of the Algorithm

Our algorithm A starts from the source s by sending an initial message in one
direction until it returns back to s. This can be done using handrail technique
from [Pet85,Mans96b] with O(n) messages of size O(1), where n is the size of
the torus in the direction of the initial message. Created path circling around
tori is called equator. From the handrail technique follows that vertices on the
equator can consistently distinguish between their north and south sides.

s s s ss
s

equator

As in the upper part.

launching Diag()

One thick diagonal built by one invocation of Diag().

Possible overlap of the first and the last thick diagonals. Size: O(m).

n

m

w

^

II}Y 6 7

Figure 1.

In the second phase, another message is sent along the equator eastward and
at each 7th vertex it launches northward the subroutine Diag() until it returns
back to the source. The first launch of Diag(), denoted as Diag1(), is done using
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marked messages, so it will not interfere with the last one, which may overlap
with it. Diag() procedure broadcasts on thick (7 vertex) diagonal in north-east
direction until it returns back to the equator.

The overall message complexity of the broadcasting algorithm is 10
7 N +

O(n+m) and it follows from these facts:

– The cost of the start-up (building the equator and launching Diag() proce-
dures) is O(n).

– Diag() uses 10
7 messages of size O(1) bits per each reached vertex.

– The whole torus can be covered by disjoint thick diagonals built by Diag().
Since Diag() stops on the equator, different invocations of Diag() do not
overlap. The only exception is the first and the last invocation of Diag(),
which can overlap for n non-multiple of 7, where n is the length of the
equator. There are at most 6m vertices in the intersection, that means totally
60
7 m additional messages. (See Figure 1)

3.2 Detailed Description of the Algorithm

StartUp

At the source on start up:

0. For each incident link h:
Send(S1

x), where x is label of h at the source vertex; ?

-�
6S

1
3

S1
4

S1
1S1

2 s

Figure 2.

At arbitrary vertex:

Upon receiving Send See Figure
1. S1

x S2
x on all remaining links 3

2. S2
1 on h and S2

x S3
x on h 4

3. S3
x on h1 and S3

y on h2, U1 on h1, B1 on h2 and 5
let x < y M1 on link on which S2

1 was sent,
but nothing received.

-

?-

?

�

�

?

6
� -

6

6

s

S2
3

S2
1

S2
1

S2
4

?
6s S3

4

S3
3

s

6

?

-

U1

B1

M1

Figure 3. Figure 4. Figure 5.
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Building the equator:

After receiving message(s) Send See Figure
4a. U1 U on unused links 6
4b. B1 B on unused links 6
4c. M1, not at source M on unused links 1 5,6 and 9
4d. M1 at source L on link with label 1 2 10
5a. U on h and M U on all links except h 7
5b. B on h and M B on all links except h 7
5c. U and B M1 on links on which no 8

M1, U or B was received

s

6
-

?

-?

6
-

U

B
B

U

M

M
M ?

6

6
-

?

-

U

B

B

U
U

B
- M1

6

?

-

M

M

M

Figure 6. Figure 7. Figure 8. Figure 9.

Launching phase

After receiving message(s) Send See Figure
6. L D′

0 where U1 was sent 5 and 10
L1 where M1 was sent

7. Li, not at source L(i+1) mod 7 where M1 was sent 8 and 10
if i = 0, send D0 from where 7 and 10

U message came

Diag() procedure:

After receiving message(s) Send to all unused links 3

8a. D0 D1
4

8b. D1 and not M received before D2
8c. D2 and (D9 or S2

x) D3
8d. Two D2 D4
8e. D4 D5
8f. Two D5 D6
8g. D6 D7
8h. D5 and D7 D3
8i. Two D7 D8
8j. D8 D9
8k. Two D9 D1

1 Links used only by Sy
x messages are considered unused.

2 Starting launching phase.
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s L L1 L2 L3 L4 L5 L6 L0 L1 L2 L3

D0

S2
3

I
Repeating pattern

Figure 10.
If D′

0 message is received, D′
i messages will be used, to avoid possible inter-

ference between the first and the last invocation of Diag().
It is easy to see that computation cyclically proceeds in cycle 8a→8b→8d→

→8e→8f→8g→8i→8j→8k→8b with concurrent steps 8c and 8h. In one such cy-
cle altogether 28 new vertices are added to the thick diagonal using 40 messages,
resulting in overall 10

7 messages per vertex.
Diag() terminates when it returns back to the equator from the south –

a vertex that has received M and B message will not send any Diag() message.

3.3 Making Termination Explicit

The algorithm presented in subsection 3.2 terminates implicitly. One way to
make the termination explicit within the same complexity bound is the following:

– Vertices reached by messages of Diag() terminate when they finish their work
in Diag().

– Vertices of the equator terminate when the launching token of the second
phase has passed them.

– The only problem are vertices of the first – Diag1() and the last – Diagq()
thick diagonal. The problem is how to terminate in order to nonblock broad-
casting on the second thick diagonal. One possible solution is the following:

• When Diag1() returns back to the equator, it returns k steps to the
west and launches Diagq() to south-west. Vertices reached by Diagq()

3 Unused links – unused by Di and M messages. No messages are sent from vertices
that received a B and M message – termination of Diag() when equator was reached
from the south.

4 Messages are sent along two links on which no U , D0 or Sy
x message arrived. (see

Figure 6)
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but not by Diag1() will terminate after finishing their work in Diagq().
When Diagq() reaches the equator, it goes k steps eastward and launches
Diag1() to north-east. Now vertices can terminate after finishing their
work in Diag1(). k can be computed during the construction of the equa-
tor as the length of the equator modulo 7. This additional computation
can be done using O(m) messages.

4 Lower Bound

We will prove the lower bound by letting the algorithm and the adversary play
the following game:

– At the beginning the domain D of the algorithm consists of a single vertex
– the source.

– The goal of the algorithm is to extend its domain to the whole torus.
– The game proceeds in rounds. Each round begins with a move of the algo-

rithm, which is followed by a move of the adversary.
– The algorithm knows the graph D representing its domain, but does not

know how it is embedded into torus.
– The algorithm specifies (during its move) for each vertex of its domain the

number of yet unexplored links it wants to explore.
– The adversary chooses an embedding of D into torus and decides which

of yet unexplored links at given vertex will be explored. (According to the
orders given by the algorithm.)

– At the end of each round all explored links are added to the domain of the
algorithm.

– The game terminates when the domain spans the whole torus.
– The goal of the adversary is to maximize the number of explored links.

Since the game proceeds in synchronous rounds, the lower bound applies also
for the case of synchronous communication. Moreover, this is the lower bound
on the number of used links, not only on the number of used messages.

Our adversary tests all possible embeddings, and for each embedding it tests
all possible ways of choosing explored links. The embedding (and the choice of
explored links) which leads to the smallest new domain is chosen. (See Figure
11)

D
Algorithm turn

0 2

0 1

Adversary response

0

0
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1

1 0

Algorithm turn Adversary response

�
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-

-�

Figure 11.

Let Di be the domain of the algorithm after the round i. Di can be divided
to the core graph Ci and hanging trees Ti. The core graph can be defined as the
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maximal subgraph Ci of Di such that ∀v ∈ Ci, v has at least two neighbours in
Ci. Ti is the rest of the domain. Ti can be viewed as a forest of trees with roots
in Ci. (These roots are not in Ti). We denote these graphs after the termination
of the game by D,C and T .

The following lemma is crucial:

Lemma 1. If Ci 6= ∅, then there are no hanging trees of depth greater than 2.

Proof. By contradiction. Consider the first round (say r) in which there is a hang-
ing tree T (3) of depth 3. That means that in the round r−1 there was a hanging
tree T (2) of depth 2 and from one of its leaves at depth 2 (say from a vertex v)
a new link was explored. Let the root of T (2) be a vertex t ∈ Cr−1. It has two
neighbours in Cr−1. Take the embedding E used by the adversary at round r−1
and modify it locally to embed T (2) such as in Figure 12. This modification is
indeed possible, because the place for the vertex v is either free or is occupied by
another branch of T (2) (which can be exchanged with the branch leading to v).
If this place belongs to Cr−1 or to another tree, then in the previous round the
adversary should have directed the growth of T (2) to this place, thus constructing
smaller domain.

The resulting embedding E ′ (together with the choice of explored link (v, w))
results in smaller domain compared with E , which is the contradiction with
respect to our choice of the adversary.

6
-

?
wt

vu

Figure 12.

It is easy to see that Ci = ∅ holds only at the very beginning of the com-
putation. Using similar arguments as in the proof above we can show that once
there is a tree of depth 4, the adversary will turn its branches to form a cycle.

So far we have shown that the adversary can limit the depth of hanging trees
by looping their branches back to the core graph. Another way to reduce the
depth of hanging trees is to connect two trees, thus eliminating trees that grow
deep. We will refine our adversary by making it prefer the following option:

– If there are several possibilities (for embedment and choice of explored links)
resulting to the domains of the same size, prefer the option in which a tree
branches loop back to the core graph rather than the option in which trees
come in touch. (See Figure 13)
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Figure 13.
Lemma 1 allows us to examine how the core graph grows:

Lemma 2. If Ci 6= ∅, then there exists an ear decomposition of Ci+1 −Ci such
that each ear has the length at most 4.

More precisely, there exists a sequence of graphs Ci = Ci,0, Ci,1, . . . , Ci,k =
= Ci+1 such that for each j, 0 ≤ j < k, Ci,j+1 −Ci,j is a path of length at most
4 which starts and ends in Ci,j.

Proof. First note that there is an ear decomposition with ears of length at most 6.
See that new vertices are added to the core graph only when branches of some
tree loop back to the core graph or when two trees meet. (The third possibility
occurs when two branches of the same tree meet. But this case is not possible
under our adversary, because the adversary preferes to loop branches back to
the core graph.) In the first case an ear of length at most 3 is formed (since trees
are of depth at most 2, plus newly explored link), in the second case each tree
can contribute by a path of length at most 3, bounding the overall length of the
new created ear by 6.

To form a long ear of length 5 or 6, at least one tree must contribute by a
path of length 3. Our adversary prefers looping back branches of trees to the
core graph. It may happen that adversary cannot loop back branch of length 3,
because that will increase the size of the domain. One such situation is shown
on Figure 14.

1 1

-�
distance 4

Algorithm turn

-�

Adversary response

v u
t

Figure 14.

However, that is possible because the tree of the vertex u contributed by only
2 links ((t, u), (u, v)) and there were overlapping links from different trees ((u, v)
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and (v, u)). If there are not overlapping links (there is no request for exploration
from u), looping back to the core graph is possible, because it will not enlarge
the domain. Similarly, looping back is possible if both trees contribute by paths
of length 3, as shown in Figure 13.

That means that if there is still a long ear, then it must also have small
loop(s) at its end(s). We can first add an ear formed by this (these) small loop(s),
decreasing the overall length of the long ear to at most 4. (It is easy to see that
an ear of length 6 must have small loops at both of its ends.)

Let EC be the number of links in the core graph C. We will prove our lower
bound by proving the lower bound on the expression

EC + |T |
|C| + |T | =

total number of explored links
N

(1)

Let C0 be the initial core graph (formed when the first loop is closed) and
let EC0 be the number of links in it. Let Ci be the core graph after adding i ears
according to Lemma 2 and let ECi be the number of links in it. Let Ti be the
set of hanging trees at that moment. Following Lemma 1, we can bound |Ti| by
the number of vertices at the distance at most 2 from Ci.

We are interested in the ratio

ECk
+ |Tk|

|Ck| + |Tk| =
EC0 + |T0| +

∑k
i=1(ECi − ECi−1 + |Ti| − |Ti−1|)

|C0| + |T0| +
∑k

i=1(|Ci| − |Ci−1| + |Ti| − |Ti−1|)
(2)

Denote ECi − ECi−1 by ei, it represents the number of links in the i-th ear.
Similarly |Ci| − |Ci−1| = vi, the number of inner vertices in the i-th ear. Clearly
ei = vi + 1. Let ti be the number of vertices that are at distance at most 2 from
Ci, but they are at greater distance from Ci−1. |Ti| − |Ti−1| can be estimated
as ti − vi, since vi inner vertices of the i-th ear are transferred from Ti−1 to Ci.
(Note that all inner vertices of the i-th ear are inside Ti−1, because the ear has
length at most 4.)

We can rewrite (2):

EC0 + |T0| +
∑k

i=1(ei + (ti − vi))

|C0| + |T0| +
∑k

i=1(vi + (ti − vi))
=
EC0 + |T0| +

∑k
i=1(ti + 1)

|C0| + |T0| +
∑k

i=1 ti
(3)

Let t = max1≤i≤kti. Because
∑k

i=1(ti + 1)/
∑k

i=1 ti ≥ (t+ 1)/t, we get

ECk
+ |Tk|

|Ck| + |Tk| ≥ EC0 + |T0| + k(t+ 1)
|C0| + |T0| + kt

(4)

Since |C0|, EC0 , |T0| and t are in O(1), we can write |C0| + |T0| + kt = k′t
and EC0 + |T0| + k(t+ 1) = k′(t+ 1) −O(1) for some k′ > k. Applying to (4) we
get

ECk
+ |Tk| ≥ k′(t+ 1) −O(1)

k′t
(|Ck| + |Tk|) =

t+ 1
t

· (|Ck| + |Tk|) −O(1) (5)
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since k′t ≥ |Ck| + |Tk|.
Note that this expression is in more general form than the simple lower bound

for ceased broadcasting. It says that any algorithm that has reached r vertices
must have used r(t+ 1)/t−O(1) links.

All we need now is to bound t:

Lemma 3. t can be bounded by 7 for ears of length at most 4.

Proof. First note that there is only a finite (and not really high) number of
possible cases which can be tested by computer. We perform the case analysis.

We will use the fact that each vertex of C has at least two neighbours in C.
Consider an ear of 4 links and 3 vertices u, v and w being added to C. These

three vertices either lie on a line or not. In the first case, all possible situations
(up to the symmetry) are shown in Figure 15.
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Figure 15.

x and y are vertices in C. Empty circles represent vertices in 2–neighbourhood
of C. Full circles represent vertices potentially added to the 2–neighbourhood of
C by adding the ear uvw.

Due to the symmetry only the left part from the vertical axis passing through
v is shown. t is in these cases bounded by 6, 4 and 5, respectively. (If the right
part is mirror image of the left part. Otherwise t is even smaller.)

If u, v and w don’t lie on a line, then four possible cases are shown in
Figure 16. Again it is sufficient to consider only one half (left bottom) of the
situation.
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t is in these cases bounded by 4, 2, 7 and 7, respectively.
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Ears of smaller length are handled similarly. All possible cases can be drawn
on previous figures, just with smaller number of t – vertices.

Now we can apply (5):

Proposition 1. Any broadcasting algorithm on unoriented tori that reached r
vertices must have used at least 8/7r −O(1) links in the worst case.

Corollary 1. Broadcasting on unoriented N–node tori requires the use of at
least 8/7N −O(1) links, even in synchronous case.

5 Conclusions

We have presented improved upper and lower bounds for broadcasting on an
unoriented torus. The main question is how to narrow or close the gap between
these bounds.

We believe that the lower bound can be improved. A possible way of impro-
vement can be obtained by the analysis of the following situation. The highest t
(t = 7) is reached by adding ears that are not sustainable. Including such an ear
prevents from further inclusion of an ear with t = 7 on involved vertices. Ears
with smaller t must be added to prepare the ground for another ear with t = 7.
Further improvement can be based on the following hypothesis: There exists an
adversary such that in each completed computation there are no hanging trees of
depth 2 or more (although during the computation there could be some).

We note that the algorithm from [DKP96] can be modified to compute re-
lative addresses (w.r.t. the starting vertex) of all vertices in the torus. Our al-
gorithm cannot be modified in such a way. It would be interesting to prove (or
disprove) the lower bound of 2N − o(N) messages for this problem.
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DRT98. Dobrev, S. - Ružička, P. - Tel, G.: Time and Bit Optimal Broadcasting
on Anonymous Unoriented Hypercubes. Proc. of the 5th International
Colloquium on Structural Information and Communication Complexity
(SIROCCO’98), Carleton Press, Amalfi, Italy, June 1998.

DDKPR98. Diks, K. - Dobrev, S. - Kranakis, E. - Pelc, A. - Ružička, P.: Broadcasting
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Abstract. Broadcasting and gossiping are two problems of information
dissemination described in a group of individuals connected by a commu-
nication network. In broadcasting (resp. gossiping), one node (resp. every
node) has a piece of information and needs to transmit it to everyone else
in the network. These communications patterns find their main applica-
tions in the field of interconnection networks for parallel architectures.
In this paper, we are interested in Minimum Broadcast (resp. Gossip,
Linear Gossip) Graphs (resp. Digraphs), that is graphs (resp. digraphs)
that can achieve broadcasting (resp. gossiping, linear gossiping) in mi-
nimum time, and with a minimum number of edges. Many papers have
investigated these subjects, but only a few general results on the size of
graphs of order n are known. In this paper, we take the census of all the
known non-isomorphic families of graphs (resp. digraphs) which are Mi-
nimum Broadcast Graphs, Minimum Gossip Graphs, Minimum Linear
Gossip Graphs and/or Minimum Broadcast Digraphs, and we show that
in most cases, the proposed minimum graphs that can be found in the
literature are Knödel graphs [10,7].

Keywords : Broadcasting, gossiping, minimum broadcast graphs, mini-
mum gossip graphs, Knödel graphs, circulant graphs, hypercubes.

1 Introduction

Broadcasting and gossiping are two problems of information dissemination
described in a group of individuals connected by a communication network. In
broadcasting (resp. gossiping), one node (resp. every node) knows a piece of in-
formation and needs to transmit it to everyone else. This is achieved by placing
communication calls over the communication lines of the network. Throughout
this paper (except in one case, which, for readability reasons, is treated sepa-
rately below), we will consider a 1-port and unit cost model, that is a node
can communicate with at most one of its neighbours at any given time, and a
communication between two nodes takes one unit of time. This model implies
1 This research was supported by ALTEC-KIT, Project no INCO-COP 96-0195
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that we will deal with connected graphs without loops or multiple edges to mo-
del the communication networks. Note also that, depending on the cases, we
will either consider a half-duplex or a full-duplex model. In the latter, when a
communication takes place along a communication line, the information flows
in both directions, while in the former only one direction is allowed. Hence, in
the half-duplex model, we will deal with directed graphs, while we will consider
undirected graphs in the full-duplex model.

Let us first consider the full-duplex model. Let G be a graph modelling an
interconnection network. We will denote by b(v) the broadcast time of v, that is
the time to achieve broadcasting from a vertex v of G in the network. Moreo-
ver, b(G), the broadcast time of G, is defined as follows : b(G) = max{b(v) |
v ∈ V (G)}. If we consider the complete graph of order n, Kn, it is not difficult
to see that b(Kn) = dlog2(n)e. Any graph G such that b(G) = b(Kn) = dlog2(n)e
is called a broadcast graph. Note that it is not necessary to consider Kn to get a
broadcast graph. Hence we call Minimum Broadcast Graph of order n, or MBGn,
any broadcast graph G having the minimum number of edges. This number is
denoted by B(n).

Similarly, in the half-duplex model, we have the following : ~b(v) is the broad-
cast time of vertex v and ~b(G) = max{~b(v) | v ∈ V (G)} is the broadcast time of
digraph G. Liestman and Peters [13] have shown that ~b(K∗

n) = dlog2(n)e, where
K∗

n is the complete directed graph of order n, that is the complete graph Kn

where each undirected edge uv has been replaced by a pair of symmetric edges
(u, v) and (v, u). Any digraph G such that ~b(G) = ~b(K∗

n) is called a broadcast
digraph, and, similarly to the undirected case, it is not necessary to consider K∗

n

to get a broadcast digraph. Hence we will call Minimum Broadcast Digraph of
order n, or MBDn, any broadcast digraph with the minimum number of edges.
This number is denoted by ~B(n).

The gossiping problem, back in the full-duplex model, relies on analogous
definitions. Let g(G) be the time to gossip in a graph G. Knödel [10] has shown
that for the complete graph Kn, we have :

– g(Kn) = dlog2(n)e for any even n ;
– g(Kn) = dlog2(n)e + 1 for any odd n ;

Any graph G such that g(G) = g(Kn) is called a gossip graph. As previously, it
is not necessary to consider Kn to get a gossip graph. Consequently, we call a
Minimum Gossip Graph of order n, or MGGn, any gossip graph with a minimum
number of edges. This number is denoted by G(n).

Remark 1.1. In this paper, we will deliberately not mention Minimum Gossip
Digraphs (i.e. graphs achieving gossiping in the half-duplex model), since very
little is known about these digraphs. In particular, no general result concerning
its number of directed edges is known.

Now suppose we do not consider a unit cost model, but a linear cost one, that
is each communication implies a fixed start-up time β, and a propagation time
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τ proportional to the amount of information exchanged. We then define gβ,τ (G)
to be the time to gossip in the graph G, and gβ,τ (n) to be the time to gossip in
Kn. Fraigniaud and Peters [7] proved that gβ,τ (n) = dlog2(n)eβ + (n − 1)τ for
any β ≥ 0 and τ ≥ 0. A Linear Gossip Graph will denote any graph G able to
gossip in gβ,τ (n), and a Minimum Linear Gossip Graph, or MLGG, is a Linear
Gossip Graph with the minimum number of edges, noted Gβ,τ (n).

In this paper, we intend to survey the general known results concerning the
size - that is, the number of edges - of a MGG (resp. MLGG, MBG, MBD)
with n nodes, and mainly to point out several non-isomorphic families of graphs
which are MGG (resp. MLGG, MBG, MBD) of order n.

In Sect. 3, we will survey the general results concerning Minimum Broad-
cast Graphs of order n (e.g. n = 2k and n = 2k − 2). We will first show three
non-isomorphic families of graphs which are MBGs of order 2k. Moreover, we
will show that the examples of MBGs of order 2k − 2 given independently by
Khachatrian et al. [9] and Dinneen et al. [2] are both isomorphic to the family
of Knödel graphs of degree k − 1.

In Sect. 4, we will survey the known general results concerning Minimum
Broadcast Digraphs of order n (e.g. n = 2k, n = 2k − 1 and n = 2k − 2) and
give different non-isomorphic families of digraphs which are MBDs of order n
for these three cases. In particular, for n = 2k, we give k + 3 non-isomorphic
families of MBGs.

In Sect. 5, we will focus on Minimum Gossip Graphs. The size of such graphs
is known in the general case for n = 2k, n = 2k − 2 and n = 2k − 4 (see [11]).
For each of the three cases, we will survey the results ; we will first show that,
in the case n = 2k, the three families of MBGs of order n given in Sect. 3
remain MGGs. Moreover, we will show that the family of graphs pointed out
by Labahn [11] as MGGs of order 2k − 2 (resp. 2k − 4) is in fact the family of
Knödel graphs of degree k − 1.

Section 6 will be devoted to MLGGs. We will survey the results of [7], and we
will show that, for n = 2k, the three non-isomorphic families which are MGGs
remain MLGGs. Moreover, for even n such that 2k −6 ≤ n ≤ 2k −2 with k ≥ 4,
the Knödel graphs of degree k − 1 are MLGGs.

Finally, Sect. 7 recalls the different results given in the paper and gives a
general method to obtain recursively families of MBGs (resp. MBDs, MGGs,
MLGGs) of order 2k, families of MBDs of order 2k − 2 and families of MGGs
(resp. MLGGs) of order 2k − 4.

2 Definitions

In the following, we will consider different families of graphs that have been
defined in the literature, and we will show they are either MGGs, MLGGs,
MBGs and/or MBDs. In this section, we give the definitions of each of the
family we are going to use.
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Definition 2.1 (Hypercube of dimension k). The hypercube of dimension
k, Hk, has n = 2k vertices. Each vertex of the vertex set V is of the form
(x0, x1, . . . , xk−1) with xi ∈ {0, 1} for any 0 ≤ i ≤ k − 1. The edge set E is of
cardinality k ·2k−1 and is of the form E = {((x0, x1, . . . , xi−1, 0, xi+1, . . . , xk−1),
(x0, x1, . . . , xi−1, 1, xi+1, . . . , xk−1))} for every i ∈ {0, . . . , k − 1}.
Definition 2.2 (Circulant graphs and digraphs).

– A circulant graph on n vertices Cn(a1, a2, . . . ap) (ai ∈ N
∗), a1 < a2 < . . . <

ap, has vertex set V = {v0, v1, . . . , vn−1} and edge set E = {(vx, vy) | ∃ ai,
1 ≤ i ≤ p such that x + ai ≡ y (mod n)}.

– A circulant digraph on n vertices C ′
n(a1, a2, . . . , ap) (ai ∈ N

∗), a1 < a2 <
. . . < ap, has vertex set V = {v0, v1, . . . , vn−1} and edge set E = {(vx, vy) |
∃ ai, 1 ≤ i ≤ p such that x + ai ≡ y (mod n)}.

Remark 2.1. In this paper, we will often focus on circulant digraphs, and parti-
cularly on some specific families of such digraphs, for instance C ′

2k(1, 3, . . . , 2k −
1) [16,5]. We refer to Fig. 1 for some examples of circulant digraphs. Note also
that we will be interested by a certain family of circulant (undirected) graphs,
namely G(n, d), which is defined below.
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Fig. 1. C ′
6(1, 3), C ′

7(1, 3) and C ′
8(1, 3, 7) (from left to right)

Definition 2.3 (Circulant GraphsG(n,d) [17]). The circulant graph G(n, d)
with d ≥ 2, is defined as follows. The vertex set is V = {0, 1, 2, . . . n − 1}, and
the edge set is E = {(u, v) | ∃i, 0 ≤ i ≤ dlogd(n)e− 1, such that u+di ≡ v (mod
n)}.
Remark 2.2. Note that G(n, d) is a circulant graph Cn(d0, d1, . . . ddlogd(n)e−1).
In [17], Park and Chwa proved that if n = cdm with 1 ≤ c < d, then G(n, d)
can be constructed recursively, using d copies of G(cdm−1, d). Note also that for
our purpose, we will consider the family of circulant graphs G(2k, 4), such as the
one displayed in Fig. 2. In that case, G(2k, 4) can be considered as a G(cdm, d),
where c = 1 when k is even (k = 2m), and c = 2 when k is odd (k = 2m + 1).
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Fig. 2. The recursive circulant graph G(16, 4)

Definition 2.4 (Knödel graph W∆,n [10,7]). The Knödel graph on n ≥ 2
vertices (n even) and of maximum degree ∆ ≥ 1 is denoted W∆,n. The vertices
of W∆,n are the couples (i, j) with i=1,2 and 0 ≤ j ≤ n

2 − 1. For every j,
0 ≤ j ≤ n

2 −1, there is an edge between vertex (1, j) and every vertex (2, j+2k−1
mod n

2 ), for k = 0, . . . ,∆ − 1.

Remark 2.3. For 0 ≤ k ≤ ∆ − 1, an edge of W∆,n which connects a vertex (1, j)
to the vertex (2, j + 2k − 1 mod n

2 ) is said to be in dimension k.
Note that when ∆ ≥ 2, the Knödel graphs can also be defined as Cayley

graphs on the semi-direct product G = Z n
2

n Z2 for the multiplicative law :
(x, y)(x′, y′) = (x + x′, y + (−1)xy′), with x, x′ ∈ Z2 and y, y′ ∈ Z n

2
, and with

the set of generators S = {(1, 2i − 1), 0 ≤ i ≤ ∆ − 1} [8].

In the following, we will be mostly interested by Wk−1,2k−4, Wk−1,2k−2 and
Wk,2k . For a better understanding, we give two examples of such Knödel graphs
(cf. Fig. 3).

dim 0

dim 1

dim 2

Fig. 3. W3,14 and (right) W3,8

3 Minimum Broadcast Graphs

3.1 General Results

Let us first recall the only known general results that exist concerning MBGs.
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Theorem 3.1. Let B(n) be the size of a MBG of order n. Then :

– B(2k) = k · 2k−1 for all k [4];
– B(2k − 2) = (k − 1) · (2k−1 − 1) for all k ≥ 3 [2,9].

3.2 Non-isomorphic Families of MBGs of Order n = 2k

Thanks to the results above, we can prove the following Theorem.

Theorem 3.2. There are at least three non-isomorphic families of graphs which
are MBGs of order n = 2k for any k ≥ 4. They are the following :

– The hypercube of dimension k, Hk ;
– The recursive circulant graph G(2k, 4) ;
– The Knödel graph Wk,n.

Proof. We need to prove first that each family of graphs is MBG of order 2k. As
seen in the previous Theorem, the size B(n) of a MBG of order n = 2k verifies
B(2k) = k · 2k−1 [4]. Since the broadcast time and the gossip time are equal
when the number of nodes is even, and since B(2k) = G(2k) for any k [11], we
conclude that all the graphs which are MGG2k are MBG2k as well. Since it is
well-known that those three families of graphs are MGGs of order 2k (cf. for
this Proof of Theorem 5.2), we know that they are also MBGs.

Now let us prove that these three families of graphs are not isomorphic. It
is easy to see that G(2k, 4) is not isomorphic to Hk for any k ≥ 2 since, in
that case, their diameter differ. Indeed, Park and Chwa [17] have proved that
Diam(G(2k, 4)) = d 3k−1

4 e, while it is well-known that Diam(Hk) = k.
Similarly, it is not difficult to see that Wk,2k and G(2k, 4) are not isomorphic

for any k ≥ 3. Indeed, Knödel graphs are bipartite by definition, and it is well
known that there cannot exist cycles of odd length in bipartite graphs (see for
instance [1], p.6). However, there always exists cycles of odd length in G(2k, 4)
when k ≥ 3. For instance, consider the cycle of length 5, (0 − 1 − 2 − 3 − 4 − 0).

Finally, we prove that Wk,2k and Hk are not isomorphic for any k ≥ 4.
Indeed, it is known that hypercubes are (0, 2)-graphs, that is any two vertices
which are at distance 2 have exactly two neighbours in common [15,12]. Now
let us consider the vertices u = (1, 1) and v = (1, 2k−1 − 2) in Wk,2k . Those
two vertices cannot be neighbours by definition, since the graph is bipartite.
Actually, they are at distance 2, because there is an edge (1, 1)(2, 1) (dimension
0) and an edge (2, 1)(1, 2k−1 − 2) (dimension 2). Let Nu (resp. Nv) be the set of
neighbours of u (resp. of v) in Wk,2k . We have :

– Nu = (2, 0) ∪ {(2, 2p) | 0 ≤ p ≤ k − 2} ;
– Nv = (2, 2k−1 − 2) ∪ (2, 2k−1 − 1) ∪ {(2, 2p − 3) | 2 ≤ p ≤ k − 1}.

In that case, let us count the number of neighbours u and v have in common.
Standard calculations show that, for any k ≥ 4, u and v have only one neighbour
in common, which is (2, 1). Hence Wk,2k is not a (0, 2)-graph, which yields that
it is not isomorphic to Hk for any k ≥ 4. ut
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Remark 3.1. In their paper, Fraigniaud and Peters [7] said that Wk,2k and Hk

were not isomorphic for any k ≥ 4, saying that there are no 4-cycles in Wk,2k

with k ≥ 4. Though the result is correct, the proof is not since there are always
4-cycles in Wk,2k for any k ≥ 2. Take for instance the cycle (1, 0)−(2, 1)−(1, 1)−
(2, 0) − (1, 0).

3.3 Families of MBGs of Order n = 2k − 2

Khachatrian et al. [9] and Dinneen et al. [2] have shown independently that the
size of a MBG of order n = 2k −2 for any k ≥ 3 is B(2k −2) = (k−1)·(2k−1−1).
For this they used different proofs, but we can show that the family of graphs
they gave as MBGs is in both cases isomorphic to the Knödel graph Wk−1,2k−2.
Hence the following propositions.

Proposition 3.1. The family of graphs given in [9] as MBGs on 2k −2 vertices
is isomorphic to the Knödel graphs Wk−1,2k−2.

Proof. In [9], the authors gave a family of graphs which were MBGs of order
n = 2k − 2. Let KHn be this family of graphs. It is defined as follows. Let the
vertex set be V = {v0, v1, . . . v2k−3}, and the edge set E = {(vi, vj) | i+j ≡ 2r−1
mod (n)} with r ∈ {1, 2, . . . k −1}. Let us prove that this definition is equivalent
to the one of Wk−1,2k−2. First, note that KHn is a bipartite graph : indeed,
we can partition the set of vertices V in V1 and V2 as follows : let V1 = {v2p |
0 ≤ p ≤ n

2 −1} and V2 = {v2p+1 | 0 ≤ p ≤ n
2 −1}. Let us now identify Vi of KHn

(i ∈ {1, 2}) to the sets of vertices V ′
i = {(i, p) | 0 ≤ p ≤ n

2 − 1} of Wk−1,n. For
this, let us rename the vertices vi (i ∈ {0, . . . n − 1}) of V in KHn the following
way :

– Let us rename v2p as the couple (1, n
2 − p mod n

2 ) for every 0 ≤ p ≤ n
2 − 1 ;

– Let us rename v2p+1 as the couple (2, p) for every 0 ≤ p ≤ n
2 − 1 ;

In that case, it is not difficult to see that KHn and Wk−1,n are isomorphic.
Indeed, let us come back to the definition of Khachatrian et al., i.e. there is an
edge (vi, vj) iff i + j ≡ 2r − 1 mod n, with r ∈ {1, 2, . . . k − 1}. W.l.o.g., let us
consider i even, and consequently j odd. Let then i = 2m and j = 2l + 1. By
definition, vi and vj are neighbours iff 2m + 2l + 1 ≡ 2r − 1 mod n for some
r ∈ {1, . . . k−1}. That is m+ l ≡ 2r′ −1 mod n

2 for some r′ ∈ {0, . . . , k−2}. Now
let us replace vi and vj by their identifications above. We conclude that there is
an edge ((1,m), (2, l)) iff l ≡ m + 2r′ − 1 mod n

2 for some r′ ∈ {0, . . . , k − 2}.
This is exactly the definition of the Knödel graph Wk−1,n. ut

Proposition 3.2. The family of graphs given in [2] as MBGs on 2k −2 vertices
is isomorphic to the Knödel graphs Wk−1,2k−2.

Proof. Dinneen et al. [2] gave MBGs of order 2k − 2 by defining them as
Cayley graphs on the dihedral group Dn

2
(with n = 2k − 2), with generators

α, αβ1, αβ3, . . . , αβ2k−2−1, and where α2 = e, αβα−1 = β−1 and β2k−1−1 = e.
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To prove that this Cayley graph is isomorphic to Wk−1,2k−2, it suffices to
prove that this is a semi-direct product Z n

2
n Z2 (with n = 2k − 2) as defined

in Remark 2.3. Identifiying αβi to (1, i) and βi to (0, n
2 − i mod (n

2 )) for all
0 ≤ i ≤ n

2 − 1 gives us directly the result. ut

4 Minimum Broadcast Digraphs

4.1 General Results

Let us first recall the only known general results that exist concerning MBDs.

Theorem 4.1. Let ~B(n) be the size of a MBD of order n. Then :

– ~B(2k) = k · 2k for all k [13];
– ~B(2k − 1) = (k − 1) · (2k − 1) for all k ≥ 3 [5];
– ~B(2k − 2) = (k − 1) · (2k − 2) for all k ≥ 3 [5].

4.2 Non-isomorphic Families of MBDs of Order n for
2k − 2 ≤ n ≤ 2k

Since we deal with directed graphs in this section, we need to introduce the
following notion.

Definition 4.1. Let us consider an undirected graph G. We will denote by G∗

the directed graph obtained by replacing each edge of G by two arcs in opposite
directions.

Before proving the main Theorem (Theorem 4.3), let us focus on a special
case of circulant digraphs of order n = 2k, and let us show that they are MBDs.
This is done in Theorem 4.2.

Theorem 4.2. Let n = 2k and let ai = 2i for all 0 ≤ i ≤ k − 1. Let us choose
k −1 distinct ai among the k existing ones. We call them the bj (1 ≤ j ≤ k −1),
such that b1 < b2 . . . < bk−1. Then C ′

n(1, 1 + b1, 1 + b1 + b2, . . . , 1 +
∑k−1

j=1 bj) is
a MBD.

Proof. First, note that each of those digraphs are of size k·2k. Since ~B(2k) = k·2k

by Theorem 4.1, it remains to show that any vertex can broadcast in minimum
time in each of these digraphs. This result can be proved by induction on k. When
k = 2, we have a0 = 1 and a1 = 2. Then we can build two circulant digraphs,
namely C ′

4(1, 2) (when b1 = a0) and C ′
4(1, 3) (when b1 = a1). It is not difficult to

see that those two digraphs are MBDs. Now suppose that the Theorem is true
for k, and let us show it is then true for k + 1. The key idea here is to partition
the vertex set in two distinct subsets, such that each of the digraphs induced by
each of the subsets is one of the MBDs of order 2k constructed as above. For
this, let us distinguish two cases :
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– b1 = a1 = 2. In that case, we know that bi = ai for any 1 ≤ i ≤ k, that is
the circulant digraph is C ′

2k+1(1, 3, 7 . . . 2k+1 − 1). In [5], it has been shown
that this family of circulant digraphs is MBD for any k.

– b1 = a0 = 1. In that case, we can see that the digraph constructed will be of
the form : C ′

2k+1(1, 2, α1, . . . , αk−1), where each of the αi is even. Let us then
partition the set V of vertices in two distinct subsets V0 and V1 as follows :
V0 = {v2i | 0 ≤ i ≤ 2k−1 − 1} and V1 = {v2i+1 | 0 ≤ i ≤ 2k−1 − 1}. It is
interesting to note that, in that case, the digraph induced by V0 (resp. V1)
is isomorphic to one of the circulant digraphs of order 2k constructed by our
method. Indeed, let us distinguish two more cases.
1. If b2 = a2 = 4, the circulant digraph constructed will be C ′

2k+1(1, 2, 6, 14,
. . . , 2k+1 −2), and the digraph induced by V0 (resp. V1) is C ′

2k(1, 3, 7, . . .
2k − 1).

2. Otherwise, the digraph induced by V0 (resp. V1) is the circulant digraph
of order 2k constructed with the parameters b′

i = bi+1
2 for all 1 ≤ i ≤ k.

In all cases, we see that either the circulant digraph constructed is C ′
2k+1(1, 3, 7 . . .

2k+1 −1), which is known to be MBD, or that it can be recursively constructed
with two copies of a circulant digraph of order 2k (constructed by our method)
joined by the following Hamiltonian circuit : v0 − v1 − v2 − . . . − v2k+1−1 − v0.
Since we supposed that those two copies are MBDs of order 2k, we can prove
now the Theorem : indeed, we deal with circulant digraphs, hence they are
vertex-transitive. Consequently, we can focus on broadcasting from one particu-
lar vertex, say v0. In that case, the broadcast scheme from v0 is the following :
first, broadcast to v1 during the first time unit. This is possible since there is
a directed edge (v0, v1) by definition. Now, since v0 ∈ V0 and v1 ∈ V1, let v0
(resp. v1) broadcast in the copy of the MBD of order 2k induced by V0 (resp.
V1) between time units 2 and k+1. This completes broadcasting from v0 in k+1
time units. Hence, each of those digraphs of dimension k + 1 is a MBD. ut
Proposition 4.1. For n = 2k, there exist k circulant digraphs constructed as
in Theorem 4.2. Moreover, those k digraphs are non-isomorphic one to another.

Proof. Since we choose k − 1 distinct bi among k ai, it directly follows that we
have k possibilities, hence we can construct k circulant digraphs of order 2k. Let
us call them the C

′i
2k , with 1 ≤ i ≤ k, such that ai−1 6∈ {bj | 1 ≤ j ≤ k − 1}.

To prove that any two such digraphs are non-isomorphic, let us focus on those
directed edges (u, v) such that there is a directed edge (v, u). Let us call them
symmetric edges. Let us now consider a circulant digraph C

′i
2k ; let us delete all

the non-symmetric directed edges, and replace all the pairs of symmetric edges
by a single undirected edge. In that case, if we show that the (undirected) graph
Gi

2k obtained this way is non-isomorphic to any of the other Gj
2k for j 6= i, it

follows directly that each C
′i
2k is non-isomorphic to any C

′j
2k with j 6= i.

Let us show, by induction on k, that Gi+1
2k is composed of 2i copies of cycles of

length 2k−i for all 0 ≤ i ≤ k−1 (note that , when i = k−1, the cycle of length 2
will be considered here to be K2). When k = 2, C

′1
4 is C ′

4(1, 3) and C
′2
4 is C ′

4(1, 2).



72 G. Fertin and A. Raspaud

Then G1
4 is the cycle of length 4, and G2

4 is composed of two copies of the complete
graph K2. Now suppose the hypothesis is true for any k, and let us prove it for
k + 1. As seen in the proof of Theorem 4.2, k of the k + 1 circulant digraphs of
order 2k+1 can be built using two copies of a circulant digraph of order 2k, and
joining them by the hamiltonian circuit v0 − v1 − v2 − . . . − v2k+1−1 − v0 ; the
k +1-th digraph being C ′

2k+1(1, 3, 7, . . . 2k+1 − 1). For each 1 ≤ i ≤ k, we can see
that C

′i+1
2k+1 is the digraph constructed using two copies of C

′i
2k , and that C

′1
2k+1 is

C ′
2k+1(1, 3, 7, . . . 2k+1 − 1). In that case, we know by construction that G1

2k+1 is
the cycle of length 2k+1, and since each C

′i
2k+1 is constructed from two copies of

C
′i−1
2k (2 ≤ i ≤ k + 1) joined by a hamiltonian circuit, Gi

2k+1 will be the union
of two copies of Gi−1

2k for all 2 ≤ i ≤ k + 1. Hence each Gi
2k+1 is composed of

2i−1 copies of cycles of length 2k+1−(i−1) for all 1 ≤ i ≤ k + 1, and the result is
proved by induction. ut

Thanks to the Theorem and Proposition above, and to some results given
in [13,17,5], we have the following Theorem.
Theorem 4.3 ([13,17,5]). For the following values of n, the families of digra-
phs listed below are non-isomorphic families of MBDs :

– For n = 2k, the directed hypercube H∗
k , the directed Knödel graph W ∗

k,n, the
directed recursive circulant graph G∗(n, 4), and the k circulant digraphs C

′i
n

with 1 ≤ i ≤ k are MBDs ;
– For n = 2k − 1, the circulant digraph C ′

n(1, 3, . . . 2k−1 − 1) is a MBD ;
– For n = 2k − 2, the directed Knödel graph W ∗

k−1,n and the circulant digraph
C ′

n(1, 3, . . . 2k−1 − 1) are MBDs.

Proof. Most of these properties have already been shown in [13], [5], Theorem 4.2
and Proposition 4.1. Some others remain to be proved, as done in the following.
Let us prove first that G∗(2k, 4) is a MBD. This is straightforward since ~B(2k) =
k · 2k, and since ~b(G∗(2k, 4)) = b(G(2k, 4)) for any n (indeed, the broadcast
scheme used in G(2k, 4) remains valid in G∗(2k, 4)).

Now let us prove that any C
′i
2k (1 ≤ i ≤ k) is not isomorphic to H∗

k (resp.
G∗(2k, 4), W ∗

k,2k). For this, note that for any directed edge (u, v) in H∗
k (resp.

G∗(2k, 4), W ∗
k,2k), there exists a directed edge (v, u) by definition. However, in

C
′1
2k , there is a directed edge (v0, v3) and no directed edge (v3, v0) for any k ≥ 3 ;

moreover, in any C
′i
2k with 2 ≤ i ≤ k, there is a directed edge (v0, v1) and no

directed edge (v1, v0) for any k ≥ 2. Hence there is no isomorphism between H∗
k

(resp. G∗(2k, 4), W ∗
k,2k) and C

′i
2k for any 1 ≤ i ≤ k. This completes the proof of

the Theorem. ut

5 Minimum Gossip Graphs

5.1 General Results

Let us first recall the only known general results that exist concerning MGGs.
These results can be found in [11].
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Theorem 5.1. Let G(n) be the size of a MGG of order n. Then :

– G(2k) = k · 2k−1 for all k ;
– G(2k − 2) = (k − 1) · (2k−1 − 1) for all k ≥ 4 ;
– G(2k − 4) = (k − 1) · (2k−1 − 2) for all k ≥ 6 ;

5.2 Non-isomorphic Families of MGGs on 2k vertices

Thanks to the results above, and thanks to Theorem 3.2, we can prove the
following Theorem.

Theorem 5.2. There are at least three non-isomorphic families of graphs which
are MGGs of order n = 2k for any k ≥ 4. They are the following :

– The hypercube of dimension k, Hk ;
– The recursive circulant graph G(2k, 4) ;
– The Knödel graph Wk,n.

Proof. In Theorem 3.2, the non-isomorphism of those three families has been
proved. It remains to prove here that those three families of graphs are MGGs
of order 2k. For the hypercube, it is a very well-known property (see for in-
stance [11]). The recursive circulant G(2k, 4) is also a MGG. For this, we refer
to [17,14]. Moreover, Wk,2k is also a MGG on n = 2k nodes, since Wk,2k is un-
derlying Knödel’s proof [10] that it is possible to gossip in dlog2(n)e time units
when n is even. ut

5.3 Families of MGGs of Order n = 2k − 2 and n = 2k − 4

In [11], Labahn proved the exact value of G(n) for n = 2k − 2 and n = 2k − 4.
For this, he displayed graphs which were gossip graphs and had the minimum
number of edges. It appears that these graphs he gave as examples of MGGs are
isomorphic to the Knödel graphs Wk−1,n, as proved in the following Proposition.

Proposition 5.1.
The family of graphs given in [11] as MGGs on n vertices :

– Is isomorphic to the Knödel graphs Wk−1,2k−2 when n = 2k − 2 ;
– Is isomorphic to the Knödel graphs Wk−1,2k−4 when n = 2k − 4.

Proof. In [11], Labahn gave a family of graphs that were MGGs of order n =
2k − 2. He pointed out that these graphs are isomorphic to the Cayley graphs
on the dihedral group Dn

2
that Dinneen et al. [2] gave as examples of MBGs

of the same order. By Proposition 3.2, the result follows directly : this graph is
isomorphic to the Knödel graph Wk−1,2k−2.

In the case n = 2k −4, Labahn [11] showed that the graphs he gave as MGGs
of order n are Cayley graphs defined on the dihedral group Dn

2
, this time with

n = 2k − 4, and with the same set of generators as above. Since this remains
a semi-direct product as defined in Remark 2.3 (the only difference here being
that n = 2k − 4), it follows that this graph is isomorphic to the Knödel graph
Wk−1,2k−4. ut
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6 Minimum Linear Gossip Graphs (MLGGS)

These graphs have been studied by Fraigniaud and Peters [7]. They proved that
Gβ,τ (n) = G1,1(n) for any β > 0 and τ > 0, that is the structure of a MLGG
does not depend on β and τ . In this section, we consider β 6= 0 and τ 6= 0.
Fraigniaud and Peters proved the following.

Theorem 6.1 ([7]). For the following values of even n, we have :

– For n = 2k, Gβ,τ (n) = k · 2k−1, and Hk and Wk,2k are MLGGs ;
– For all 2k − 6 ≤ n ≤ 2k − 2 with k ≥ 4, Gβ,τ (n) = n(k−1)

2 and Wk−1,n is a
MLGG.

Moreover, we have the following proposition.

Proposition 6.1. For all n = 2k, G(2k, 4) is a Minimum Linear Gossip Graph.

Proof. It appears that the scheme used in [14] to achieve gossiping in minimum
time in the unit cost model in G(2k, 4) also allows to achieve gossiping in mi-
nimum time in the linear cost model. This can be proved by induction on n.
Indeed, it is not difficult to see that it is possible to gossip in minimum time,
that is in gβ,τ (2k) = kβ + (2k − 1)τ , in G(2k, 4) when k = 1 and k = 2.

Now suppose it is possible to gossip in time gβ,τ (2k) in G(2k, 4) for some
k ≥ 1. We use the fact that G(2k+2, 4) can be built from four copies of G(2k, 4),
as stated in [17,14]. Let us gossip independently in each of the four copies of
G(2k, 4). This takes gβ,τ (2k), and at the end of the process, each vertex of each
copy Gi (i ∈ [1; 4]) of G(2k, 4) knows all the information contained in its own
copy. During the next step, let each vertex of G0 (resp. of G2) communicate with
the vertex of G1 (resp. of G3) to which it is adjacent. This takes β + 2kτ , and,
after that round, each vertex knows 2k+1 different pieces of information. Now,
during the last step, let each vertex of G0 (resp. of G1) communicate with the
vertex of G2 (resp. of G3) to which it is adjacent. This takes β + 2k+1τ , and at
the end of this step, gossiping is completed.

On the whole, the time used to gossip in G(2k+2, 4) is gβ,τ (2k)+β+2kτ +β+
2k+1τ . Since gβ,τ (2k) = kβ + 2kτ by hypothesis, we know that gossiping can be
achieved in minimum time in G(2k+2, 4). This proves the result by induction. ut

7 Summary of the Results

The different results concerning non-isomorphic families of graphs (resp. digra-
phs) which are MBG, MBDs, MGGs and/or MLGGs are displayed in Figs. 4
and 5. In addition to these results, we can note the following : in the undirected
case, suppose we have two graphs of order n which are MBGs, namely G1 and
G2. If B(2n) = 2·B(n)+n, then any graph obtained by joining the vertices of G1
to the vertices of G2 by a perfect matching is still a MBD of order 2n. Indeed,
it has B(2n) edges, and any vertex will be able to broadcast in minimum time
(broadcast through the edge of the perfect matching first, then broadcast in each
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of the two MBGs of order n). This is similar to Farley’s construction [3], except
that the perfect matching here could correspond to any permutation of the in-
dices between the n vertices ui of G1 and the n vertices vi of G2 (1 ≤ i ≤ n).
In particular, when n = 2k, this method can be applied. Moreover, it can be
applied recursively, with the possibility to take different permutations from one
step to another. This allows us to get many non-isomorphic MBGs of order 2k.
It is easy to see that this method also works for n = 2k in the case of MGGs
and MLGGs (in that case, it is necessary to gossip first in each copy, before
using the last time unit to exchange information using the edges of the perfect
matching).

This method also works in the directed case for MBDs, still with n = 2k.
In that case, instead of considering a perfect matching between two copies, it is
necessary to consider two perfect matchings : one with arcs going from G1 to
G2, the other with arcs going from G2 to G1.

Finally, we also see that this method can be applied, this time only once,
when n = 2k − 2 to obtain MGGs and MLGGs of order 2k+1 − 4, and when
n = 2k − 1 to obtain MBDs of order 2k+1 − 2.

Hence we have the following Proposition.

Proposition 7.1.

– In the case n = 2k, the method described above gives us recursively families
of MBGs (resp. MBDs, MGGs, MLGGs) of order 2k+1 ;

– In the case n = 2k − 1, the method above, used once, gives us families of
MBDs of order 2k+1 − 2 ;

– In the case n = 2k − 2, the method described above, used once, gives us
families of MGGs (resp. MLGGs) of order 2k+1 − 4.

Note that the problem of determining how many of the families constructed
as above are non-isomorphic is still open. However, since there exists n! per-
mutations on n vertices, and since it is possible to use different permutations
when the graphs are constructed recursively, one may think that the number of
non-isomorphic graphs obtained is relatively high.

8 Conclusion

This paper aims to gather information concerning the known general values
of G(n), Gβ,τ (n), B(n) and ~B(n), and above all, to give in each possible case
as many non-isomorphic families of graphs which are MGGs, MLGGs, MBGs
and/or MBDs as possible. This has been done by gathering the results from va-
rious authors. Moreover, it appears that, in the undirected case, for n = 2k − 2
and n = 2k − 4, the families of graphs given by the authors (namely [11] for the
MGGs, and [9] and [2] for the MBDs) are always isomorphic to Wk−1,n. Though
we know very little about the size of MGGs, MLGGs, MBGs and MBDs in
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Gossiping
MGG MLGG

n G(n) Graphs Gβ,τ (n) Graphs
Hk Hk

2k nk
2 G(2k, 4) nk

2 G(2k, 4)
Wk,2k Wk,2k

2k − 2 n(k−1)
2 Wk−1,2k−2

n(k−1)
2 Wk−1,2k−2

2k − 4 n(k−1)
2 Wk−1,2k−4

n(k−1)
2 Wk−1,2k−4

2k − 6 n(k−1)
2 Wk−1,2k−6

Fig. 4. Sum-up of the results : Gossiping

Broadcasting
MBG MBD

n B(n) Graphs ~B(n) Graphs
Hk H∗

k

2k nk
2 G(2k, 4) nk G∗(2k, 4)

Wk,2k W ∗
k,2k

C
′i
2k with 1 ≤ i ≤ k

2k − 1 n(k − 1) C′
2k−1(1, 3, . . . 2k−1 − 1)

2k − 2 n(k−1)
2 Wk−1,2k−2 n(k − 1) W ∗

k−1,2k−2

C′
2k−2(1, 3, . . . 2k−1 − 1)

Fig. 5. Sum-up of the results : Broadcasting

the general case, we found it interesting to sum-up the results and give, as far as
we know, all the non-isomorphic families of graphs that respect these properties.

It is interesting to note too that Knödel graphs seem to play an impor-
tant role in these communications patterns, since they are MGGs, MLGGs,
MBGs and MBDs in every known case of even order. Moreover, we believe
that this family of graphs has many more interesting characteristics, such as the
fact that Wk−2,n is a gossip (hence broadcast) graph for any even n such that
2k−1 + 2 ≤ n ≤ 3 · 2k−2 − 4 (cf. [6]).

In a word, we believe our study could be useful as a handbook of non-
isomorphic graphs being either MGGs, MLGGs, MBDs and/or MBDs.
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Abstract. The problem of all-to-all communication in all-optical net-
works consist of designing directed paths between all ordered pairs of
nodes and assigning them a wavelength, such that every two dipaths
sharing a link have distinct wavelengths. The parameter to be minimi-
sed is the number of colors. We determine bounds on the number of
wavelengths needed for optical networks that are obtained by replacing
each node of a network by a complete subgraph.

1 Introduction

In all-optical networks, the information, once transmitted as light, reaches its
final destination directly without being converted to electronic form in between,
thus allowing a high speed transmission. Multiple messages can be transmitted
across the same channel simultaneously as long as they use distinct wavelengths.
This technique is known as Wavelength-Division Multiplexing (WDM). In prac-
tice, each link can support a limited number of wavelengths (actually between
4 and 100). Therefore, a typical problem is to assign wavelengths (or colors) to
each path of a routing in the network with the constraint that no two paths
sharing a link get the same color. Thus for a given graph, one must find a rou-
ting and a coloring function that minimize the number of wavelengths needed. A
good survey on results and problems concerning communications in all-optical
networks has been written by B. Beauquier et al. [3].

An interesting graph-transformation is to replace each vertex of a graph by
a complete subgraph, then obtaining what is called an inflated graph.

In this paper, we determine bounds on the number of wavelengths needed
for an inflated network, according to the number of wavelengths needed for the
network itself.

2 Definitions and Notation

The network is represented by a directed symmetric graph G = (V, A), where
the set of vertices V represents the nodes of the network and the set of arcs A
represents optical links.
? This research was supported by the ALTEC-KIT, Project no INCO-COP 96-0195
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Sometimes, to simplify, we will represent the network by an undirected graph
(for the figures, in particular), but we have to keep in mind that an edge represent
two opposite arcs.

Let G = (V, A) be a directed symmetric graph of order n.
A routing R is a set of n(n − 1) dipaths between all pair of vertices: R =

{R(x, y), x, y ∈ V (G), x 6= y}.
For a routing R, the load ~π(a, R) of an arc a is the number of paths of R

going through a. The arc-forwarding index ~π(R) of a routing R is the maximum
number of paths going through any arc of G: ~π(R) = max

a∈A
~π(a, R). The arc-

forwarding index ~π(G) of G is defined as ~π(G) = min
R

~π(R).

Let ~w(R) denote the minimum number of colors necessary to color all the
paths of the routing R, with the condition that no two dipaths sharing an arc
have the same color. We denote by ~w(G) = min

R
~w(R) the minimum number of

colors needed over all routings R of G.
Given a graph G and a routing R, the conflict graph Gc(R) is an undirected

graph with vertex set R, and such that two dipaths are adjacent in Gc(R) if and
only if they share an arc of G. Therefore, the chromatic number of the conflict
graph gives us the number of wavelengths needed to color all the paths of the
routing R: ~w(R) = χ(Gc(R)).

Trivially, ~w(G) ≥ ~π(G), and in [6], the authors asked the following question:
Does the equality ~w(G) = ~π(G) holds for all symmetric graph G?
This equality has been proved for paths, cycles, hypercube [6], toroidal mesh

of even side [2], trees [9], clique-compound graphs [1], cartesian product of cycles
and paths [12].

In [7], Dunbar and Haynes called inflated graph, the graph obtained by the
transformation shown in Fig. 1:

Definition 1 The inflated graph I(G) of a graph G is the graph obtained by
replacing each vertex x of G of degree d(x) by a complete graph Kx of order d(x)
and each edge xy ∈ E(G) is replaced by an edge between Kx and Ky such that
for all x ∈ V (G), each vertex in Kx has degree d(x).

Fig. 1. Vertex in G and corresponding clique in I(G)
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This is an interesting transformation since it preserves the degree of the graph
and increases the order.

Note that if S(G) denote the subdivided graph of G (the graph obtained by
replacing each edge by a path of length 2), the graph I(G) can be seen as the
line-graph of S(G): I(G) = L(S(G)).

Definition 2 A graph G is [k, w]-colorable if there exists a routing R and a
coloring function c of the paths of R, c: R → {1, 2, . . . , w}, such that:

i) c is a correct coloring, i-e two paths sharing a same arc have different colors.
ii) ∀v ∈ {1, . . . , w}, ∀x ∈ V (G), there is at most k paths of color v that begin

at x and at most k paths of color v that end at x.

Our definition of [k, w]-colorability slightly differ from the one given in [13]
which had one more condition.

Note that if G is [k, w]-colorable then k ≤ r and ~w(G) ≤ w.

3 Number of Wavelengths for Inflated Graphs

Proposition 3 Let G be an r-regular [k, w]-colorable graph, r ≥ 3.

– If r ≥ k +
√

2k − 1 then I(G) is [k, r2w]-colorable
– If r < k +

√
2k − 1 then ~w(I(G)) ≤ (r2 + 2r − 1)~w(G).

Let Kp be the complete graph of order p and let Kn
p denote the n-dimensional

generalized hypercube, defined as Kn
p = Kn−1

p × Kp and K1
p = Kp.

As shown in the following proposition, there exists an infinite family of graphs
for which Proposition 3 determines the exact value of the parameter ~w.

Proposition 4 ∀n ≥ p+
√

2p−1
p−1 , for the n-dimensional generalized hypercube

Kn
p , we have

~w(I(Kn
p )) = (n(p − 1))2pn−1

Proof. Kn
p is [p, pn−1]-colorable (see [13]), so by Proposition 3, if n(p − 1) ≥

p+
√

2p − 1, we have the inequality ~w(I(Kn
p )) ≤ (n(p−1))2pn−1. If G has order

N and edge-bisection β(G), it is known that ~w(G) × β(G) ≥ N2/4. I(Kn
p ) has

order N = n(p − 1)pn and edge-bisection β(I(Kn
p )) = pn+1/4, so we obtain the

desired relation. 2

Corollary 5 ∀n ≥ 4, for the hypercube of dimension n Hn, we have

~w(I(Hn)) = n22n−1

Remark 1 there exists r-regular graphs G for which ~w(I(G)) > r2 ~w(G). An
example is the cycle G = C4p+1. In [6] it was shown that ~w(Cn) = d 1

2bn2

4 ce.
We have r = 2 and ~w(G) = p(2p + 1). I(G) is isomorphic to C8p+2 therefore,
~w(I(G)) = 8p2 + 4p + 1 > 4(p(2p + 1)) = r2 ~w(G).
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4 Proof of Proposition 3

Let G be a [k, w]-colorable, r-regular graph of order n. Let R and c be respectively
a routing in G and a coloring function which realize the [k, w]-colorability.

Let G′ = I(G). The idea of the proof is to exhibit a routing R′ and a coloring
function c′ of G′.

Let N(x) denote the set of neighbors of x.
Set V (G′) = {(x, i), x ∈ V (G), 1 ≤ i ≤ r} and
A(G′) = {((x, i), (x, j)), 1 ≤ i 6= j ≤ r}∪{((x, ixy), (y, iyx)) /(x, y) ∈ A(G)},

with {ixy, y ∈ N(x)} = {1, . . . , r}.

Routing R′ of G′:

A natural way of obtaining a routing R′ of G′ is to extend the routing R as
follow:

– R′((x, i), (x, j)) = (x, i), (x, j),
– R′((x, i), (y, j)) = (x, i), (x, ixx1), (x1, ix1x), (x1, ix1x2), . . . , (y, iyxp−1), (y, j)

where R(x, y) = x, x1, x2, . . . , xp = y.

To each path in G, correspond r2 paths in G′, as illustrated in Fig. 2.

yxp−1

Ky

Kxp−1

x

Kx

x1 x2

Kx1 Kx2

Fig. 2. Path in G and the r2 corresponding paths in G′ (circles represent r-cliques)

Coloring c′ of R′:

The idea is to color a the set of paths {R′((x, i), (y, j)); 1 ≤ i, j ≤ r} with the
set of colors {(v, α); 1 ≤ α ≤ r2}, if the path R(x, y) has color v in G.

Let G′
c = G′

c(R
′) be the conflict graph associated with R′.
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Let Pv = {(x, y), x, y ∈ V (G), c(R(x, y)) = v} and let Γv = {R′((x, i), (y, j)) /
(x, y) ∈ Pv, 1 ≤ i, j ≤ r}. We denote by G′

v the subgraph of G′
c induced by Γv.

Since the paths of Pv have the same color in G, it is easily seen that if two
paths α = R′((x1, i1), (y1, j1)) and β = R′((x2, i2), (y2, j2)) share a common arc
in G′ then (x1 = y1 and x2 = y2) or (y1 = x2) or (y2 = x1).

For all x, y ∈ V (G), since G is [k, w]-colorable, there are k′ ≤ k paths of color
v that end at x and k′′ ≤ k paths of color v that start at y.

If (tl, x) ∈ Pv for 1 ≤ l ≤ k′ and (y, zl) ∈ Pv for 1 ≤ l ≤ k′′, suppose
R(tl, x) = (tl, . . . , θl, x), R(y, zl) = (y, ωl,. . . ,zl) and R(x, y)=(x, x1,. . . ,xp =

y).
So, given (x, y) ∈ Pv, {R′((x, i), (y, j)), 1 ≤ i, j ≤ r} form a complete graph

of order r2 in G′
v that we denote by Kxy and {R′((tl, i), (x, ixx1)), R′((x, ixθl

)
, (y, j)), 1 ≤ i, j ≤ r} form a complete graph K2r. {R′((x, i), (y, iyωl

)), R′((y,
iyxp−1), (zl, j)), 1 ≤ i, j ≤ r} also form a complete graph K2r. The conflict arcs
can be seen in Fig. 3.

Ky

Ktl

Kzm

Kx

Kx

iyωm

ixx1

Ky

Kθl

Kx1

iyxp−1

Kxp−1

Kωm

ixθl

Fig. 3. Conflicts on type Kr arcs

Let I ′(x) = {ixθl
, 1 ≤ l ≤ k′} and let I(x) be any subset of {1, . . . , r}

verifying I(x) ⊃ I ′(x), |I(x)| = k. Let J ′(y) = {iyωl
, 1 ≤ l ≤ k′′} and J(y) ⊂

{1, . . . , r}, J(y) ⊃ J ′(y), |J(y)| = k.
We are going to partition the set of r2 paths corresponding to a path R(x, y)

of G in three types of paths A, B and C, that we will color separately.
For i ∈ I(x), Ai(x, y) = {R′((x, i), (y, j)), j 6∈ J(y)}
For j ∈ J(y), A′

j(x, y) = {R′((x, i), (y, j)), i 6∈ I(x)}
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A(x, y) = (∪i∈I(x)Ai(x, y))
⋃

(∪j∈J(y)A
′
j(x, y)).

B(x, y) = {R′((x, i), (y, j)), i ∈ I(x), j ∈ J(y)}.
C(x, y) = {R′((x, i), (y, j)), i 6∈ I(x), j 6∈ J(y)}.
For (x, y) ∈ Pv, A(x, y) ∪ B(x, y) ∪ C(x, y) is a partition of Kxy.

Let A =
⋃

(x,y)∈Pv
A(x, y), B = ∪(x,y)∈Pv

B(x, y), and C = ∪(x,y)∈Pv
C(x, y).

A ∪ B ∪ C is then a partition of G′
v.

Coloring Type A Paths: Let G′
A be the graph obtained by contracting all

the sets Ai(x, y) and A′
i(x, y) in G′

v, i-e V (G′
A) = {Ai(x, y), i ∈ I(x), (x, y) ∈

Pv}∪{A′
j(x, y), j ∈ J(y), (x, y) ∈ Pv}, two vertices of G′

A are adjacent if at least
one element of a set is adjacent in G′

v with at least one element of the other set.
∀i ∈ I(x), the vertex Ai(x, y) is adjacent with Aj(x, y),∀j 6= i, j ∈ I(x), with

A′
j(x, y),∀j ∈ J(y), and with A′

j(tl, x), if i = ixθl
, j = ixx1 ∈ J(x). So Ai(x, y)

has at most |I(x)| − 1 + |J(y)| = 2k − 1 neighbors in Kxy and one neighbor not
in Kxy.

∀j ∈ J(y), the vertex A′
j(x, y) is adjacent with Ai(x, y),∀i ∈ I(x), with

A′
i(x, y),∀i 6= j, i ∈ J(y), and with Ak(y, zl), if j = iyωl

, k = iyxp−1 ∈ I(y).
So Aj(x, y) has at most |I(x)| + |J(y)| − 1 = 2k − 1 neighbors in Kxy and one
neighbor not in Kxy. See Fig. 4 for an example.

Kyzm

Ak(y, zm)

Ktlx

A′
j(tl, x)

Ai(x, y)
A′

j(x, y)

Kxy

Fig. 4. The graph G′
A, when k = 3

Therefore, the maximum degree of G′
A verifies: ∆(G′

A) = 2k − 1+1 = 2k and
G′

A doesn’t contain a (2k+1)-clique. So, by a Theorem of Brooks ([4] Th. 6 page
326), the chromatic number of G′

A verifies χ(G′
A) ≤ ∆(G′

A) ≤ 2k.
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Let p be such a coloring with values in {0, 1, . . . 2k−1} and ∀(x, y) ∈ Pv, index
the paths of Ai(x, y) and A′

j(x, y) in this way: Ai(x, y) = {α1, α2, . . . , αr−k},
A′

j(x, y) = {β1, β2, . . . , βr−k}.
The coloring of the paths of A is :

c′(αl) = (v, p(Ai(x, y))(r − k) + l), 1 ≤ l ≤ r − k

c′(βl) = (v, p(A′
j(x, y))(r − k) + l), 1 ≤ l ≤ r − k.

Coloring Type B Paths: Let G′
B be the subgraph of G′

v induced by B. In
G′

B , the vertex α = R′((x, i), (y, j)) is adjacent with the k2 − 1 other vertices of
B(x, y), with k vertices R′((tl, i′), (x, ixx1)) ∈ B(tl, x), i′ ∈ I(tl), if i = ixθl

and
with k vertices R′((y, iyxp−1), (zm, j′)) ∈ B(y, zm), j′ ∈ J(zm), if j = iyωl

. An
illustration is given in Fig. 5.

B(y, zm)B(tl, x)

B(x, y)

α

Fig. 5. Neighbors of α in G′
B , when k = 3

The maximum degree of G′
B verifies ∆(G′

B) = k2 − 1 + 2k and G′
B doesn’t

contain a (k2 + 2k)-clique. So, the chromatic number of G′
B verifies χ(G′

B) ≤
∆(G′

B) ≤ k2 + 2k − 1.
Let q : V (G′

B) → {2k(r − k) + 1, 2k(r − k) + 2, . . . , 2k(r − k) + k2 + 2k − 1}
be a coloring of the vertices of G′

B and set ∀α ∈ B:

c′(α) = (v, q(α))
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Coloring Type C Paths: Let (x, y) ∈ Pv. We have colored |A(x, y)|+ |B(x, y)
| = 2k(r−k)+k2 of the r2 vertices of Kxy using a total of 2k(r−k)+k2 +2k−1
colors. We have still to color m = |C(x, y)| = (r − k)2 vertices in Kxy. These
m vertices are not adjacent with other r2-cliques therefore they can be colored
using the 2k − 1 colors unused in Kxy. If m > 2k − 1, the remaining uncolored
vertices are given new colors.

Coloring the Paths R′((x, i), (x, j))

Lemma 6 If G is [k, w]-colorable, there exists a routing R0 for which G is still
[k, w]-colorable and for each arc (x, x1) of G, R0(x, x1) = (x, x1).

Proof. Let R be a routing and c be a coloring, for which G is [k, w]-colorable.
For each arc (x, x1) such that R(x, x1) 6= (x, x1), we modify the routing in

this way:
Let v = c(R(x, x1)).
If there exists a path R(a, b) = (a, . . . , ap, x, x1, b1, . . . , bk, b) through the arc

(x, x1) with color c(R(a, b)) = v, then we modify the routing in this way:{
R0(a, b) = (a, . . . , ap, R(x, x1), b1, . . . , bk, b)
R0(x, x1) = (x, x1)

and we assign them the color v.
If no path R(a, b) through the arc (x, x1) has color v, then we can set:
R0(x, x1) = (x, x1) and c(R0(x, x1)) = v.
In both cases, the number of paths with color v that begin at x still unchanged.

2

This lemma will help us to prove that we can choose a color for the arc
((x, i), (x, j)), in order the following condition is satisfied :

∀x ∈ V (G′), for all color (v, α), there are at most k paths of color (v, α)
beginning at x and at most k paths of color (v, α) ending at x.

Let x1 be the vertex such that j = ixx1 . According to Lemma 6, we can
suppose R(x, x1) = (x, x1). Let v = c(R(x, x1)) be the color of the arc (x, x1)
in G. There are r paths beginning at (x, i) through the arc ((x, i), (x, j)) with
color (v, α) for some α ∈ Di ⊂ {1, . . . , r2}.

There are at most kr paths R′((tl, i′), (x, j)) ending at (x, j) with color (v, α)
for some α ∈ F ⊂ {1, . . . , r2}( at most r of them through the arc ((x, i), (x, j))).

If r ≥ k + d√2k − 1e, r2 − kr − r ≥ r and we give different colors (v, βi) to
the (r − 1) arcs ((x, i), (x, j)), 1 ≤ i ≤ r, i 6= j ending at (x, j), βi 6∈ Di ∪ F .

Else, r < k +
√

2k − 1 and there are at most 2r paths that go through the
arc ((x, i), (x, j)), with color (v, α) for some α, 1 ≤ α ≤ r2. So we give to
R′((x, i), (x, j)) one of the r2 − 2r remaining colors (v, β). r2 − 2r ≥ 1 since
r ≥ 3.

[k, r2w]-Colorability of G′: Suppose r ≥ k +
√

2k − 1.
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Number of paths colored (v, α0) beginning at (x, i): If a path R′((x, i), (y, j)) is
colored (v, α0) for y 6= x, the path R(x, y) is colored v in G.

There are at most k paths R(x, yl), 1 ≤ l ≤ k′ ≤ k in G with color v and
then at most k paths R′((x, i), (yl, j)) in G′ colored (v, α0): at most one in each
Kxyl

.
If R′((x, i), (x, j)) is colored (v, α0), one of the yl is a neighbor x1 of x, where

R(x, x1) is colored v in G. In this case, no path R′((x, i), (x1, j
′)) has color

(v, α0).
Conclusion: Given (v, α0) and (x, i) there exist at most k paths beginning

at (x, i) colored (v, α0).

Number of paths colored (v, α0) ending at (x, j): If a path R′((t, i), (x, j)) is
colored (v, α0) with t 6= x, the path R(t, x) has color v in G. There are at most
k paths R(tl, x), 1 ≤ l ≤ k′′ ≤ k in G with color v and then at most k paths
R′((tl, i′), (x, j)) in G′ colored (v, α0): at most one in each Ktlx.

If R′((x, i), (x, j)) is colored (v, α0), by definition of the coloring no path in
Ktlx ending at (x, j) is colored (v, α0). And no other path R′((x, i′), (x, j)), i′ 6= i
is colored (v, α0). There exist only one path ending at (x, j) colored (v, α0).

Conclusion: Given (v, α0) and (x, j) there exist at most k paths ending at
(x, j) colored (v, α0).

Number of Colors Used: We have used w′ = max{r2, 2k(r−k)+k2 +2k−1}
colors. So if r2 ≥ 2k(r − k) + k2 + 2k − 1, i-e. r ≥ k +

√
2k − 1, we have used

w′ = r2w colors. This coloring is clearly minimal (according to the routing R′

considered) since G′
c contain r2-cliques.

As 2k(r − k) + k2 ≤ r2, if r2 < 2k(r − k) + k2 + 2k − 1, we have used at most
r2 + 2k − 1 ≤ r2 + 2r − 1 colors.

Moreover, we have assigned different colors to vertices adjacent in G′
v, and

the colors of a vertex of G′
v1

and a vertex of G′
v2

differ by the first coordinate.
This ends the proof of Proposition 3. 2

5 Conclusion

We have shown an upper bound for the number of wavelengths for inflated
graphs.

We can define, in an analogous way, the cycle-inflation, to be the transfor-
mation consisting in replacing each node of an r-regular network by a cycle of
length r.

The cube-connected-cycle CCCn is an example of a cycle-inflation of the
hypercube Hn.

Is-it possible to derive similar results for the number of wavelengths for cycle-
inflated graphs?
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Abstract. A subset A of the vertices of a graph G is an asteroidal set
if for each vertex a ∈ A, the set A\{a} is contained in one component of
G−N [a]. An asteroidal set of cardinality three is called asteroidal triple
and graphs without an asteroidal triple are called AT-free. The maximum
cardinality of an asteroidal set of G, denoted by an(G), is said to be the
asteroidal number of G. We present a scheme for designing algorithms
for triangulation problems on graphs. As a consequence, we obtain algo-
rithms to compute graph parameters such as treewidth, minimum fill-in
and vertex ranking number. The running time of these algorithms is a
polynomial (of degree asteroidal number plus a small constant) in the
number of vertices and the number of minimal separators of the input
graph.

1 Introduction

Graphs without an asteroidal triple are called asteroidal triple-free graphs (short
AT-free graphs) and attained much attention recently. Möhring has shown that
every minimal triangulation of an AT-free graph is an interval graph which im-
plies that for every AT-free graph the treewidth and the pathwidth of the graph
are equal [25]. Furthermore a collection of interesting structural and algorithmic
properties of AT-free graphs has been obtained by Corneil, Olariu and Stewart,
among them an existence theorem for so-called dominating pairs in connected
AT-free graphs and a linear time algorithm to compute a dominating pair for
connected AT-free graphs (see [10,11]).

The class of graphs with bounded asteroidal number extends the class of
AT-free graphs, based on a natural way of generalizing the concept of asteroidal
triples to so-called asteroidal sets, first given by Walter [29]. A set of vertices
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A of a graph G is called an asteroidal set if for every vertex a ∈ A all vertices
of A \ {a} are contained in the same component of G − N [a]. Walter, Prisner
and Lin et al. used asteroidal sets to characterize certain subclasses of the class
of chordal graphs [23,27,29]. We introduce the asteroidal number of a graph G,
denoted by an(G), as the maximum cardinality of an asteroidal set in G. Thus
AT-free graphs are exactly those graphs G with an(G) ≤ 2.

In this paper we consider the NP-complete graph problems Treewidth,
Minimum fill-in and Vertex ranking that all remain NP-complete when
restricted to AT-free graphs. In fact, each of the three problems remains NP-
complete on cobipartite graphs [2,6,30], that form a small subclass of the class of
AT-free graphs. Treewidth has been studied in numerous recent papers, mainly
since many NP-complete graph problems become solvable in polynomial time or
even linear time when restricted to the class of graphs with bounded treewidth
[1,4,16]. In this respect it is interesting, that for each constant k, there is a linear
time algorithm that determines whether a given graph has treewidth at most
k [5,16]. The Minimum fill-in problem stems from the optimal performance
of Gaussian elimination on sparse matrices and has important applications in
this area. Both Treewidth and Minimum fill-in ask for a certain chordal
embedding of the given graph. This often allows the design of similar algorithms
for both problems, when graphs of some special class are considered. The Ver-

tex ranking problem received much attention lately because of the growing
number of applications. The problem of finding an optimal vertex ranking is
equivalent to the problem of finding a minimum-height elimination tree of a
graph [12]. This measure is of importance for the parallel Cholesky factorization
of matrices [7,24]. Other applications lie in the field of VLSI-layout design [21].

Using an algorithm of [17] to list all minimal separators of a given graph G
in time O(n5 r), where n is the number of vertices of G and r is the number
of minimal separators of G, one has designed algorithms with a running time
bounded by a polynomial in the number of vertices and the number of minimal
separators of the input graph, that compute the treewidth and the minimum
fill-in [19] as well as the vertex ranking number [20] on AT-free graphs. It is
worth mentioning that the running time of these algorithms is not bounded by
a polynomial in the input length, since AT-free graphs may have ‘exponentially’
many minimal separators.

We generalize the method used in [19,20]. To be more precise, we focus on
certain sets of minimal separators called blocking sets. We show that these block-
ing sets have at most an(G) elements, and that they decompose the graph into a
number of so-called blocks, which is bounded by a polynomial of order an(G) in
the number of minimal separators of G. We consider graphs H obtained from a
block of G by making the separators of the blocking set complete, and establish a
relation between the blocks of H and the blocks of G. Together with some known
recurrence relations for the three aforementioned problems in terms of the min-
imal separators S of G and the components of G − S, this enables us to give a
scheme for recursive algorithms. In this way, for each of the three problems, we
obtain an algorithm that solves the corresponding problem for all graphs G in
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time O(n5r + m + krk+1(n + m)n log n), where k = an(G) and r is the number
of minimal separators of G. Moreover, the algorithms can be implemented with-
out knowing the asteroidal number or the number of minimal separators of the
input graphs in advance. In that case, the algorithms will generate the correct
answers, within the stated timebound. This is of importance, since computing
the asteroidal number in general is NP-complete [18].

2 Preliminaries

Throughout the paper, let G denote a graph with vertex set V and edge set E.
We denote the number of vertices of G by n, the number of edges of G by m,
and the size of a maximum clique in G by ω(G). For a proper subset W ⊂ V ,
G− W denotes the subgraph of G obtained by removing the vertices of W . For
a vertex x ∈ V , we write G − x instead of G − {x}. For ∅ �= W ⊆ V , G[W ]
denotes the subgraph of G induced by the vertices of W . For any set S, we
denote by S[2] the set of all subsets of S of cardinality 2. For any set S whose
elements are sets itself, we use

⋃
S to denote

⋃
S∈S S. For a vertex x ∈ V , N(x)

is the neighborhood of x and N [x] = {x} ∪ N(x) is the closed neighborhood of
x. We say that a sequence P = (u0, u1, . . . , ul) of pairwise distinct vertices of
G is a u, v-path of G if u = u0, v = ul, and for i = 1, . . . , l there is an edge
{ui−1, ui} ∈ E.

Definition 1. A subset A ⊆ V is called an asteroidal set of G if for each
a ∈ A the vertices of A \ {a} are contained in one component of G − N [a]. The
maximum cardinality of an asteroidal set of G is denoted by an(G), and is called
the asteroidal number of G.

By definition the vertices of an asteroidal set are pairwise nonadjacent. Hence
an(G) ≤ α(G), where α(G) denotes the maximum cardinality of an independent
set in G. Furthermore for every k there exist graphs of asteroidal number k, e.g.,
an(C2k) = k for k ≥ 2, where Cn is the chordless cycle on n vertices. Notice that
every subset of an asteroidal set is itself asteroidal.

An asteroidal set of cardinality three was called an asteroidal triple (short
AT) in [22], where it was shown that chordal graphs without AT are exactly
those that are interval graphs.

There are polynomial time algorithms to compute the asteroidal number
for graphs in some special classes like HHD-free graphs (including all chordal
graphs), claw-free graphs, circular-arc graphs and circular permutation graphs.
However the corresponding decision problem remains NP-complete on triangle-
free 3-connected 3-regular planar graphs [18].

Definition 2. A graph H is chordal (or triangulated) if it does not contain a
chordless cycle of length at least four as an induced subgraph.

Definition 3. A triangulation of G is a graph H with the same vertex set as G
such that H is chordal and G is a subgraph of H. A triangulation H of G is called
minimal if there is no proper subgraph H ′ of H which is also a triangulation of
G.
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Definition 4. The treewidth of G, denoted by tw(G), is the minimum of ω(H)−
1 taken over all triangulations H of G.

Definition 5. The minimum fill-in of G, denoted by mfi(G), is the minimum of
|E(H) \ E| taken over all triangulations H of G.

Definition 6. Let t be an integer. A (vertex) t-ranking of G is a coloring c :
V → {1, . . . , t} such that for every pair of vertices x and y with c(x) = c(y) and
for every path between x and y there is a vertex z on this path with c(z) > c(x).
The vertex ranking number of G, denoted by χr(G), is the smallest value t for
which the graph G admits a t-ranking.

A proper subset S ⊆ V is a separator of G if G − S is disconnected.

Definition 7. A vertex set S ⊂ V is an a, b-separator of G if the removal of
S separates a and b in distinct components of G − S. If no proper subset of an
a, b-separator S is an a, b-separator then S is a minimal a, b-separator. A vertex
set S ⊂ V is a minimal separator of G if there exist nonadjacent vertices a and
b of G such that S is a minimal a, b-separator of G.

We define Comp(G) = {X : ∅ �= X ⊆ V and G[X ] is a component of G}. By
Sep(G) we denote the set of all minimal separators of G. The following lemma
is well-known and was rediscovered many times (see, e.g., [14]).

Definition 8. Let S be a separator of G. A component H of G − S is full
(w.r.t. S) if every vertex of S has at least one neighbor in H.

Lemma 1. A set S of vertices of G is a minimal separator of G if and only if
G − S has at least two full components.

Notice that Lemma 1 enables the design of a linear time algorithm that decides
whether a given vertex set S is a minimal separator of a given graph G.

Dirac established the following characterization of chordal graphs [13].

Theorem 1. G is a chordal graph if and only if every minimal separator of G
is a clique.

Definition 9. Let S be any set of vertex subsets of G. Then GS = (V, E ∪⋃
S∈S S[2]) is the graph obtained from G by adding exactly those edges, which

are not present in G and which are edges of a complete graph on some S ∈ S.

Now we can state a characterization of minimal triangulations.

Theorem 2. A graph H is a minimal triangulation of G if and only if H =
GSep(H).

In the following lemma we mention two useful characteristics of minimal
triangulations (see e.g. [19]).

Lemma 2. If H is a minimal triangulation of a graph G then

1. If a and b are nonadjacent in H, then every minimal a, b-separator in H is
also a minimal a, b-separator in G.

2. If S is a minimal separator in H and if C is the vertex set of a component
of H − S, then C induces also a component in G − S.
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3 Recurrence Relations and minimal separators

Some well-known graph parameters can be computed by applying recurrence
relations involving the set of all minimal separators of the graph under consid-
eration. The most prominent examples concern the treewidth, minimum fill-in
and vertex ranking, and appeared in [19], [19], and [12] respectively. In the next
theorem, G({S}, C) = G{S}[S ∪ C] and fill(S) =

(|S|
2

)
− |E(G[S])|.

Theorem 3. Let G be a graph which is not complete. Then

tw(G) = min
S∈Sep(G)

max
C∈Comp(G−S)

tw(G({S}, C)).

mfi(G) = min
S∈Sep(G)

(
fill(S) +

∑

C∈Comp(G−S)

(
mfi(G({S}, C)) − fill(S)

))
.

χr(G) = min
S∈Sep(G)

(
|S| + max

C∈Comp(G−S)
χr(G[C])

)
.

Besides many efficient algorithms on special graph classes for the three prob-
lems, one has obtained algorithms for AT-free graphs, that are based on the
abovementioned recurrence relations, in [19] and [20].

Our major goal in the remainder of this paper is to generalize the approach for
AT-free graphs to obtain a general scheme for designing recursive algorithms on
graphs which is applicable as soon as there is a recurrence relation for computing
the graph parameter under consideration similar to those in Theorem 3. Because
of space limitation, we omit all proofs in this extended abstract.

4 Blocks

Blocking sets and blocks are central concepts for the recursive algorithms and
the corresponding decompositions.

Definition 10. A set S of minimal separators of G is a blocking set if the
elements of S (except for possibly the empty set) are incomparable with respect
to set inclusion and for all S ∈ S the vertex set

⋃
S \ S is contained in one

component of G − S.

Note that in particular any minimal separator of G is a blocking set.

Definition 11. Let S be a blocking set of G with |S| ≥ 2. Then a vertex v ∈
V \

⋃
S is said to be in the interior of S if, for every S ∈ S, the vertex v and

the vertex set
⋃

S \ S are contained in one component of the subgraph G − S .

Lemma 3. For every blocking set S of G, |S| ≤ an(G) .

Definition 12. A pair (S, C) is a block of G if S is a blocking set of G, C ⊆ V
and one of the following conditions is fulfilled.

– |S| ≥ 2 and the set C is the set of all vertices in the interior of S.
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– If S contains exactly one element S, then C is the vertex set of a component
of G − S or C = ∅.

– S = ∅ and C is the vertex set of a component of G.

The definition and Lemma 3 immediately imply

Observation 1 The number of different blocks of G is at most

(|Sep(G)| + 1) · |V | +
an(G)∑

k=2

(
|Sep(G)|

k

)

.

The following definition is motivated by the recurrence relations in Section
3 and Theorems 1 and 2.

Definition 13. The realization G(S, C) of a block (S, C) of G is the graph
GS[C ∪

⋃
S].

The definition implies that the realization of any block is a connected graph.

5 Decomposing Blocks

We consider a block (S, C) of G, its realization H = G(S, C) and a minimal
separator T of H . Then for an arbitrary component H [D] of H − T , the pair
({T }, D) is a block of H . Our major goal in this section is to prove a claim
stating that any block ({T }, D) of H can be described as a block of G in the
following sense: For any block ({T }, D) of H = G(S, C), there is a block (T, D′)
of G such that the corresponding realizations are exactly the same graphs, i.e.,
G(T, D′) = H({T }, D).

The consequence is that any algorithm, which recursively computes a minimal
separator T for the current graph H and then calls itself on the realization of
the block ({T }, D) for each component D of H − T until the current graph is
complete, will only work on realizations of blocks of the input graph G. Together
with Lemma 3 and Observation 1 this implies, that each recursive algorithm of
this type checks at most O(|Sep(G)|an(G)) realizations of blocks of the input
graph G.

We start with two lemmas that are essential for this section. First we consider
minimal separators of realizations.

Lemma 4. Let (S, C) be a block of G and let a and b be nonadjacent vertices
in G(S, C). Then every minimal a, b-separator in G(S, C) is a minimal a, b-
separator in G.

The next lemma classifies the minimal separators of realizations into three
types.

Lemma 5. Let (S, C) be a block of G and let T be a minimal separator of
H = G(S, C). Then exactly one of the following three conditions holds:
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Type 1: there are distinct minimal separators S1, S2 ∈ S with T ⊂ S1 and
T ⊂ S2,

Type 2: there is exactly one separator S0 ∈ S such that T ⊂ S0,
Type 3: T \ S �= ∅ for all S ∈ S.

Furthermore, in Types 1 and 2 the graph H − T has exactly two components.

Proposition 1 (Type 1). Let (S, C) be a block of G and let T be a minimal
separator of H = G(S, C) such that there exist at least two different minimal
separators in S containing T . Then C = ∅, |S| = 2 and for each S ∈ S we
have H({T }, S \ T ) = G({S}, ∅).

minimal separators in S

the minimal separator T

components of G−
⋃

S with ver-
tices not in the interior of S

vertices in the interior of S

Fig. 1. Type 1

Let ({S1, S2}, ∅) be a block of G. By Proposition 1 the unique minimal
separator T = S1∩S2 of G({S1, S2}, ∅) decomposes ({S1, S2}, ∅) into two other
blocks of G. We define the decomposition of ({S1, S2}, ∅) by

Dec({S1, S2}, ∅, T ) = {({S1}, ∅), ({S2}, ∅)}.

Proposition 2 (Type 2). Let (S, C) be a block of G and let T be a minimal
separator of H = G(S, C) such that there is a unique separator S0 ∈ S with
T ⊂ S0. Let T = S \ {S0} and D = C ∪

⋃
T. Then H [D] and H [S0 \ T ]

are the components of H − T . Furthermore ({T } ∪ T, C) is a block of G with
G({T } ∪ T, C) = H({T }, D), and ({S0}, ∅) is a block of G with G({S0}, ∅) =
H({T }, S0 \ T ).

Let (S, C) be a block of G and let T be a minimal separator of H = G(S, C)
such that there is a unique separator S0 ∈ S with T ⊂ S0. Based on Proposition
2 we define

Dec(S, C, T ) = {({S0}, ∅), ({T } ∪ S \ {S0}, C)}.

Proposition 3 (Type 3). Let (S, C) be a block of G and let T be a minimal
separator of H = G(S, C) such that T \ S �= ∅ for all S ∈ S. Let H [D] be a
component of H − T . Let T = {S : S ∈ S and S \ T ⊆ D} and D′ = D \

⋃
T.

Then ({T } ∪ T, D′) is a block of G and G({T } ∪ T, D′) = H({T }, D).
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minimal separators in S

the minimal separator T

components of G−
⋃

S with ver-
tices not in the interior of S

vertices in the interior of S

Fig. 2. Type 2

minimal separators in S

the minimal separator T

components of G−
⋃

S with ver-
tices not in the interior of S

vertices in the interior of S

Fig. 3. Type 3

Let (S, C) be a block of G and let T be a minimal separator of H = G(S, C)
such that T \ S �= ∅ for all S ∈ S. In this case let {H [Di] : i ∈ I} be the set of
components of H − T . Based on Proposition 3 we define

Dec(S, C, T ) = {({T } ∪ {S : S ∈ S and S ∩ Di �= ∅}, C ∩ Di) : i ∈ I}.

The following theorem summarizes Lemma 5 and Propositions 1, 2 and 3.

Theorem 4. Let (S, C) be a block of G and let T be a minimal separator of
H = G(S, C). Then we have a bijection between the blocks (T, D) corresponding
with the components of H − T and the blocks (T, D′) in Dec(S, C, T ) such that
G(T, D′) = H({T }, D).

6 Algorithms

The approach of the previous section enables two different types of algorithms.
One type is a dynamic programming algorithm as used in [8,12,19,20].

Here we use another type of algorithm sometimes called recursive algorithm
with memoization (see e.g. [9]). First we describe the generic version. The input
is a graph G = (V, E). In a preprocessing the algorithm computes Sep(G) using
the listing algorithm given in [17].

The procedure compute is the heart of the algorithm. It is recursive via
access. The macros compute and main use collect, complete, initialize,
update and start, which are specific to the algorithmic problem.

The algorithm uses a data structure X that can store any block (S, C) of a
graph G = (V, E) with a value p(S, C), and retrieve these values. Suppose V =
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procedure main;
begin

compute Sep(G);
p ← start;
for C ∈ Comp(G) do p ← collect(access(∅, C));
return(p)

end.

procedure access(S, C);
begin
if not present(S, C) then compute(S, C);
return(value(S, C))

end;

procedure compute(S, C);
begin

p ← complete;
if G(S, C) is not complete then
for T ∈ Sep(G) do
if T is a minimal separator of G(S, C) then
begin

q ← initialize;
for (T, D) ∈ Dec(S, C, T ) do q ← update(access(T, D));
p ← min{p, q};

end;
store(S, C, p)

end;

{1, 2, . . . , n}. Any block (S, C) is stored as a set C ⊆ V followed by a sequence
of the minimal separators S1, S2, . . . , Sj in S that are lexicographically ordered
(as subsets of V ). The data structure X supports the following operations:

– store(S, C, p) stores for the block (S, C) the value p,
– present(S, C) returns true, if an operation store(S, C, p) has been per-

formed before, for any value of p, and false otherwise, and
– value(S, C) returns the value p of the (last) operation store(S, C, p), if

present(S, C) = true.

All three operations can be executed by iterated search for a vertex in the uni-
verse V . A single search can be done in time O(log n) by standard techniques.
To find a whole block (S, C) we need |C| + |

⋃
S| single searches if |S| ≤ 1 and∑

S∈S |S| single searches if |S| ≥ 2. We refer to [3] for an implementation of a
related data structure that can easily be extended to one satisfying our purposes.
Notice that our algorithm calls value(S, C) only if present(S, C) = true. Fur-
thermore if store(S, C) is called, then present(S, C) = false, i.e., for each
block of G, store is called at most once.
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treewidth minimum fill-in ranking number

collect(c) max{p, c} p + c max{p, c}
complete |C ∪

�
S| − 1 fill(C ∪

�
S) |C|

initialize 0 fill(T ) |T ∩ C|
update(c) max{q, c} q + c − fill(T ) max{q, c + |T ∩ C|}
start 0 0 0

We consider the running time of our algorithm on an input graph G = (V, E)
with |V | = n, |E| = m, |Sep(G)| = r and an(G) = k. First the algorithm in [17]
needs O(n5r + m) time to list all minimal separators of G.

For the following analysis, we assume that all macros can be evaluated in
constant time. (If this is not the case in a particular application, it should be easy
to achieve the corresponding time bound with a similar analysis.) To determine
the overall running time, we estimate the running time of compute(S, C) for
any block (S, C) of G without counting the running time of those recursive calls
compute(T, D) for which present(T, D) = false when compute(T, D) is called.
For any block (S, C) of G, access calls compute at most once, namely when
present(S, C) = false. In this case, for each minimal separator T of G, compute
needs O(n + m) time to test whether T is a minimal separator of G(S, C) and,
if so, to compute the blocks in Dec(S, C, T ). For each of the at most n blocks
(T, D) in Dec(S, C, T ), access(T, D) is executed. If access is called for a block
(T, D) of G, when present(T, D) = true, then access does not call compute.

Procedure access looks up the value p(S, C) in the data structure X . Using
an implementation of the data structure X , similar to the one described in [3],
one look-up can be done in time

∑
S∈S |S| · O(log n) = O(kn log n).

By Observation 1, the number of different blocks of the input graph G is at
most (r +1)n+

∑k
i=2

(
r
i

)
. Consequently, the total running time of the algorithm

is O(n5r + m + krk+1(n + m)n log n).

Theorem 5. The generic algorithm runs in O(n5r + m + krk+1(n + m)n log n)
time, where r is the number of minimal separators and k is the asteroidal number
of the input graph (under some assumptions on the macros).

The generic algorithm can be used to compute a graph parameter which can
be evaluated via a certain type of recurrence involving the minimal separators
of the graph (see e.g. Section 3). In particular, Theorem 5 has the following
consequence.

Corollary 1. For each of the problems Treewidth, Minimum fill-in and
Vertex ranking there is an algorithm to compute the corresponding graph
parameter for any input graph G in time O(n5r + m + krk+1(n + m)n log n),
where r is the number of minimal separators of G and k = an(G).
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25. Möhring, R. H., Triangulating graphs without asteroidal triples, Discrete Applied
Mathematics 64 (1996), pp. 281–287.

26. Parra, A., Structural and algorithmic aspects of chordal graph embeddings, PhD.
thesis, Technische Universität Berlin, 1996.

27. Prisner, E., Representing triangulated graphs in stars, Abh. Math. Sem. Univ.
Hamburg 62 (1992), pp. 29–41.

28. Rose, D. J., R. E. Tarjan and G. S. Lueker, Algorithmic aspects of vertex elimina-
tion on graphs, SIAM Journal on Computing 5 (1976), pp. 266–283.

29. Walter, J. R., Representations of chordal graphs as subtrees of a tree, Journal of
Graph Theory 2 (1978), pp. 265–267.

30. Yannakakis, M., Computing the minimum fill-in is NP-complete, SIAM Journal on
Algebraic and Discrete Methods 2 (1981), pp. 77–79.



A Polynomial-Time Algorithm

for Finding Total Colorings of Partial

k-Trees

Shuji Isobe, Xiao Zhou, and Takao Nishizeki

Graduate School of Information Sciences,
Tohoku University, 980-8579, JAPAN.

Abstract. A total coloring of a graph G is a coloring of all elements of
G, i.e. vertices and edges, in such a way that no two adjacent or incident
elements receive the same color. Many combinatorial problems can be
efficiently solved for partial k-trees (graphs of treewidth bounded by a
constant k). However, no polynomial-time algorithm has been known for
the problem of finding a total coloring of a given partial k-tree with the
minimum number of colors. This paper gives such a first polynomial-time
algorithm.

1 Introduction

A total coloring of a graph G is a coloring of all elements of G, i.e.
vertices and edges, so that no two adjacent or incident elements re-
ceive the same color. Figure 1 depicts a total coloring of a graph with
four colors. This paper deals with the total coloring problem which
asks to find a total coloring of a given graph G with the minimum
number of colors. The minimum number of colors is called the to-
tal chromatic number χt(G) of G. The total coloring problem arises
in many applications, including various scheduling and partitioning
problems [Yap96]. The problem is NP-complete [Sán89], and hence it
is very unlikely that there exists an algorithm to find a total coloring
of a given graph G with χt(G) colors in polynomial time.

It is known that many combinatorial problems can be solved
very efficiently for partial k-trees or series-parallel graphs [ACPS93,
AL91, BPT92, Cou90, TNS82, ZNN96, ZSN96, ZTN96]. Partial k-
trees are the same as graphs of treewidth at most k. In the paper
we assume that k = O(1). The class of partial k-trees includes trees
(k=1), series-parallel graphs (k=2) [TNS82], Halin graphs (k=3),
and k-terminal recursive graphs. Any partial k-tree can be decom-
posed into a tree-like structure T of small “basis” graphs, each with

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 100–113, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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v1 v4

v2

v7

v3

v6

v5

color 1

color 2

color 3

color 4

Fig. 1. A total coloring.

at most k + 1 vertices. Many problems can be solved efficiently for
partial k-trees by a dynamic programming (DP) algorithm based on
the tree-decomposition [ACPS93,AL91,BPT92,Cou90]. In particu-
lar, it is rather straightforward to design polynomial-time algorithms
for vertex-type problems on partial k-trees. For example, the vertex-
coloring problem, the maximum independent vertex-set problem, the
minimum dominating vertex-set problem, and the vertex-disjoint
paths problem can be solved all in linear time for partial k-trees
[BPT92,Sch94,TP97]. However, this is not the case for edge-type
problems such as the edge-coloring problem and the edge-disjoint
paths problem. It needs sophisticated treatment tailored for indi-
vidual edge-type problems to design efficient algorithms. For ex-
ample, the edge-coloring problem can be solved in linear time for
partial k-trees and series-parallel multigraphs, but very sophisti-
cated algorithms are needed [ZSN97,ZSN96]. On the other hand,
the edge-disjoint paths problem is NP-complete even for partial k-
trees [ZN98], although the problem can be solved in polynomial time
for partial k-trees under a certain restriction on the number of ter-
minal pairs or the location of terminal pairs [ZTN96]. The difficulty
of edge-type problems stems from the following facts: the number
of vertices in a basis graph (a node of a tree-decomposition T ) is
bounded by k + 1 and hence the size of a DP table required to solve
vertex-type problems can be easily bounded by a constant, say 2k+1
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or (k + 1)k+1; however, the number of edges incident to vertices in a
basis graph is not always bounded and hence it is difficult to bound
the size of a DP table for edge-type problems by a constant or a
polynomial in the number of vertices in a partial k-tree.

Clearly the mixed type problem like the total coloring problem
is more difficult in general than the vertex- and edge-type problems.
Both the vertex-coloring problem and the edge-coloring problem can
be solved in linear time for partial k-trees. Therefore a natural ques-
tion is whether the total coloring problem can be efficiently solved
for partial k-trees or not.

In this paper we give a polynomial-time algorithm to solve the
total coloring problem for partial k-trees G. Our idea is to bound the
size of a DP table by O(n22k+3

), applying and extending techniques
developed for the edge-coloring problem [Bod90,ZN95,ZNN96]. The
paper is organized as follows. In section 2 we present some prelim-
inary definitions. In section 3 we give a polynomial-time algorithm
for the total coloring problem on partial k-trees. Finally we conclude
our result in section 4 with some comments on a parallel algorithm.

2 Terminology and Definitions

In this section we give some definitions. Let G = (V, E) denote
a graph with vertex set V and edge set E. We often denote by
V (G) and E(G) the vertex set and the edge set of G, respectively.
We denote by n the number of vertices in G. The paper deals with
simple undirected graphs without multiple edges or self-loops. An
edge joining vertices u and v is denoted by (u, v). We denote by
∆(G) the maximum degree of G.

The class of k-trees is defined recursively as follows:

(K1) A complete graphs with k vertices is a k-tree.
(K2) If G = (V, E) is a k-tree and k vertices v1, v2, . . . , vk induce a

complete subgraph of G, then G′ = (V ∪ {w}, E ∪ {(vi, w) :
1 ≤ i ≤ k}) is a k-tree where w is a new vertex not contained
in G.

(K3) All k-trees can be formed with rules (K1) and (K2).

A graph is a partial k-tree if it is a subgraph of a k-tree. Thus a par-
tial k-tree G = (V, E) is a simple graph, and |E| < kn. Figure 2
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illustrates a process of generating a 3-tree. The graph in Figure 1
is indeed a subgraph of a 3-tree in Figure 2, and hence is a partial
3-tree.

v1

v2 v3

v1

v2

v4

v3

v1

v2

v4

v3 v5

v1

v2 v3

v4

v5

v6

v1

v2 v3

v4

v5

v6v7

Fig. 2. 3-trees.

A tree-decomposition of G is a tree T = (VT , ET ) where VT is a
family of subset of V with the following three properties (a), (b) and
(c):

(a)
⋃

X∈VT
X = V ;

(b) for each e = (u, v) ∈ E, there is a node X ∈ VT such that
u, v ∈ X; and

(c) if node Xj lies on the path in T from node Xi to node Xl, then
Xi ∩ Xl ⊆ Xj.

Figure 3(a) illustrates a tree-decomposition of the partial 3-tree
in Figure 1. The width of a tree-decomposition T = (VT , ET ) is
max{|X| − 1 : X ∈ VT}. The treewidth of graph G is the minimum
width of a tree-decomposition of G, taken over all possible tree-
decompositions of G. It is known that every graph with treewidth
≤ k is a partial k-tree, and conversely, that every partial k-tree has
a tree-decomposition with width ≤ k.
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(a) Tree-decomposition

X 0 = { v1 v2 v3 v4,, ,  }

v6v3 v5 = { v4,, ,  }X 3

v7 = { v1 v2 v3,, ,  }X 2

v3 v5 = { v1 v4,, ,  }X 1

 = { v1 v2 v3 v4,, ,  }X 01

v6v3 v5 = { v4,, ,  }X 31

 = X 01X 02

 = X 01X 03

(b) Binary tree-decomposition

v3 v5 = { v1 v4,, ,  }X11

v7 = { v1 v2 v3,, ,  }X21

 = X 12 X 11

Fig. 3. Tree-decompositions of the partial 3-tree in Figure 1.
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Bodlaender has given a linear time sequential algorithm to find a
tree-decomposition of a given graph with width ≤ k for bounded k
[Bod96]. We consider a tree-decomposition of a partial k-tree G with
width ≤ k. We transform it to a binary tree T as follows: regard the
tree-decomposition as a rooted tree by choosing an arbitrary node
as the root X0 and replace every internal node Xi with r children
Xj1, Xj2, . . . , Xjr by r + 1 new nodes Xi1 , Xi2 , . . . , Xir+1 which are
copies of Xi, where Xi1 has the same father as Xi, Xiq is the father
of Xiq+1 and the q-th child Xjq of Xi (1 ≤ q ≤ r), and Xir+1 is a leaf
of T . This transformation can be done in linear time and doesn’t
change width [Bod90]. T is a tree-decomposition of G with the fol-
lowing properties:

(a) The number of nodes in T is O(n).
(b) Each internal node Xi has exactly two children, say Xl and

Xr, and either Xi = Xl or Xi = Xr.
(c) For each edge e = (u, v) ∈ E, there is at least one leaf Xi with

u, v ∈ Xi.

Such a tree T is called a binary tree-decomposition. Figure 3(b) illus-
trates a binary transformation of the tree-decomposition in Figure
3(a). Let T be a binary tree-decomposition with width ≤ k of a
partial k-tree G. For each edge e = (u, v) ∈ E(G), we choose an
arbitrary leaf Xi with u, v ∈ Xi and denote it by rep(e). We de-
fine a vertex set Vi ⊆ V (G) and an edge set Ei ⊆ E(G) for each
node Xi of T as follows: if Xi is a leaf, then let Vi = Xi and
Ei = {e ∈ E(G) : rep(e) = Xi}; if Xi is an internal node with
children Xl and Xr, then let Vi = Vl ∪ Vr and Ei = El ∪ Er. Note
that Vl ∩ Vr ⊆ Xi and El ∩ Er = ∅. We denote by Gi the graph
with vertex set Vi and edge set Ei. Then graphs Gl and Gr share
common vertices only in Xi because of the property (c) of a tree-
decomposition.

3 A Polynomial-Time Algorithm

In this section we prove the following theorem.

Theorem 1. Let G = (V, E) be a partial k-tree of n vertices given
by its tree-decomposition with width ≤ k, let C be a set of colors,
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and let α = |C|. Then it can be determined in time

O(n(α + 1)22k+3

)

whether G has a total coloring: V ∪ E → C.

One can easily know that the following lemma holds.

Lemma 1. Every partial k-tree G satisfies

∆(G) + 1 ≤ χt(G) ≤ ∆(G) + k + 2.

Proof: Clearly ∆(G) + 1 ≤ χt(G) for any graph.
Since a partial k-tree G is a simple graph, G has an edge-coloring

with ∆(G) or ∆(G)+1 colors by the classical Vizing theorem [FW77].
On the other hand, one can easily observe that a partial k-tree G
has a vertex-coloring with at most k + 1 colors. These two colorings
immediately yield a total coloring of G with at most ∆(G) + k + 2
colors. Thus χt(G) ≤ ∆(G) + k + 2. �

Thus one can compute χt(G) by applying the algorithm in The-
orem 1 to G for k + 2 distinct values α, ∆(G) + 1 ≤ |C| = α ≤
∆(G) + k + 2. Furthermore, since α ≤ n + k + 2 and k = O(1), the
term (α+1)22k+3

is bounded by a polynomial in n. Thus we have the
following corollary.

Corollary 1. The total coloring problem can be solved in polynomial
time for partial k-trees.

In the remainder of this section we will give a proof of Theorem
1. Although we give an algorithm to decide whether G = (V, E) has
a total coloring f : V ∪E → C for a given set C of colors, it can be
easily modified so that it actually finds a total coloring f with colors
in C. Our idea is to reduce the size of a DP table to O((α + 1)22k+3

)
by considering “pair-counts” and “quad-counts” defined below. A
similar technique has been used for the ordinary edge-coloring and
the f -coloring [Bod90,ZN95,ZNN96].

Let C = {1, 2, . . . , α} be the set of colors. Let G = (V, E) be a
partial k-tree, and let Xi be a node of a binary tree-decomposition
T of G. We say that a total coloring of graph Gi is extensible if
it can be extended to a total coloring of G = G01 without chang-
ing the coloring of Gi, where X01 is the root of T . Figure 4 illus-
trates total colorings of G02 and G11 for the partial 3-tree of G
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in Figure 1 and its binary tree-decomposition T in Figure 3(b),
where X02 = {v1, v2, v3, v4} is the left child of the root X01 and
X11 = {v1, v3, v4, v5} is the right child. Both of the colorings are ex-
tensible because either can be extended to the total coloring of G in
Figure 1.

For a total coloring f of Gi and a color c ∈ C, we define subsets
Y (Xi; f, c) and Z(Xi; f, c) of Xi as follows:

Y (Xi; f, c) = {v ∈ Xi : f(v) = c}, and
Z(Xi; f, c) = {v ∈ Xi : Gi has an edge (v, w) with f((v, w)) = c}.

Clearly,

Y (Xi; f, c) ∩ Z(Xi; f, c) = ∅. (1)

We call a mapping γ : 2Xi × 2Xi → {0, 1, 2, . . . , α} a pair-count on
a node Xi. A pair-count γ on Xi is defined to be active if Gi has a
total coloring f such that

γ(A, B) = |{c ∈ C : A = Y (Xi; f, c), B = Z(Xi; f, c)}|

for each pair of A, B ⊆ Xi. Such a pair-count γ is called the pair-
count of the total coloring f . Clearly, for any active pair-count γ,

∑

A,B⊆Xi

γ(A, B) = |C| = α.

Furthermore, Eq. (1) implies that if γ(A, B) ≥ 1 then A ∩ B = ∅.
Let f be the total coloring f of G = G01 for the root X01 =

{v1, v2, v3, v4} depicted in Figure 4(a), then

Y (X01; f, 1) = {v1}, Z(X01; f, 1) = {v3, v4},
Y (X01; f, 2) = ∅, Z(X01; f, 2) = {v1, v2, v3, v4},
Y (X01; f, 3) = {v2, v3, v4}, Z(X01; f, 3) = ∅,
Y (X01; f, 4) = ∅, Z(X01; f, 4) = {v1, v2, v3, v4}.

Therefore f has the pair-count γX01 such that

γX01({v1}, {v3, v4}) = 1,
γX01(∅, {v1, v2, v3, v4}) = 2,
γX01({v2, v3, v4}, ∅) = 1,
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and γX01(A, B) = 0 for any other pair of A, B ⊆ X01. On the other
hand, the total coloring of G02 for the left child X02 = {v1, v2, v3, v4}
of X01 depicted in Figure 4(b) has the pair-count γX02 such that

γX02({v1}, ∅) = 1,
γX02(∅, {v1, v2, v3}) = 1,
γX02({v2, v3, v4}, ∅) = 1,
γX02(∅, {v1, v2, v4}) = 1,

and γX02(A, B) = 0 for any other pair of A, B ⊆ X02. The total col-
oring of G11 for the right child X11 = {v1, v3, v4, v5} of X01 depicted
in Figure 4(c) has the pair-count γX11 such that

γX11({v1}, {v3, v4, v5}) = 1,
γX11({v5}, {v4}) = 1,
γX11({v3, v4}, {v5}) = 1,
γX11(∅, {v3, v5}) = 1,

and γX11(A, B) = 0 for any other pair of A, B ⊆ X11.
We now have the following lemma.

Lemma 2. Let two total colorings f and g of Gi for a node Xi of
T have the same pair-count on Xi. Then f is extensible if and only
if g is extensible.

Thus an active pair-count on Xi characterizes an equivalence
class of extensible total colorings of Gi. Since |Xi| ≤ k + 1, there

are at most (α + 1)22(k+1)
active pair-counts on Xi. The main step of

our algorithm is to compute a table of all active pair-counts on each
node of T from leaves to the root X01 of T by means of dynamic pro-
gramming. From the table on the root X01 one can easily determine
whether G has a total coloring using colors in C, as follows.

Lemma 3. A partial k-tree G has a total coloring using colors in C
if and only if the table on root X01 has at least one active pair-count.

We first compute the table of all active pair-counts on each leaf
Xi of T as follows:

(1) enumerate all mappings:

V (Gi) ∪ E(Gi) → {1, 2, . . . , min{α, (k + 1)(k + 2)/2}};
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Fig. 4. Total colorings of (a) G = G01, (b) G02, and (c) G11.
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(2) find all total colorings of Gi from the mappings above; and
(3) compute all active pair-counts on Xi from the total colorings

of Gi.

Since |Vi| ≤ k + 1 and |Ei| ≤ k(k + 1)/2 for leaf Xi, the number of
distinct mappings f : V (Gi)∪E(Gi) → {1, 2, . . . , min{α, (k +1)(k +
2)/2}} is at most O(kk2

) = O(1). For each mapping f of Gi, one can
determine whether f is a total coloring of Gi in time O(k2) = O(1).
For each total coloring f of Gi, one can compute the pair-count of f
in time O(k2) = O(1). Therefore, steps (1), (2) and (3) can be done
for a leaf in time O(1). Since T has O(n) leaves, the tables on all
leaves can be computed in time O(n).

We next compute all active pair-counts on each internal noode
Xi of T from all active pair-counts of its children Xl and Xr. We
may assume that Xi = Xl. Note that V (Gi) = V (Gl) ∪ V (Gr),
E(Gi) = E(Gl)∪E(Gr) and E(Gl)∩E(Gr) = ∅. We call a mapping
ρ : 2Xl × 2Xl × 2Xr × 2Xr → {0, 1, 2, . . . , α} a quad-count on Xi.
We define a quad-count ρ to be active if Gi has a total coloring f
such that, for each quadruplet (Al, Bl, Ar, Br) with Al, Bl ⊆ Xl and
Ar, Br ⊆ Xr

ρ(Al, Bl; Ar, Br) = |{c ∈ C : Al = Y (Xl; fl, c), Bl = Z(Xl; fl, c),

Ar = Y (Xr; fr, c), Br = Z(Xr; fr, c)}|

where fl = f |Gl is the restriction of f to V (Gl) ∪ E(Gl) and fr =
f |Gr is the restriction of f to V (Gr) ∪ E(Gr). Such a quad-count is
called the quad-count of the total coloring f of Gi. Then we have the
following lemma.

Lemma 4. Let an internal node Xi of T have two children Xl and
Xr, and let Xi = Xl. Then a quad-count ρ on Xi is active if and
only if ρ satisfies the following conditions (a) and (b):

(a) if ρ(Al, Bl; Ar, Br) ≥ 1 then Al∩Xr = Ar∩Xl and Bl∩Br = ∅;
and

(b) there are two active pair-counts γl on Xl and γr on Xr such
that

(i) for each pair Al, Bl ⊆ Xl,

γl(Al, Bl) =
∑

A,B⊆Xr

ρ(Al, Bl; A, B);
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(ii) for each pair Ar, Br ⊆ Xr,

γr(Ar, Br) =
∑

A,B⊆Xl

ρ(A, B; Ar, Br).

Using Lemma 4, we compute all active quad-counts ρ on Xi from
all pairs of active pair-counts γl on Xl and γr on Xr. Since there are
at most (α+1)22k+3

pairs of active pair-counts on Xl and Xr, there are
at most (α+1)22k+3

distinct active quad-counts ρ. For each ρ of them,
we determine whether ρ satisfies Conditions (a) and (b) in Lemma
4. For each ρ, one can determine in time O(1) whether ρ satisfies
Condition (a), because there are at most 24(k+1) = O(1) distinct
quadruplets (Al, Bl, Ar, Br). Furthermore, checking Condition (b) for
all possible ρ’s can be done in time O((α + 1)22k+3

) since there are
at most (α + 1)22k+3

pairs of γl and γr. Thus we have shown that all
active quad-counts ρ on Xi can be computed in time O((α+1)22k+3

).
We now show how to compute all active pair-counts on an internal

node Xi from all active quad-counts on Xi.

Lemma 5. Let an internal node Xi of T have two children Xl and
Xr with Xi = Xl. A pair-count γ on Xi is active if and only if there
exists an active quad-count ρ on Xi such that for each pair A, B ⊆ Xi

γ(A, B) =
∑

ρ(Al, Bl; Ar, Br). (2)

The summation above is taken over all quadruplets (Al, Bl, Ar, Br)
such that A = Al and B = (Bl ∪ Br) ∩ Xl.

Using Lemma 5 we compute all active pair-counts γ on Xi from
all active quad-counts ρ on Xi. There are at most (α+1)22k+3

distinct
active quad-counts ρ. From each ρ of them, we compute γ satisfying
Eq. (2) in time O(1) since |Al|, |Bl|, |Ar|, |Br|, |Xi|, |Xl|, |Xr| ≤ k+1.
Thus we have shown that all active pair-counts γ on Xi can be
computed in time O((α + 1)22k+3

). Since T has O(n) internal nodes,
one can compute the tables for all internal nodes in time O(n(α +
1)22k+3

).
This completes a proof of Theorem 1.

4 Conclusion

In the paper we have given a polynomial-time algorithm to solve
the total coloring problem for partial k-trees. One can immediately
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obtain a parallel algorithm to solve the total coloring problem for
partial k-trees, slightly modifying the algorithm as follows. For a
given tree-decomposition of a graph G with width at most k, one
can obtain a binary tree-decomposition T of G with height O(log n)
and width at most 3k + 2 in O(logn) parallel time using O(n) op-
erations on the EREW PRAM [BH95]. Since each leaf of T has at
most 3k +3 vertices, the tables of all active pair-counts on all leaves
of T can be computed in O(1) parallel time using O(n) operations
on the common CRCW PRAM. For each internal node X of T , the
number of all active pair-counts on X is at most (α + 1)26(k+1)

since
|X| ≤ 3k +3. Therefore the table on each internal node can be com-
puted from all active pair-counts of the two children in O(1) parallel
time using O((α+1)26k+7

) operations on the common CRCW PRAM.
Since the height of the binary tree-decomposition T is O(log n), one
can compute the table on the root in O(logn) parallel time using
O(n(α + 1)26k+7

) operations on the CRCW PRAM. Thus the paral-
lel algorithm runs in O(log n) parallel time using O(n(α + 1)26k+7

)
operations on the common CRCW PRAM.
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It is well known and easy to see that for the path P` of length ` − 1 on `

vertices,
χr(P`) = blog `c+ 1

holds, and that the longest k-rankable path P2k−1 = x1x2 . . . x2k−1 admits the
unique optimal ranking f with

f(xi) = max {j : 2j |i }+ 1

for all 1 ≤ i < 2k. (Throughout, log means logarithm of base 2.)
This paper is the first approach to the ranking of directed graphs. The ranking

number of a digraph G is naturally defined as the minimum k such that there
exists a mapping f : V (G)→ {1, 2, . . . , k} with the property that every directed
path (i.e., path in which all edges are oriented consecutively) connecting two
vertices u, v of the same rank f(u) = f(v) contains a vertex w with higher rank,
f(w) > f(u). We denote the ranking number of a directed graph G again by
χr(G).

Obviously, the ranking number of a directed path equals that of the undirec-
ted path of the same length. Directed and undirected rankings, however, have
a strikingly different behavior already on trees. For instance, an undirected tree
containing no path longer than t can have as large ranking number as dt/2e+1.
This is far from being true in the directed case. We shall prove that the ranking
number of a directed tree can exceed that of its longest directed path by at most
1 (Corollary 3), hence it grows just with log t.

We also consider rankings from the computational complexity point of view.
The problem Ranking takes as input a graph G and a positive integer k, and
asks whether χr(G) ≤ k. It is known that Ranking on undirected graphs is
NP-complete in general, but solvable in polynomial time for every fixed k ; see
[1] for results and further references. For the analogous problem of Directed
Ranking, however, we prove in Theorem 9 that it is NP-complete even if the
input is restricted to fixed k = 3 and to acyclic orientations of planar bipartite
graphs. On the other hand, the 2-rankable directed graphs can be characterized
in several different ways, as shown in Section 5. We also prove that the ranking
number of directed trees can be determined in polynomial time (Section 3). More
generally, a similar approach can be applied to determine in polynomial time the
ranking number of digraphs whose underlying graphs have bounded treewidth,
but we do not include the proof of this stronger assertion here.

2 Upper Bound for Trees

In this section we prove general bounds on the ranking number of oriented trees
and also on that of orientations of a path of given length. We begin with some
definitions.
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Notation. We write p(`) := blog `c + 1 = χr(P`) for the ranking number of
the (directed or undirected) path with ` vertices (i.e., p(`) = k if and only
if 2k−1 ≤ ` ≤ 2k − 1). Moreover, we define rt(`) and rp(`) as the maximum
ranking number of orientations of trees and that of orientations of undirected
paths, respectively, under the condition that no directed subpath has more than
` vertices.

Our results will show that the above three parameters are very close to each
other, in the entire range of `. Clearly rt(`) ≥ rp(`) ≥ p(`).

Theorem 1 For every k ≥ 2 and ` such that 2k−2 + 1 ≤ ` ≤ 2k−1,

rt(`) = k .

Proof. We first show that χr(T ) ≤ k holds whenever each directed subpath of
a given oriented tree T has at most 2k−1 vertices. Consider an infinite directed
path with vertices xi and edges xixi+1, i ∈ Z. Define a mapping φ : {xi : i ∈
Z} → {1, 2, . . . , k} by

φ(xi) =
{

k if i ≡ 0 mod 2k−1 ,

max {j : i ≡ 0 mod 2j−1} if i 6≡ 0 mod 2k−1 .

Obviously, any segment of length at most 2k−1 is ranked feasibly by φ.
Now we consider a directed tree T containing no directed subpath with more

than 2k−1 vertices. We view such a tree as a Hasse diagram of a partially ordered
set, and as such, partition its vertices into levels: we choose an arbitrary vertex
and call its level L(0), and then recursively sort the other vertices — a vertex u

is placed into level L(i + 1) if there is a vertex v already in level L(i) such that
uv ∈ E(T ), and a vertex w is placed into level L(i − 1) if there is a vertex v

already in level L(i) such that vw ∈ E(T ). A mapping f defined by f(u) = φ(xi)
for u ∈ L(i) is then a feasible k-ranking of T . (The above procedure partitions
T into levels correctly, since T is a tree.) This proves rt(`) ≤ k.

The lower bound for rt(`) can be found in the full version of the paper. 2

Next, we show that the ranking number of directed trees of maximum degree 2
(i.e., orientations of undirected paths) usually equals the ranking number of their
longest directed paths.

Theorem 2 For every k ≥ 3 and every ` such that 2k−1 − 1 ≤ ` ≤ 2k − 2,

rp(`) = k .

Proof. We first prove the upper bound, i.e., rp(2k−2) ≤ k. It is easy to see that
every (directed or undirected) path with at most 2k − 2 vertices has a feasible
k-ranking such that the first vertex is ranked 1 and the last vertex is ranked 2.



Rankings of Directed Graphs 117

Thus, if T is an orientation of a path consisting of several segments of length
at most 2k − 3 (a segment is a maximal directed subpath), we can k-rank each
segment separately so that the sources are ranked 1 and the sinks are ranked 2.

On the other hand, to show the lower bound, we take two vertex-disjoint
paths of length 2k − 2 each, and orient an arc from the first vertex of one of
them to the last vertex of the other one. The resulting graph has no feasible
k-ranking, because in every k-ranking of a directed path of length 2k − 2, both
endvertices are ranked 1, thus the added arc would connect two vertices ranked
1, a contradiction. Therefore rp(2k − 1) ≥ k + 1. 2

Reformulating the results proven above, and relating the ranking number of
a directed tree to the ranking number of its longest paths, we obtain:

Corollary 3 The ranking number of a directed tree is always less than or equal
to the ranking number of its longest directed paths plus 1. This bound is best
possible, as

rt(`) =
{

p(`) if ` = 2k ,

p(`) + 1 if ` 6= 2k .

Similarly, for orientations of undirected paths, we have

rp(`) =
{

p(`) if ` 6= 2k − 1 ,

p(`) + 1 if ` = 2k − 1 .

We illustrate the functions p(`), rp(`), and rt(`) in the schematic figure 1.
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Fig. 1. Trees and paths vs. the undirected path p(`)
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3 Algorithm for Trees

In this section we prove that the ranking number of a directed tree can be
determined by a polynomial-time algorithm.

Assuming that a natural number k and a tree T with n vertices, rooted
at a vertex r, are given, our next goal is to decide by an efficient algorithm if
χr(T ) ≤ k.

We shall use the following notation. For a vertex u of T , denote by Tu the
subtree rooted at u, that is induced by those vertices — including u as well —
from which the path (in the underlying undirected graph of T ) to the root of T

passes through u. If u is not the root, then u+ denotes the first vertex on the
path from u to the root r. The vertices adjacent to u other than u+ are called
the children of u.

The algorithm described below scans recursively the vertices of T from the
leaves to the root and computes a set system S(u) for every u ∈ V (T ). Each S(u)
is a family of subsets of {1, 2, . . . , k}, storing essential information concerning
the feasible rankings of the subtree rooted at u. Namely, S ∈ S(u) if and only if
the subtree rooted in u allows a ranking such that S is the set of colors visible
(from u) on directed paths from the inside of Tu to u (when u is not the root
of T and the upgoing edge is oriented towards u+), and otherwise (i.e., if u is
the root or if u+u ∈ E(T )), S ∈ S(u) if and only if Tu admits a ranking such
that S is the set of colors visible (from u) on directed paths leading from u into
Tu. Also, the values of auxiliary functions Up(u), Down(u), and Compose(A,B)
are collections of subsets of {1, 2, . . . , k}. The meaning of them is as follows:
Up(u) will store the unions of all feasible sets S from the children of u such
that the edges from the children are directed towards u, and Down(u) will store
the unions of all feasible sets S from the children of u such that the edges are
directed from u to the children. If SA is a set of colors visible from u on the
paths directed towards u (but not counting the vertex u itself) and SB is a set
of colors visible from u on the paths directed into Tu (again disregarding u),
then Compose(A,B) will contain the sets of colors visible from u in rankings
obtained by joining SA and SB — the vertex u must get a color large enough to
block all colors in SA ∩ SB . In the subroutine Compose, we assume max ∅ = 0.

Algorithm TREE(k)

Function Up(u) :
Let u1, u2, . . . , ut be the children of u such that uiu ∈ E(T ).
Up := {∅};
for j := 1 to t do Up := {A ∪B : A ∈ Up, B ∈ S(uj)}.
Function Down(u) :
Let u1, u2, . . . , ut be the children of u such that uui ∈ E(T ).
Down := {∅};
for j := 1 to t do Down := {A ∪B : A ∈ Down, B ∈ S(uj)}.
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Function Compose(A,B) :
Compose := ∅;
for A ∈ A do

for B ∈ B do
for i := max(A ∩B) + 1 to k do

if i /∈ A∪B then Compose := Compose∪{(A∩{i+1, i+2, . . . , k})∪{i}}.
Function S(u) :
if u 6= r and uu+ ∈ E(T )

then S := Compose(Up(u), Down(u))
else S := Compose(Down(u), Up(u)).

Program body :
if S(r) = ∅

then χr(T ) > k

else χr(T ) ≤ k.

For a vertex u and a path P = u1 . . . uj , uj = u, we say that a color i is
visible on P from u if some vertex uh on this path receives color i and no vertex
u`, ` = h + 1, . . . , j is colored with a color higher than i. The correctness of our
algorithm follows from the following proposition, whose detailed proof can be
found in the full version of the paper.

Proposition 4 If u is not the root of T and uu+ ∈ E(T ), then S ∈ S(u) if
and only if Tu admits a ranking such that S is the set of colors visible (from u)
on directed paths from the inside of Tu to u. Otherwise (i.e., if u is the root or
if u+u ∈ E(T )), S ∈ S(u) if and only if Tu admits a ranking such that S is the
set of colors visible (from u) on directed paths leading from u into Tu.

Corollary 5 The algorithm TREE(k) gives the correct answer to the question
whether χr(T ) ≤ k.

Proposition 6 The running time of the algorithm TREE(k) is at most
cnk2 22k, for some absolute constant c independent of k.

Proof. The function Up (which is a dynamic programming version for compu-
ting the set of all unions of type

⋃s
j=1 Aj for Aj ∈ S(uj) ) needs at most 22k set

unions in each of the s steps. Hence, Up on a vertex with s ingoing children runs
in O(sk 22k) time. The analogous property holds for Down as well. Throughout
the entire tree T , there are as many children of processed vertices as the num-
ber of edges of T , and therefore Up and Down will consume in total at most
O(nk 22k) steps.

The procedure Compose requires at most O(k2 22k) steps, and being perfor-
med for every vertex, it requires running time at most O(nk2 22k). 2

In conclusion, we obtain
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Theorem 7 For any directed tree T on n vertices, the directed ranking number
of T can be determined in time O(n `2 log3 `), where ` ≥ 2 is the length of a
longest directed path in T .

Proof. Assume n ≥ 2. We know from Theorem 2 that 1 ≤ χr(T ) − 1 ≤ log `.
Therefore, it suffices to run the algorithm TREE(k) for at most log ` values of
k ≤ log `+1, and for each of them, TREE(k) takes at most O(n · log2 ` ·22 log `) =
O(n · `2 · log2 `) time. 2

The above results can be extended to the following more general theorem
whose proof is omitted. (For the definition of treewidth, see e.g. [1].)

Theorem 8 For every fixed natural number t, the directed ranking number can
be determined in polynomial time for any digraph whose underlying graph has
treewidth at most t.

4 Ranking Number of Bipartite Acyclic Digraphs

Here we consider the algorithmic problem on DAGs (directed acyclic graphs).

Theorem 9 The problem Directed Ranking is NP-complete on DAGs with
planar bipartite underlying graphs, even for fixed ranking number k = 3.

Proof. We show a reduction from a variant of the Precoloring Extension
problem of undirected graphs. It is known [4] that the following problem is NP-
complete:

Given a planar bipartite graph with some of its vertices properly colo-
red with three colors, does G admit a proper 3-coloring that extends the
precoloring ?

Given such a bipartite graph G = (A ∪ B, E), observe that we may assume
without loss of generality that all the precolored vertices belong to A. Indeed,
for each precolored vertex v ∈ B, we create two new precolored vertices of degree
1, adjacent to v and assigned to the two colors different from the one prescribed
for v ; then v can be made precolorless, as its precolored pendant neighbors force
it to get the originally prescribed color.

Given such a bipartite graph G = (A ∪ B, E) with precolored vertex set
Z ⊆ A and precoloring φ : Z → {1, 2, 3}, we construct a directed graph D with
vertex set

V (D) = A ∪B ∪ {zj
i : z ∈ Z, 1 ≤ i ≤ 7, 1 ≤ j ≤ 2}

and arc set

E(D) =
⋃

u∈A, v∈B
uv∈E

{uv} ∪
⋃

z∈Z
1≤i≤6
1≤j≤2

{zj
i z

j
i+1} ∪

⋃

z∈Z

{zz1
i1(z), zz2

i2(z)}
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where

i1(z) =
{

6 if φ(z) = 1
7 if φ(z) = 2 ∨ 3

i2(z) =
{

4 if φ(z) = 1 ∨ 2
6 if φ(z) = 3

Obviously, D is acyclic, and it also remains planar and bipartite because so is
G. We claim that D is 3-rankable if and only if G admits a precoloring extension
with 3 colors.

Suppose first that D is 3-rankable, and let f : V (D)→ {1, 2, 3} be a feasible
ranking. Since the paths Pz,j = zj

1z
j
2 . . . zj

7 (z ∈ Z, j = 1, 2) are uniquely 3-
rankable induced subgraphs of D, we must have f(zj

1) = f(zj
3) = f(zj

5) =
f(zj

7) = 1, f(zj
2) = f(zj

6) = 2, and f(zj
4) = 3. In this way, each Pz,j excludes one

well-defined color from its neighbor in A, and the total effect is that precisely
the two colors distinct from φ(z) get excluded at each z ∈ Z. It follows that
f(z) = φ(z) holds, and therefore f is a proper 3-coloring of G extending the
precoloring φ.

On the other hand, any proper precoloring extension of φ together with the
color sequence 1213121 on each Pz,j gives a feasible 3-ranking. 2

Corollary 10 For every fixed ranking number k ≥ 3, the problem Directed
Ranking is NP-complete.

Proof. Take a dag G whose χr(G) ≤ 3 is questioned, add a tournament on k−3
vertices and join every vertex of G to every vertex of the tournament by an arc
directed towards the tournament. In any ranking, the vertices of the tournament
have to receive distinct colors, and all these colors must differ from the colors
used on G. Hence the new graph is k-rankable if and only if G is 3-rankable. 2

In fact, one can extend the method of the proof of Theorem 9 to show that
for every fixed k ≥ 3, Directed Ranking remains NP-complete for DAGs with
planar bipartite underlying graphs.

5 Directed 2-Rankable Graphs

Here we investigate directed rankings with k = 2 colors. For the structural
characterization of 2-rankable digraphs, the following concept will be conve-
nient to introduce. By an alternating walk of length ` we mean a sequence
P = x0x1 . . . x` of (not necessarily distinct) vertices such that its orientation
is x0 → x1 ← x2 → x3 ← . . . , i.e., x2ix2i+1 ∈ E for all 0 ≤ i < `/2 and
x2ix2i−1 ∈ E for all 1 ≤ i ≤ `/2. An alternating walk is an alternating path if
its vertices are mutually distinct. Moreover, we say that a vertex v is starting ,
central , or ending , if there is a directed path P3 = x1x2x3 with x1 = v, x2 = v,
or x3 = v, respectively. In the present context, alternating paths and cycles of
odd lengths will be crucial. The proof of the following characterization theorem
can be found in the full version of the paper.
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Theorem 11 For every digraph G = (V, E), the following conditions are equi-
valent.

(1) G is 2-rankable.
(2) G contains no alternating path of odd length from a starting vertex to an

ending vertex.
(3) G contains no alternating walk of odd length with both endpoints being central

vertices.
(4) G admits a proper 2-coloring in which the set of central vertices is mono-

chromatic.

Remarks. 1. Algorithmically it is very easy to decide whether a digraph G is
2-rankable. Indeed, the answer is negative whenever G is not bipartite, and
otherwise it suffices to test separately in each connected component if some of
the two possible 2-colorings is a 2-ranking. Cf. also condition (4).

2. Similar types of problems have been studied in the framework of precoloring
extension in several papers. Good characterizations are known for the existence
of k-colorings of trees with any number of prescribed monochromatic indepen-
dent sets [2,3], and also for one prescribed monochromatic independent set in
perfect graphs [5]. (As we have mentioned before, the problem for bipartite gra-
phs with at least three precolored vertices of distinct colors is algorithmically
hard [4], and so is for two monochromatic vertex pairs in distinct colors, too.)
For an extensive survey on this subject, see [7].

3. Some small subgraphs excluded by the degenerate ‘ alternating ’ path of
length 1 are:

– the cyclic triangle y1 → y2 → y3 → y1, where any two of the yi are adjacent
central vertices and also each edge joins a starting vertex with an ending
vertex,

– the transitive triangle y1 → y2 → y3 ← y1, where y1y3 is an edge from a
starting vertex to an ending vertex (and y2y3y1y2 is an odd alternating walk
from the central vertex y2 to itself),

– the path y1 → y2 → y3 → y4 of length 3, where the edge y2y3 joins a starting
vertex with an ending vertex, both of which are central as well.

Moreover, chordless odd cycles of lengths ≥ 5 (with any orientation) are also
excluded by the longer alternating paths or by the entire cycle as an alterna-
ting walk, according to the conditions (2) and (3) for longer paths/walks. Note
that the characterization of 2-rankable digraphs in terms of forbidden subgraphs
involves an infinite family of minimal configurations, which is not the case for
undirected rankings.
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6 Open Problems

There are many interesting related problems arising in the above context in a
natural way. Below we mention some of them.

1. Draw a sharper line between the polynomial instances of oriented trees and
the NP-complete class of directed acyclic bipartite planar graphs, by descri-
bing large subclasses of the latter in which the ranking number still can be
determined in polynomial time.

2. What is the complexity of Directed Edge Ranking for a fixed number of
colors ? (The undirected version is linear [1], but NP-complete if the number
of colors is unrestricted [6].)

3. More generally, which classes of directed graphs admit polynomial-time de-
cision algorithms for k-ranking and/or edge k-ranking, for every fixed k ?
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Abstract. Let a planar graph G = (V, E) and a vertex-partition V =
A ∪ B be given. Can we draw G without edge crossings such that the
partition is clearly visible? Such drawings aid to display partitions and
cuts as they arise in various applications. In this paper, we study planar
drawings of G in which the vertex classes A and B are separated by a hor-
izontal line (so-called HH-drawings). We provide necessary and sufficient
conditions for the existence of so-called y-monotone planar HH-drawings,
and a linear time algorithm to construct, if possible, a y-monotone planar
HH-drawing of area O(|V |2) with few bends. Furthermore, we give an ex-
ponential lower bound for the area of straight-line planar HH-drawings.
Finally, we study planar HH-drawings that are not y-monotone.

1 Introduction

Assume that G = (V, E) is a graph and V = A ∪B is a partition of the vertices
of G. How should we draw G such that the partition is clearly visible? Our study
of this question was motivated by a competition graph (Graph B) of the Graph
Drawing Competition 1996 (see [17]), which is a graph of telephone calls and
turned out to be bipartite, hence had a natural partition structure.

Many such partition structures arise in applications, in particular for the
special case that G is a bipartite planar graph with the vertex classes A and B.
For example, transportation problems are represented by bipartite graphs, with
the vertex classes as the sellers and the buyers, respectively. Cuts, and hence
partitions, arise in many algorithms for combinatorial optimization, for example
maximum flows and Dijkstra’s algorithm.

A drawing of G such that the partition is clearly visible aids in understanding
the structure of these problems better. Two typical drawings of partitions are
shown in Figure 1. Creating such drawings is the subject of this paper.

This paper fits into the larger frame of graph drawing, a relatively new field
in computer science, see for example [6]. During the last years, many drawing
styles have been developed. In the present paper, we consider straight-line and
poly-line grid drawings, that is, vertices are drawn as points on a grid (i.e., with
� This paper was written while the author was at RUTCOR, Rutgers University.
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Fig. 1. Drawings of two graphs with a given partition (shown as black and white

points), one using two lines and one using two disjoint convex sets.

integer coordinates), and edges are drawn either as straight lines or as sequences
of straight-line segments where the bend points lie on a grid as well. We study
only planar partitions, i.e., the graph G = (A ∪ B, E) is planar, and we require
that the drawing of G has no crossing.

For planar graphs, many algorithms to construct planar straight-line draw-
ings exist. The first algorithm to achieve an area of O(|V |2) was presented in
1988 [11]. Many improvements appeared later, see e.g. [4,5,12,15]. Algorithms
for planar poly-line drawings can for example be found in [15,20]. However, none
of these algorithms is designed to pay respect to a partition of the vertices.

On the other hand, two types of drawings that clearly display a partition are
demonstrated in Figure 1, but these may have many crossings, even if the graph
is planar. Crossings were shown to impede the understanding of the graph [19],
and hence should be avoided.

Our goal for this series of papers on drawing planar partitions is to find draw-
ings that display the partition clearly and at the same time have no crossings.
There exist various models of what is meant by “displaying the partition”; a
unifying naming scheme of those can be found in [1]. For the special case of
bipartite graphs, this problem has been solved for a number of models (see e.g.
[8,10,14,16]); for arbitrary planar partitions, the only results known to the au-
thors are in the preceding paper of this series [1]. In the present paper, we study
so-called HH-drawings, i.e., drawings in which the vertex classes A and B are
separated by a horizontal line; see for example the right picture of Figure 1. This
model has not been studied before. Our results hold for arbitrary partitions.

Not any planar partition has a planar HH-drawing if the edges are required
to be drawn y-monotone, i.e., with monotonically increasing y-coordinates. We
provide necessary and sufficient conditions for the existence of planar y-monotone
HH-drawings. In the third paper of the series [3], it is shown that these conditions
can be tested in linear time. One surprising corollary is that any bipartite planar
graph has a planar y-monotone HH-drawing.

The proof of sufficiency yields an algorithm for planar y-monotone HH-
drawings with area O(n2) and at most one bend per edge. We prove that straight-
line HH-drawings of polynomial area are not always possible, viz., there exists a
graph class for which any planar straight-line HH-drawing requires exponential
area. Finally, we drop the monotonicity-requirement, and prove that then every
planar partition has a planar HH-drawing with at most three bends per edge.



126 T. Biedl, M. Kaufmann, and P. Mutzel

2 Definitions and Background

We assume familiarity with graphs and algorithms, and refer for example to
[9] for further reference. Let G = (V, E) be a graph, which we assume to be
finite, simple (no loops and multiple edges), and connected. Denote n = |V |
and m = |E|. The graph G is called planar if it can be drawn in the plane
without edge crossings. A planar drawing of G splits the plane into connected
pieces called faces, the unbounded face is called the outer-face. A specific planar
drawing of a planar graph determines the planar embedding, that is, the cyclic
order of edges around each vertex in the incidence list.

Assume that a planar embedding of G is fixed. The dual graph G∗ is defined
by adding a vertex in G∗ for every face in G, and an edge e∗ = (F, F ′) in G∗

for every edge e incident to the two faces F and F ′. The edges e∗ and e are
called dual to each other. The structure of the dual graph depends on the planar
embedding of G. The dual graph G∗ may have loops and multiple edges even if
the primal graph G is simple.

A planar partition is a planar graph G = (V, E) together with a partition of
the vertices V = A ∪ B, and will be denoted G = (A ∪ B, E). In [1,10], three
models of displaying a partition were introduced that are relevant to this paper.
A drawing of G is called an LL-drawing if the vertices of A have y-coordinate 0
while the vertices of B have y-coordinate 1. A drawing of G is called an LH-
drawing if the vertices of A have y-coordinate 0 while the vertices of B have
y-coordinate > 0. A drawing of G is called an HH-drawing if the vertices of A
have y-coordinate < 0 while the vertices of B have y-coordinate > 0. L stands
for line, and H stands for half-space. See also Figure 2.

(a)

(b) (c)

Fig. 2. (a) An LL-drawing, (b) an LH-drawing, and (c) an HH-drawing.

We distinguish between monotone and non-monotone drawings as follows:
An edge (v, w) is drawn y-monotone if, after exchanging v and w if necessary,
the y-coordinate does not decrease when walking from v to w. A drawing is
y-monotone if all edges are drawn y-monotone. This concept is closely related
to the one of upward drawings for directed graphs: A drawing of a directed
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graph is called upward if for each edge the y-coordinate increases as we walk
from the tail to the head. However, as opposed to upward drawings, horizontal
lines are permitted in y-monotone drawings, hence any straight-line drawing is
y-monotone.

2.1 Results for LH-Drawings

To construct HH-drawings, we will use the results on LH-drawings presented in
[1], to be reviewed briefly here.

Theorem 1. [1] A planar partition G = (A ∪ B, E) has a planar straight-line
LH-drawing if and only if

1. the vertices of A induce a collection of paths,
2. if we add a vertex vA and connect it to all vertices in A, the resulting graph

G+
LH is planar, and

3. there exists a planar embedding of G+
LH such that any triangle {vA, a′, a′′}

with a′, a′′ ∈ A is a face.

If these conditions are satisfied, then we can find a planar straight-line LH-
drawing with area O(n2) in linear time.

The algorithm to create these LH-drawings works roughly as follows: Let
a planar embedding of G+

LH be fixed as demanded in Theorem 1, part 3. Let
a1, . . . , ak be the vertices in A, enumerated in clockwise order around vA (with
respect to the planar embedding of G+

LH). Here, choose a1 such that there is no
edge (a1, ak) (this exists by Theorem 1, part 1). Let a1, . . . , ak be placed with
y-coordinate 0, and with any integer x-coordinates x1 < . . . < xk. Then we can
add the vertices of B one by one such that the resulting drawing is a planar
straight-line LH-drawing of width and height at most xk − x1 + |B|. See [1] for
details.

3 Monotone HH-Drawings

Not every planar partition has a y-monotone planar HH-drawing; one counter-
example is the graph K5 with one edge (v1, v2) missing, with vertex partition
A = {v1, v2} and B = {v3, v4, v5}. If this planar partition had a planar y-
monotone HH-drawing, then v3, v4, v5 would have y-coordinates > 0. The points
and lines of the triangle v3, v4, v5 would also be drawn with y-coordinates > 0,
by definition of y-monotone. Since K5− (v1, v2) is triconnected and has a unique
planar embedding, one of {v1, v2} would be drawn inside the triangle {v3, v4, v5},
hence also with y-coordinate > 0, which contradicts the definition of an HH-
drawing. Note that with another partition, K5 − (v1, v2) would be drawable.

So our goal is develop an algorithm to test whether a given planar partition
has a planar y-monotone HH-drawing, and if the answer is yes, create one. To
that end, we prove necessary and sufficient conditions for the existence of planar
y-monotone HH-drawings, which can be tested in linear time. The sufficiency
proof is algorithmic, and yields a linear-time drawing algorithm.
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3.1 Necessary Condition

Assume that a planar partition G = (A ∪ B, E) has a planar y-monotone HH-
drawing. Then all edges of the form (a, b), a ∈ A, b ∈ B cross the x-axis; these
edges are called cut-edges. Since edges are drawn y-monotonically, each cut-edge
crosses the x-axis exactly once, and no other edge crosses it.

Let G∗ be the dual graph of G in the embedding induced by the HH-drawing.
The dual cut-edges are those edges in G∗ that are dual to the cut-edges. The
cut-dual graph G∗

C is the graph formed by the dual cut-edges, i.e., the graph
that consists of the dual cut-edges and their endpoints. Note that this is not
necessarily the same as the graph induced by the endpoints of the dual cut-
edges. For example, in Figure 3, the edge (d1, d2) is not in G∗

C , even though
both its endpoints are in G∗

C .
Enumerate the cut-edges as e1, . . . , ek, from left to right with respect to their

intersecting with the x-axis, and let e∗1, . . . , e∗k be their dual edges. Then e∗i and
e∗i+1 have a common endpoint, for i = 1, . . . , k − 1, therefore G∗

C is connected.

A

B

d2

d1

Fig. 3. A planar partition in an HH-drawing and its cut-dual graph (shown with stars

and dotted lines).

Lemma 1. A planar y-monotone HH-drawing of G can exist only if there exists
a planar embedding of G such that the cut-dual graph G∗

C is connected.

3.2 Sufficiency of the Necessary Condition

To show that the necessary condition of Lemma 1 is also sufficient, we present
an algorithm in three steps. First, we transform the input graph, by subdividing
the cut-edges and adding some edges. Then we split the graph into two pieces
and create an LH-drawing of each. Combining the drawings we arrive at an
HH-drawing.

So assume from now on that a planar embedding of G is fixed such that the
connected cut-dual graph G∗

C is connected. Choose an arbitrary outer-face of G.
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A Crossing-Free Eulerian Circuit of G∗
C The cut-dual graph G∗

C is
Eulerian, since any face of G has an even number of incidences to cut-edges.
Find a Eulerian circuit e1, . . . , ek for G∗

C which is crossing-free, i.e., if a vertex is
incident to the edges ei, ei+1, ej, ej+1 of the Eulerian circuit, for some i, j, then
the sets {ei, ei+1} and {ej, ej+1} are not interleaved in the order of edges around
v. Such a circuit exists, since we can remove crossings by swapping pieces of the
Eulerian circuit, see Figure 4.

ei

ej+1

ej

ei+1

ei

enew
j = ei+1

enew
i+1 = ej

ej+1

Fig. 4. The left picture shows a crossing of the circuit, which can be removed by

reversing a piece of the circuit.

In fact, we can compute a crossing-free Eulerian circuit directly in linear time.
The dual graph of any Eulerian planar graph is bipartite, so in particular the
dual graph of G∗

C is bipartite. The circuits of those faces of G∗
C that correspond

to one of the vertex classes of (G∗
C)∗ cover every edge in G∗

C exactly once, and can
be merged iteratively, using constant time each, into one crossing-free traversal.

A Jordan-Curve Crossing the Cut-Edges Using the crossing-free Eulerian
circuit of G∗

C , we define an extension G+
HH of the original graph G. Subdivide

each cut-edge of G and connect the subdivision vertices ve1 and ve2 of two cut-
edges e1 and e2 whenever their dual edges e∗1 and e∗2 are consecutive in the
Eulerian circuit of G∗

C . Since the Eulerian circuit was crossing-free, the resulting
graph G+

HH is planar. See also Figure 5.

*

*

*

*

*

w2

w4

w6

w3

w1
w7

w5

Fig. 5. We subdivide the cut-edges and add edges along the route of the Eulerian

circuit. Since the Eulerian circuit is crossing-free, the resulting graph G+
HH is planar.
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The resulting crossing-free cycle C of subdivision vertices mirrors the course
of the Eulerian circuit in G∗

C . It defines a closed Jordan-curve in the drawing
of G, which intersects each cut-edge exactly once, and no other edges. This,
together with the connectivity of G, implies that the vertices of A are outside C
and the vertices of B are inside C, or vice versa. Let w1, . . . , wk be the vertices
of C.

Splitting G+
HH into Two Graphs Let GAC be the planar subgraph of G+

HH

induced by the vertices of A and C, and let w.l.o.g. let the vertices of A be outside
C. Then C forms a face of GAC , with w1, . . . , wk on it in this order. If we add a
vertex vC inside C and connect it with the vertices in C, then the resulting graph
G+

AC is planar. Furthermore, C induces a cycle and the triangles containing vC

are faces in this embedding of G+
AC . Therefore, the graph GAC−(w1, wk) satisfies

the necessary conditions for a planar straight-line LH-drawing (cf. Theorem 1),
with respect to the partition C∪A. The same holds for the graph GBC−(w1, wk),
where GBC is the graph induced by the vertices of B and C.

Creating the Drawings Create a planar straight-line LH-drawing of GAC −
(w1, wk) as described in Section 2.1. Flip this drawing upside down, and use it as
a starting point for creating a planar straight-line LH-drawing of GBC −(w1, wk)
(this is possible since the vertices w1, . . . , wk are in the same order on C in both
GAC and GBC).

Deleting the vertices in C, and the edges between them, we arrive at an HH-
drawing of G. Edges not in the cut are drawn straight. The cut-edges may have
a bend, with y-coordinate 0, but they are drawn y-monotonically.

C

B

A

Fig. 6. An HH-drawing is produced using LH-drawings of GAC and GBC .

If we start by placing vertex wi at (i, 0), the width of the LH-drawing of GAC

is |C|−1+ |A|. We use this drawing to create the LH-drawing of GBC , hence the
HH-drawing of G has width |A| + |B| + |C| − 1 = n − 1 + |C| (see Section 2.1).
Each LH-drawing has a height of at most n− 1 + |C|, which gives a total height
of 2|C| + 2n − 2. Since the cut-edges form a planar bipartite graph, we have
|C| ≤ 2n − 4, so the area is O(n2). For bipartite graphs, the grid size can be
improved to (|C| − 1) × (2|C| − 2) with |C| = |E| by refining the algorithm to
create the LH-drawings suitably.
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Theorem 2. If a planar partition G = (A∪B, E) has a planar embedding such
that the dual edges of the cut-edges form a connected graph, then in linear time
we can find a planar y-monotone poly-line HH-drawing in an O(n2)-grid such
that only the cut-edges have at most one bend.

In [3] we give a constructive linear time test whether a given planar parti-
tion has a planar embedding such that the dual edges of the cut-edges form a
connected graph. Hence, determining whether a planar partition has a planar
y-monotone HH-drawing, and if so, finding one of quadratic area, can be done
in linear time.

3.3 The Special Case of Bipartite Graphs

Assume that G = (A ∪ B, E) is a bipartite planar graph. Then every edge of G
is a cut-edge, so for any planar embedding the cut-dual graph is the same as the
dual graph, and therefore connected. So any bipartite planar graph satisfies the
condition of Theorem 2, and we get the following corollary.

Corollary 1. Any bipartite planar graph, in any planar embedding, has a y-
monotone poly-line HH-drawing in an O(n2)-grid such that each edge has at
most one bend; and it can be found in linear time.

Figure 7 shows a planar HH-drawing of a subgraph of the bipartite compe-
tition graph (mentioned in Section 1) constructed by our algorithm.

Fig. 7. A planar HH-drawing of a bipartite graph.
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4 A Lower Bound for Straight-Line Drawings

We would like to avoid the bends in the drawing of the algorithm of Section 3
while maintaining similar area-bounds, but as we show in this section, this is
impossible. We present a family of graphs Gn together with a partition A∪B of
the vertices that require exponential area in all straight-line planar HH-drawings.

Our graphs are similar to the ones presented by Di Battista et al [7]. They
proved that for any positive integer n, there exists a planar acyclic digraph Dn

with 2n+2 vertices such that any planar straight-line upward drawing of Dn that
reflects a given planar embedding has area Ω(2n). Our graphs Gn are identical
to Dn except that Gn is undirected, whereas Dn is a directed acyclic graph.

The precise definition is as follows: Graph G1 consists of vertices a0, a1, b0 and
b1 and edges (a0, b0), (a1, a0), (b0, b1), (a1, b0) and (a0, b1). For n ≥ 2, the graph
Gn is constructed by adding vertices an and bn and edges (an, an−1), (bn−1, bn),
(an−2, bn), (an, bn−2), (an, bn−1) and (an−1, bn) to Gn−1 (see Figure 8). For n ≥
2, the graph Gn is planar and triconnected and thus has a unique planar em-
bedding. Let A = {a0, . . . , an} and B = {b0, . . . , bn}.

b2

a3

b3

a4

a5

b5

b1

a1

b4 a2 a0
b0

b3

a4

a3

a1

a2

a0

b4

b2

b0

b1

a5

b5

Fig. 8. A straight-line drawing and a poly-line HH-drawing of G5.

The graph Dn defined in [7] is obtained from Gn by directing all edges upward
in the right picture of Figure 8. More precisely, direct all cut-edges (ai, bj) from
ai to bj, all edges (ai, ai+1) from ai+1 to ai, and all edges (bi, bi+1) from bi to
bi+1, for 0 ≤ i < n and j ∈ {i − 2, i − 1, i + 1}.
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Theorem 3. Any planar straight-line HH-drawing of Gn with the partition A∪
B has area Ω(2n/2).

Proof: Consider any planar straight-line HH-drawing of Gn. We show that a
large subgraph of Gn is drawn upward with respect to the orientations in Dn,
hence the drawing must have a large area. All cut-edges are drawn upward by
definition of an HH-drawing.

Since Gn is triconnected, it has a unique planar embedding and therefore a
unique cyclic ordering of the incident edges around each vertex. From Figure 8,
we can see that for 0 < i < n, the unique order around ai contains one or two
vertices in B, then one vertex in A, then one or two vertices in B, and finally
one vertex in A again.

Let aj be the vertex with the smallest y-coordinate, breaking ties arbitrarily.
Claim: The chains aj−1, . . . , a0 and aj+1, . . . , an have strictly increasing y-

coordinates.
We prove this claim by induction and only for the second chain. Let j < l < n.

All neighbors of al in B lie above al, that is, they have a strictly larger y-
coordinate. By our observation about the order of incident edges around al, one
neighbor of al in A must also lie above al. Vertex al−1 does not lie above al (by
definition of j for l = j + 1 and by induction for l > j + 1), so it must be al+1

that lies above al. The claim follows.
Similarly one shows that if bk is the vertex with the largest y-coordinate, then

the chains bk+1, . . . bn and bk−1, . . . , b0 have strictly decreasing y-coordinates.
Since aj and bk both lie on the outer-face, we must have |k−j| ≤ 2. If j ≥ n/2,

then k ≥ n/2−2. The chain an/2−3, . . . , a0 and the chain b0, . . . bn/2−3 are drawn
upward, therefore the graph induced by these vertices, which is Dn/2−3, is drawn
upward. If j ≤ n/2, then k ≤ n/2 + 2, and the graph induced by an/2+3, . . . , an

and bn, . . . , bn/2+3, which is isomorphic to Dn/2−3, is drawn upward.
So either way, a subgraph isomorphic to Dn/2−3 is drawn upward, hence from

[7] the area of the drawing must be at least Ω(2n/2−3) = Ω(2n/2). �

5 Non-monotone Drawings

In this section, we study non-monotone drawings. Halton [13] has shown that
any planar graph can be embedded on any given set of points without crossing,
using Jordan curves to represent the edges. It follows that any planar partition
has a planar LL-drawing, by defining suitable points for the vertices, and then
apply the technique by Halton. Since any LL-drawing is an LH-drawing and
an HH-drawing, any planar partition has a planar drawing in any of the three
models.

The drawings by Halton use Jordan curves to represent edges. It is not too
hard to create drawings with poly-lines instead, but no non-trivial upper bounds
on the number of bends is known to the authors. In fact, it can be shown that
even for such a simple graph as a perfect matching, Ω(n) bends may be required
for one edge [18].
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However, for the special case of requiring one of our models, rather than
arbitrary points, we can achieve a constant number of bends per edge, since the
choice of suitable x-coordinates can be left to the algorithm.

5.1 A Non-monotone HH-Drawing

First we show how to create a planar HH-drawing of any planar partition G =
(A ∪ B, E), by turning G into a bipartite graph through subdividing edges. We
subdivide every edge (a, a′) with a, a′ ∈ A, and add the subdivision vertex to B.
We subdivide every edge (b, b′) with b, b′ ∈ B and add the subdivision vertex to
A. The resulting graph is planar and bipartite with vertex classes A and B.

Any bipartite graph has a planar y-monotone HH-drawing, with at most one
bend per edge (Corollary 1). Removing the subdivision vertices, we get a planar
HH-drawing with at most 3 bends per edge. See also Figure 9.

Theorem 4. Any planar partition G = (A∪B, V ) has a (not necessarily mono-
tone) planar poly-line HH-drawing in an O(n2)-grid with at most three bends per
edge.

Fig. 9. By subdividing edges, we make G bipartite and get an HH-drawing with at

most three bends per edge.

5.2 A Non-monotone LL-Drawing

By subdividing edges further, we can achieve that every vertex in A is incident
to at most one cut-edge, and that no two vertices in A that are incident to a cut-
edge are adjacent; furthermore, the corresponding statements hold for vertices
in B at the same time. Using this subdivision, one can create a non-monotone
LL-drawing with a constant number of bends per edge. Details are omitted and
can be found in [2].

Theorem 5. Any planar partition G = (A∪B, V ) has a (not necessarily mono-
tone) planar poly-line LL-drawing in an O(n2)-grid with at most seven bends per
edge.
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6 Conclusion

In this paper, we studied drawings of planar graphs where a partition of the
vertices is given and should be clearly visible in a planar drawing. We focused
on so-called HH-drawings where the two vertex classes are drawn separated by
a horizontal line.

For the case that edges are required to be drawn y-monotonically, we present
necessary and sufficient conditions for the existence of such drawings. In par-
ticular, these conditions are always satisfied for bipartite graphs. They can be
tested in linear time, and yield a linear-time algorithm to create HH-drawings,
if possible. However, the resulting drawings have a bend for each cut-edge. We
prove that drawings without bends are impossible unless we allow an exponential
area of the underlying grid.

Finally, we study non-monotone drawings. In this case, any planar partition
has a planar HH-drawing with up to 3 bends per edge, and a planar LL-drawing
with up to 7 bends per edge, and they can be constructed in linear time.

For the future, it would be interesting to consider multiway partitions as well
as scenarios where some crossings between the partitions are allowed.
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16. J. Kratochvil and M. Křivanek. Satisfiability of co-nested formulas. Acta Infor-
matica, 30(4):397–403, 1993.

17. S. North, editor. Symposium on Graph Drawing 96, volume 1190 of Lecture Notes
in Computer Science. Springer-Verlag, 1997. For information on the contest, see
http://www.research.att.com/conf/gd96/contest.html.

18. J. Pach, F. Shahrokhi, and M. Szegedy. Applications of the crossing number.
Algorithmica, 16:111–117, 1996.

19. H. Purchase. Which aesthetic has the greatest effect on human understanding?
In G. Di Battista, editor, Graph Drawing ’97, volume 1353 of Lecture Notes in
Computer Science, pages 248–261. Springer-Verlag, 1998.

20. R. Tamassia. On embedding a graph in the grid with the minimum number of
bends. SIAM J. Computing, 16(3):421–444, 1987.



Triangles in Euclidean Arrangements

Stefan Felsner and Klaus Kriegel

Freie Universität Berlin
Fachbereich Mathematik und Informatik

Takustr. 9, 14195 Berlin, Germany

{felsner,kriegel}@inf.fu-berlin.de

Abstract. The number of triangles in arrangements of lines and pseudo-
lines has been object of some research. Most results, however, concern
arrangements in the projective plane. We obtain results for the number of
triangles in Euclidean arrangements of pseudolines. Though the change
in the embedding space from projective to Euclidean may seem small
there are interesting changes both in the results and in the techniques
required for the proofs.

In 1926 Levi proved that a nontrivial arrangement -simple or not- of n
pseudolines in the projective plane contains n triangles. To show the cor-
responding result for the Euclidean plane, namely, that a simple arrange-
ment of n pseudolines contains n − 2 triangles, we had to find a com-
pletely different proof. On the other hand a non-simple arrangements of
n pseudolines in the Euclidean plane can have as few as 2n/3 triangles
and this bound is best possible. We also discuss the maximal possible
number of triangles and some extensions.

Mathematics Subject Classifications (1991). 52A10, 52C10.

Key Words. Arrangement, Euclidean plane, pseudoline, strechability,
triangle.

1 Introduction, Definitions and Overview

A natural approach to generate an object from a combinatorial class at
random is to set up an appropriate Markov chain. Basically this works as
follows: The objects in the class are the vertex set of a so called transi-
tion graph. The (directed) edges in this graph are defined by some local
operations which transform one object into another one.

For arrangements of pseudolines a natural choice for the local opera-
tions are triangular flips. The mixing rate of the Markov chain depends on
the expansion properties of the transition graph. A necessary condition
for good expansion is a sufficiently large degree. In the setting described
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the degree of a vertex, i.e., an arrangement A, is the number p3(A) of tri-
angles of the arrangement. In this article we show some results concerning
the number of triangles in Euclidean arrangements of pseudolines.

Grünbaum [4] defines an arrangement A of lines as a finite collection
{L0, L1, . . . , Ln} of lines, i.e., 1–dimensional subspaces in the real projec-
tive plane IP. Specifying a line L0 in A as the “line at infinity” induces the
arrangement AL0 of lines {L1, . . . , Ln} in the Euclidean plane IE = IP\L0.

With an arrangement we associate the cell complex of vertices edges
and cells into which the lines of the arrangement decompose the under-
lying space IP or IE. Arrangements are isomorphic provided their cell
complexes are isomorphic.

An arrangement B of pseudolines in IP is a collection {P0, P1, . . . , Pn}
of simple closed curves (we call them pseudolines) in IP such that every
two curves have exactly one point in common. Specifying a pseudoline P0

in B as the line at infinity induces the arrangement BP0 of pseudolines
{P1, . . . , Pn} in IP \ P0. Since IP \ P0 is homeomorphic to the Euclidean
plane and we are interested in properties of the induced cell complex we
may regard BP0 as an arrangement in IE.

Already in early work of Levi [7] and Ringel [8] it has been noted that
arrangements of pseudolines are a proper generalization of arrangements
of lines. This is due to the existence of incidence laws in plane geometry
,e.g., the Theorem of Pappus. Arrangements of pseudolines have gained
attention since they provide a generic model for oriented matroids of rank
3. In this context questions of strechability have attained considerable
interest. For more about these connections we refer the reader to the
‘bible of oriented matroids’ [1].

An arrangement is called trivial if all the (pseudo)lines intersect in a
single point. If no point belongs to more then two of the (pseudo)lines we
call the arrangement simple.

Euclidean arrangements of pseudolines will be the main object of in-
vestigations in this paper. Work with these objects is simplified by the
fact that every arrangement of pseudolines, i.e., of doubly unbounded
curves, is isomorphic to an arrangement of x-monotone pseudolines, i.e.,
of curves that intersect every vertical line in exactly one point. Particu-
larly nice pictures of Euclidean arrangements of pseudolines are given by
their wiring diagrams introduced in Goodman [3], see Figure 1. In this
representation the n x-monotone curves are restricted to n y-coordinates
except for some local switches where adjacent lines cross. Knuth [6] points
out a connection with ‘primitive sorting networks’.



Triangles in Euclidean Arrangements 139

3
4
5

2
1 5

4
3
2
1

Figure 1. Wiring diagram of a simple arrangement of 5 pseudolines.

We now summarize bounds for the number p3 of triangles in arrange-
ments.

Theorem 1. For every arrangement A of n pseudolines in IP:

(1) Every pseudoline is incident with at least three triangles. Since every
triangle is incident with three lines this implies p3 ≥ n.

(2) p3 ≤ 1
3n(n − 1) for n ≥ 10 with equality for infinitely many values

of n.

Part (1) is due to Levi [7]. The lower bound for p3 it best possible.
To see this take the n supporting lines of the edges of a regular n-gon for
n ≥ 4. The arrangement thus obtained is a simple arrangement of lines
with p3 = n.

Part (2) has a more entangled history. In [4] the following easy ar-
gument for p3 ≤ 1

3n(n − 1) in simple arrangements is found. If A is
simple then only one of the cells bounded by an edge can be a trian-
gle. Since there are n(n − 1) edges and every triangle uses three of them
the bound is established. Grünbaums conjectured the same bound for
nonsimple arrangements of lines with sufficiently large n. Several special
cases and lower bounds where proved by Strommer, Purdy and others.
Finally Roudneff [11] proved the conjectured bound for n ≥ 10. By per-
turbing high degree vertices so that suitable arrangements are formed in
the neighborhood he shows that p3 is maximized by what he calls ‘re-
duced arrangements’. In particular these arrangements have no vertices
of degree more then four. The crucial part of the proof is to show that if
ti counts vertices of degree i then for n ≥ 9 every reduced arrangement
has

3p3 ≤ 2(t2 + 3t3 + 6t4).

Since
∑

k

(
k
2

)
tk =

(
n
2

)
this implies the bound.

Infinite families of simple arrangements with p3 = 1
3n(n−1) have been

obtained by Roudneff [9] and Harborth [5]. For stretchable arrangements
the best known constructions are due to Füredi and Palásti [2]. Their
examples have at least 1

3n(n − 3) triangles.
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In this paper we discuss triangles in Euclidean arrangements. The
cell complex of an arrangement in IE consists of unbounded and bounded
cells. In our treatment we ignore unbounded cells. In the arrangement of
Figure 1 we thus count 3 triangles and 3 quadrangles. Our main results
are summarized in the following Theorem whose proof will be given in
sections 2 and 3.

Theorem 2. For every arrangement B of n pseudolines in IE:

(1) If B is simple then p3 ≥ n − 2.

(2) If n ≥ 6 then p3 ≥ 2
3n with equality for all n = 0 (mod 3).

(3) p3 ≤ 1
3n(n − 2) with equality for infinitely many values of n.

Part (1) again has a long history. Roberts 1889 claimed that for every
simple arrangement A of n + 1 lines in IP and every line L of A there
are n − 2 triangles not incident with L. The argument however was con-
sidered non-convincing. Ninety years later Shannon [12] proved Roberts
theorem, actually, he proved the analog of Roberts theorem for arbitrary
dimensions. In particular this implies that every stretchable arrangement
B of n lines in IE has at least n − 2 triangles. Add the line at infinity to
obtain a projective arrangement and apply Roberts theorem.

Shannon’s proof does not require that the arrangement is simple.
Therefore, Shannon’s theorem together with Theorem 2 (2) gives the
following amazing result.

Corollary 1. The count of triangles can be a certificate for nonstrecha-
bility of nonsimple Euclidean arrangements.

A similar effect in the projective setting was conjectured by Grünbaum
and proved by Roudneff [10]. A nonsimple projective arrangement with
p3 = n is nonstrechable. An Example of such an arrangement is due to
Canham, see Grünbaum [4, page 55]. In Section 3 we describe a family Wn

of arrangements with few triangles. If Wn is considered as an arrangement
in the projective plane it is a nonsimple arrangement with n lines and
p3 = n.

It is interesting to note that Levi’s theorem about the number of
triangles incident to a line and Roberts respectively Shannons theorem
about the number of triangles avoiding a line both give easy double-
counting proofs for p3 ≥ n. We elaborate the second:

Corollary 2. The number of triangles in a simple arrangement A of n
pseudolines in IP is at least n.
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Proof. For each pseudoline Pi consider the Euclidean arrangement APi

obtained by taking Pi as line at infinity. Each such arrangement has at
least (n−1)−2 triangles. Altogether this gives at least n(n−3) triangles.
Any fixed triangle ∆ in A is bounded by three pseudolines and hence
counted exactly n−3 times. This shows that there are at least n different
triangles.

The upper bound on the number of triangles in the Euclidean case
claimed in (3) of Theorem 2 can be proved along the lines of Roudneff’s
upper bound for the projective case. The proof is long and the changes
necessary for to adopt it to the Euclidean case obvious. Therefore, we will
refrain from elaborating on it and refer to Roudneff’s original paper [11].

To show that the bound is best possible again the examples from the
same paper [11] do the work. Roudneff shows that there is an infinite
family of simple projective arrangements with n + 1 lines and (n + 1)n/3
triangles. Each line of such an arrangement is incident to n triangles.
Choose an arbitrary line l as line in infinity. The remaining Euclidean
arrangement of n lines has (n + 1)n/3 − n = n(n − 2)/3 triangles.

2 Simple Euclidean Arrangements

In this section we prove the lower bound for the number of triangles in
simple arrangements in IE.

Proposition 1. p3 ≥ n−2 for every simple arrangement B of n pseudo-
lines in IE.

Proof. We consider the finite part of B as a planar graph. Let V be the
number of vertices E be the number of edges and F be the number of
(finite!) faces. These statistics can all be expressed as functions of the
number of pseudolines.

V =
(

n

2

)

, E = n (n − 2), F =
(

n − 1
2

)

Note that in this setting Euler’s formula gives V − E + F = 1.
We assign labels ⊕ or � to each side of every edge. Let f be one

of the two (possibly unbounded) faces bounded by e and let e′ and e′′

be the edge-neighbors of e along f . Let l, l′ and l′′ be the supporting
pseudolines of e, e′ and e′′ respectively. The label of e on the side of f is
⊕ if f is contained in the finite triangle T of the arrangement {l, l′, l′′}
otherwise the label is � . See Figure 2 for an illustration of the definition
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and Figure 3 for a complete labeling. With the next lemmas we collect
important properties of the edge labeling.

f

e

Figure 2. The label of e at f is ⊕ since f is contained in the shaded
triangle.

�
�

�

�

�
�⊕

⊕
⊕ ⊕

⊕
�

⊕

�

�
�

⊕
�

�

⊕

⊕

⊕
⊕

�
⊕

⊕
⊕

�
⊕

�

Figure 3. The arrangement of Figure 2 with the completed edge labeling.

Lemma 1. Every edge e of a simple arrangement has a ⊕ and a � label.

Proof. Let f1 and f2 be the two faces bounded by e and let e′1, e′′1 and e′2,
e′′2 be the edge-neighbors of e in these two faces. Since the arrangement
is simple the supporting lines {l′1, l′′1} of both pairs of edges are the same.
The finite triangular region T of the arrangement {l, l′, l′′} has edge e
on its boundary. Therefore, exactly one of the two faces f1 and f2 is
contained in T . �
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As seen in the proof of the lemma the triangular region T used to define
the edge label of e on the side of f is independent of f . This allows to
adopt the notation T (e) for this region.

Lemma 2. All three edge labels in a triangle are ⊕ . A quadrangle con-
tains two ⊕ and two � labels. For k ≥ 5 a k sided face contains at most
two ⊕ labels.

Proof. If f is a triangle then for each of its edges e the triangular region
T (e) is f itself.

Let f be a quadrangle and e, e be a pair of opposite edges of f . Both
edges have the same neighboring edges, hence, two of the lines bounding
the triangles T (e) and T (e) are equal. It is easy to see that either T (e) =
f ∪ T (e) or T (e) = f ∪ T (e). In the first case e has label ⊕ and e has
label � in the second case the labels are exchanged. The second pair of
opposite edges also has one label ⊕ and the other � .

Let f be a face with k ≥ 5 sides the lemma immediately follows from
the following
Claim. Any two edges with label ⊕ in f are neighbors, i.e., share a com-
mon vertex.

Let e1, e2, . . . , ek be the edges of f numbered in counterclockwise di-
rection along f and let li be the supporting line of ei. Let e1 have label ⊕
and consider an edge ei with 3 ≤ i ≤ k − 1. We will show that the label
of ei is � . The argument as given applies to the case 4 ≤ i ≤ k − 1, the
remaining case situation i = 3, however is symmetric to i = k − 1.

Face f is contained in T (e1) and line li has to leave T (e1) \ f through
lk and l2. Figure 4 is a generic sketch of the situation.

e2

li

l2

R2
ei

e1

R1

lk

Figure 4. Edge e1 has label ⊕ in f so ei must have �.
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Consider line li−1. This line enters the region R1 bounded by l2, li and
the chain of edges e3, e4, . . . , ei−1 at the vertex ei−1∩ei. To leave region R1

line li−1 has to cross l2. Therefore, li−1 has to leave the region R2 bounded
by li, l2 and lk through lk. Symmetrically, li+1 has a crossing with lk to
leave the region bounded by lk, li and the chain of edges ei+1, ei+2, . . . , ek.
Therefore, to leave region R2 line li+1 has to cross l2. This shows that
li−1 and li+1 cross inside region R2. Hence, T (ei) is contained in R2 and
ei has label � in f .

Since e1 was an arbitrary ⊕ labeled edge in F we have shown the
claim. �

We use the two lemmas to count the number of ⊕ labels in different
ways:

E =
∑

f

#{+ labels in f} ≤ 2F + p3.

With E = n(n − 2) and 2F = (n − 1)(n − 2) this implies

p3 ≥ n − 2.

3 Nonsimple Euclidean Arrangements

We now come to the lower bound for the number of triangles in the
nonsimple case.

Proposition 2. A Euclidean nonsimple and nontrivial arrangement of
n ≥ 6 pseudolines has at least 2n/3 triangles with equality for all n = 0
(mod 3).

Proof. We distinguish two cases. First suppose that every line l of the
arrangement contains crossings of the arrangement in both open half-
spaces it defines. Consider l as a state of a sweepline going across the
arrangement. From the theory of sweeps for arrangements of pseudolines
(see e.g. [13]) we know that the sweep can make progress both in the
forward as well as in the backward direction. A progress-move pulls line
l across a crossing c of some lines of the arrangement with the property
that the portion of all lines contributing to c between c and l are free
of further crossings, i.e. are edges of the cell complex induced by the
arrangement. Hence such a move pulls l across some triangles with corner
c and an edge on l. This shows that l contributes to at least one triangle
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on either side. Since we assumed that every line has crossings on either
side this accounts for 2n triangles each counted at most three times and
the claim is proved in this case.

Now assume that there is a line l so that all crossings of the arrange-
ment not on l are on one side of l. If taking away l all lines cross in just
one point c then there are n − 2 triangles in the arrangement and since
we assume n ≥ 6 we are done. Else removing l from the arrangement
we still have a nontrivial arrangement which by induction has at least
2(n − 1)/3 triangles. Since l can make a sweep move to one of its sides
there is at least one triangle with an edge on l that disappeared after
removal of l (it turned into an unbounded region). His makes a total of
2(n − 1)/3 + 1 > 2n/3 triangles in the initial arrangement.

It remains to describe a family Wn of arrangements with 3n lines but
only 2n triangles. A drawing of W4 is given in Figure 5.

Let P be a regular 2n-gon with edges e1, e2, . . . , e2n in counterclock-
wise ordering and barycenter c. Let lines l1, . . . , l2n be straight lines such
that li contains edge ei of P . Orient the lines such that P is to their left.
Note that li is crossed by lines li+n+1, li+n+2, . . . , li−1, li+1, li+2, . . . li+n−1

in this order with indices being taken cyclically. The arrangement A
formed by these 2n lines has 2n triangles all adjacent to P . All the other
faces of the arrangement are quadrangles.

For every pair li, li+n of parallel lines we construct an additional line
gi. We lead g1 from the unbounded region between the positive end of l1
and the negative end of ln to the unbounded region between the positive
end of ln+1 and the negative end of l2n. The first line crossed by g1 is
l1. Parallel to ln+1 line g1 crosses l2, l3, . . . , ln−1 and splits quadrangles
into two. Before entering P line g1 splits the triangle sitting over edge en

into a quadrangle and a triangle. From edge en line g1 joins to point c
and then to the opposite edge e2n to cross lines l2n, l2n−1, . . . , ln+1 in this
order.

Define lines g2, . . . , gn by rotational symmetry and note that g1, . . . , gn

all cross in c. The arrangement A∪{g1, g2, . . . , gn} has the same number
of triangles as A.

So far we still have n pairs of parallel lines. Note however that without
increasing the number of triangles we may arbitrarily choose to have the
crossing of pair {li, li+n} to be on the side of the positive end of either li
or li+n. Thus Wn is itself not just one but an exponentially large class of
examples.
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Figure 5. The arrangement W4 with 12 lines and 8 triangles.

4 Triangles in Arrangements with Multiple Intersections

In his monograph Grünbaum extends the notion of arrangements in sev-
eral directions. Let an arrangement of pseudocircles be a family of closed
curves with the property that any two curves cross twice�. A digon in such
an arrangement is a face bounded by only two of the curves. Grünbaum
asks for the relationship between the number of triangles and digons in
such arrangements. In particular he conjectures [4, Conjecture 3.7] that
every digon-free arrangement of pseudocircles contains 2n − 4 triangles.
The only progress on this conjecture is a result of Snoeyink and Hersh-
berger [13]. They prove p3 ≥ 4n/3. The proof is only given for the simple
case, i.e., no three curves cross in a single point. However, it is not hard
to see that it also applies to the general case.

Based on the arrangements Wn from Section 3 it is possible to con-
struct examples of nonsimple arrangements of pseudocircles in IP with
only 4n/3 triangles. The idea is to glue two copies of Wn together such
that all faces generated by gluing are quadrangles, see Figure 6. Hence,
the result of Snoeyink and Hershberger is best possible. However, if the
arrangement is simple, i.e., no three curves meet in a single point we
think that Grünbaum’s conjecture should prove correct. For emphasis we
restate the conjecture.
� Grünbaum calls this an arrangement of curves
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Figure 6. A digon-free arrangement of 9 two-intersecting curves and 12
triangles.

Conjecture 1. Every simple digon-free arrangement of pseudocircles con-
tains at least 2n − 4 triangles.

We feel that the spirit of Euclidean arrangements is captured well with
the following generalization. Call an arrangement of x-monotone curves
with the property that any two curves cross exactly k times a k-curve
arrangement. Again based on the family Wn it is possible to obtain k-
curve arrangements of n curves with only 2kn/3 triangles. On the other
hand we conjecture.

Conjecture 2. Every simple digon-free k-curve arrangement contains at
least k(n − 2) triangles.

If true this would obviously be best possible since gluing together k
appropriate arrangements of pseudolines with n − 2 triangles each gives
arrangements with only k(n − 2) triangles.
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Abstract. Wepresent a typing concept for second-order term graphsthat doesnot
consider the types as an external add-on, but as an integral part of the term graph
structure. This allows a homogeneous treatment of term-graph representationsof
many kinds of typing systems, including second-order λ-calculi and systems of
dependent types. Applications can be found in interactive systems and as typed
intermediate representation for example in compilers.

1 Introduction
Term graphs have originally been introduced as efficient representations of terms. The
key to this efficiency is the possibility of sharing of what on the term side are equal
substructures. Linear notation systems for term graphs (such as in some functional pro-
gramming languages) often use names bound by e.g. where-clauses to express sharing;
this kind of binding is perceived as different from that introduced by λ-abstractions as
represented in term graphs e.g. by Wadsworth, the inventor of graph reduction [12], the
difference being that the names bound by where-clauses do not appear in the graph, but
those bound by λ-abstractions do.

In previous work [3]we took the step to consider both uses of bound variable names
only as coding of structure that can be made explicit with an appropriate definition of
term graphs. The structure element encoded by where-bindings is traditionally explicit
in term graphs as the possibility that nodes have several predecessors; the structure
element encoded by the names and scopes of λ-bound variables is in the first instance
that of variable binding, a function that assigns every bound variable its binder, and in
the second instance that of variable identity, an equivalence relation among variables
which makes explicit which variable occurrences belong to the same variable.

This principle of rigourously making structure explicit is now applied to typing in
this paper.

In conventional typing systems, types are assigned to terms. But when formally
reasoning about terms, usually the corresponding abstract syntax trees are considered
instead. Now trees can not only be considered as a free algebra, where trees are built
from constituents (subtrees) via operators, they can also be considered as a special
kind of directed graphs, where a node may have successor nodes. Therefore, the types
of terms in conventional systems correspond to types of nodes in term graphs, and
where conventional systems relate the types of terms with the types of their immediate
constituents, a term graph typing system should relate the type of a node with the type
of its successor nodes.
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Furthermore, types usually are again termsof some language,so when we represent
terms and their subterms as nodes in a term graph, we can equally represent types as
nodes in a term graph of types. Now there are systems that use (sublanguages of) the
same language for programs and types, and that even allow references from programs
to types (as in second-order λ-calculi) or from types to program terms (as in dependent
types), so it seems only natural to consider a program and its type as parts of one term
graph that is enriched with an additional typing function from program nodes to their
type nodes.

After establishing some notation in Sect.2, we define internally typed second-order
term graphs in Sect. 3 and their homomorphisms in Sect. 4. The principles of an appro-
priate framework for typing systems are laid out in Sect. 5, with some details about the
typing of multi-node variables left to Sect.6. Section 7showshow our typed term graphs
can be considered to result from a kind of algebraic graph grammars. Finally we shortly
present a few more complicated typing systems in Sect. 8 for giving an impression of
the power of our formalism.

2 Notation
In our formalisation, we frequently use relational operations since this allows very clear
and concise formalisations in the context of graphs, see e.g. [9, 2].

For many purposes we use parts of the Z-notation [10], most notably for set
comprehensions where Z uses the pattern “{signature | predicate • term}” instead of
the otherwise frequently observed “{term | predicate}”. So we have as an example
{n : IN | n < 4 • 2n } = {0, 1, 4, 9}. If the predicate is constantly true, then we can also
write “{signature • term}”, e.g., {x : IB • (x, x)} = {(True , True), (False, False)}; if the term
is just the tuple of the variables introduced in the signature, then another possibility is
“{signature | predicate}”, e.g. {x, y : IB |x≠ y}={(True,False), (False,True)}. Quanti-
fication uses the same patterns; here most frequently the predicate is omitted, so we have
for example ∀x : IN • x + 1 > x. The powerset of a set A is written IP .A.

The set of relations between two sets A and B is written A ↔ B and is equal to the
power set of the cartesian product: (A ↔ B) := IP.(A × B). The set of univalent relations
or partial functions from A to B is written A |→ B, and that of total functions or mappings
is written A → B. Application of a function f : A |→ B to an argument x : A is written
“f . x” and is only used if the argument is known to be in the domain of the function:
x ∈ dom.f , where for any relation R the domain of R is dom.R := {(x, y) : R • x}, and
the range of R is ran.R := {(x, y) : R • y}.

The set ∗A is the set of finite sequences of elements of A; these sequences are
considered to be partial functions of type IN |→ A with contiguous domain which,
when nonempty, always includes zero; therefore, if l is a sequence, then l.i denotes the
(i + 1)-th element of l. For any set A, the function len : ∗A → IN calculates the length
of sequences.

The identity relation on a set A is IA : A → A, and we usually just write I. For two
sets A and B, the universal relation is

⊥⊥

A,B := A × B and the empty relation is ⊥⊥A,B := ∅;
again we usually just write

⊥⊥

and ⊥⊥.

150 W. Kahl



For two relations R, S : A ↔ B, their intersection is R ∩ S and their union is R ∪ S;
inclusion is written R ⊆ S. The complement of R is

−
R. The converse of R is the relation

∪R : B ↔ A, defined by ∪R := {(x, y) : R • (y, x)}.
For two relations R : A ↔ B and S : B ↔ C, their composition is R;S : A ↔ C

with R;S := {(x, y) : R; (u, z) : S | y = u • (x, z)} . The transitive closure of a homo-
geneous relation R : A ↔ A is +R , and the reflexive transitive closure is ∗R .

When a relation R : A ↔ A is considered as a graph, a node y : A is reachable
from another node x : A if and only if (x, y) ∈ ∗R . The relation R is acyclic if +R ⊆ −

I.
A node r is a source if r ∉ ran.R, and r is a root if it is the only source (at least in the
DAG setting).

3 Term Graph Definition
In comparison with the untyped graphs of [3,5], we present a simplified formalisation;
for the sake of brevity we do not fully formalise obvious concepts. However, we imme-
diately present a definition for typed term graphs. For this purpose, we first formalise
our view of typing without reference to any concrete typing system, just regarding the
typing function as another term graph component.

The “lexical material” which we fill our term graph structure with is essentially the
same as for second-order terms (or metaterms, introduced by Klop [7]), but we do not
introduce a separate class of binders, and what usually is called “function symbol” is
called “constant constructor” here, since we want to stress the contrast with variables:

Definition 3.1. A term graph alphabet is a tuple (L, A, C , B ,M) with the set L of
node labels, the arity function A : L → IN, and a partition of L into the sets C of labels
for constant constructors,B for bindable variables, andM for metavariables.

In the following we assume a fixed term graph alphabet (L, A, C,B,M).
The main differencesbetween the following definition and those of [3,5]— besides

the introduction of typing — are that we here only consider finite acyclic graphs and
that the set of edge labels is fixed as the set of natural numbers.

Definition 3.2. A term graph is a tuple G = (N , L, S, D, B, W , T ) with
– N , the finite node set,
– L : N → L, the node labelling function,

– S :N → ∗N , the successor function with L;A = S;len, i.e., the length of the successor
list of each node has to be the arity of its label,

– D :N ↔ N , the associated relation, D := {(x, l) : S; y : ran.l • (x, y)}; obviously D
is not a primitive component but derived from S; it is listed here for its importance,

– T : N |→ N , the partial typing function, where (D ∪ T ) has to be acyclic,
– B : N |→ N , the binding function, where for (x, b) ∈ B, the bound variable x has to

have a label in B, the binder b a label in C, and b dominates1 x in the graph induced
by (D ∪ T ),

1 In graph theory, a node b dominates another node x, if for every node a and every path from a to x either b
lies on that path or a is reachable from b. Domination therefore implies reachability.
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– W : N ↔ N , the variable identity, a partial equivalence relation1 defined exactly
on variables, i.e. on nodes with labels from B ∪ M. The variable identity has to be
compatible with the labelling: W ;L ⊆ L, and with the binding2: W ;B ⊆ B.

Roots are considered wrt. (D ∪ T ), and the type part of a typed term graph is the set
ran.(T ; ∗(D ∪ T ) ) containing all nodes reachable from typing nodes.

At first sight it might seem strange that we did not impose any restriction on the
interplay of the typing function with the other term graph components, most notably
with variable identity. But as we shall see in Sects. 6 and 8, different typing systems
open up very different possibilities and also impose different restrictions, so that it does
not make sense to impose restrictionson the level of the term graph definition,especially
since we still lack the machinery to formulate most of the useful restrictions.

Terms corresponding to a rooted term graph are easily recovered by unfolding
recursively along the D-Paths from the root — creation of a unique name for every
variable is the easiest means to ensure preservation of the binding and variable identity
structure. Consider the following examples (of untyped graphs, i.e., of graphs with
empty typing), where successor edges are black arrows with their sequence indicated
by the left-to-right order of their attachment to their source node; binding edges are
drawn in red resp. as thick, dark grey, usually curved arrows, and an irreflexive kernel
of variable identity is indicated by blue resp. thick medium gray lines:

+

×

2

×

1

λ

x

λ

x

@

@

λ

x

V

V

V

rec

x

V

The first two correspond to the terms “ 2 ⋅ 2 + 2 ⋅ 2 ⋅ 1 ” and “ λx.λf .f x ” from arith-
metic resp. λ-calculus. For the last two, let us assume that A and B are metavariables
— in HOPS (see [6]), where the pictures have been produced, arity is part of the node
label, so that unary and zero-ary metavariables all are drawn with the label V, but ac-
cording to their arity they should be considered as different labels V0, V1 :M in the ex-
amples. The last two term graphs then correspond to the metaterms “ (λ x.B[x]) A” and
“ B[rec x. B[x]]”, respectively.

The concept of free variables is easy to transfer to term graphs;especially important
is the relation between a binder and those nodes below which its bound variable
occurs freely:

Definition 3.3. A variable node x is free below a node a, if there is a (D ∪ T)-path from
a to x such that no binder of x lies on that path; if in this constellation x is bound by b,
then b encapsulates a. The encapsulation C : N ↔ N relates b with a exactly when
b encapsulates a.

1 A partial equivalence relation is a symmetric and transitive relation.
2 This condition, W ;B ⊆ B, means that if any node in an equivalence class wrt. W is bound by some binder,

then all nodes in that class are bound by the same binder — note the conciseness and elegance of the
relational formulation!
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4 Homomorphy
In conventional term graph formalisms there are no bound variables, and variables
corresponding to our metavariables are always zero-ary. Therefore, when considering
homomorphisms based on node mappings, the image of such a variable is the whole
subgraph starting at the image node of the variable node. In the case of second-order
term graphs however, there are metavariables with successors, and their images have to
stop before the image nodes of their successors. Therefore we introduce:

Definition 4.1. An interval in a graph G is a pair (t, b) : (N × (IN |→ N )) consisting of
a top node t and a finite lower border b, which should be considered as a partial node se-
quence. The inner nodes of the interval (t,b) are those nodes that are (D ∪ T )-reachable
from t via paths on which there lies no node of ran.b. The interval (t, b) is coherent if
all nodes in the lower border (i.e. all nodes in ran.b) are (D ∪ T )-reachable from t.

Not every interval is a reasonable candidate for being image of metavariables;
conditions corresponding to “no capture of variables” have to be fulfilled. Auxiliary
concepts for dealing with this issue are:

Definition 4.2. An interval is consistent, if all nodes encapsulated by inner nodes are
inner nodes. The encapsulation skeleton of an interval is the set of those inner nodes,
from which a node in the lower border can be reached via a (B ∪ (D ∪ T ))-path.

The most important use of term graph homomorphisms is to serve as matchings
from rule sides into application graphs for transformation or rewriting. In the term con-
text, matching is usually defined as “there exist a context and a (second-order) substitu-
tion, such that the result of inserting the substituted rule side into the context is α-equi-
valent to the application term” — with the definitions of substitution application and in-
sertion into contexts taking care of avoiding “variable capture”. In term graphs, a more
direct approach is necessary, and in second-order term graphs the structure that is not
there is almost as important as the structure that is there, so the conditions for structure
preservation take on an unusual shape, and for avoiding “variable capture” several spe-
cial conditions are needed. While in [3] we worked only with total functions and in [5]
we went all the way to possibly partial and multivalent relations, here we just present a
definition using potentially partial functions. This still allows a reasonably simple treat-
ment of the images of metavariables:

Definition 4.3. If for two graphs G1 and G2, a partial function F : N1 |→ N2 is given,
then the image interval for a metavariable node m :N1 with m ∈dom.F and L1.m ∈M
is defined to be the interval (F .m, (S1.m);F).

The fact that we only consider acyclic graphs and homomorphisms with rooted
domain graphs helps considerably to keep the conditions simple:

Definition 4.4. A metavariable base in a term graph G is a set v of metavariable nodes
that is closed under variable identity.

Definition 4.5. A v-fitting from a term graph G1with metavariablebase v to a term graph

G2 is a function F : N1 |→ N2 that (we let F0 := F ∩
−
v × N2 be the constant part of F

relative to v)
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– preserves labels: F ∪

0
;L1

⊆ L2 ,

– preserves successors: ∀(n1, n2) : F0 • S1.n1
⊆ (S2 .n2);

∪F ,

– is coherent and consistent: the image interval of every metavariable node in dom .F
is coherent and consistent,

– strictly preserves binding: F ∪

0
;B1 = B2

;F ∪

0 ,

– strictly preserves variables: W1
;F0 = F0

;W2 ,

– respects equally bound variables: F0
;W2

;F ∪

0 ∩ B1
;B ∪

1
⊆ W1 ,

– respects free variables: F0
;W2

;F ∪

0 ∩−B1
;

⊥⊥⊆ W1 ,

– controls variables: if for some metavariable node m : N1 in dom .F, a variable node
x2 in the image interval of m is free below F.m, then there is no (variable) node x1 : N1
in dom.F0, such that (F0 .x1, x2) ∈ W2 .

– preserves typing: ∪F ;T1
⊆ T2

;
∪F , and preserves typelessness: F ;T2

⊆ T1
;F.

Note that the conditions for the typing must not be restricted to the constant part of F.
For linear term graphs, i.e. where the variable identity restricted to metavariables

is trivial, this is already the definition of homomorphisms; for non-linear term graphs
we need a concept of “isomorphism up to sharing” between image intervals of
metavariables, so we define:

Definition 4.6. A correspondence between two intervals (t1, b1) and (t2, b2) in a graph
G is a relation H : N ↔ N on the node set fulfilling the following conditions:
– H exactly covers the inner nodes: dom.H is the set of the inner nodes of (t1, b1), and

ran.H is the set of the inner nodes of (t2, b2),
– H preserves upper borders: if H is non-empty, it relates t1 exactly to t2 and vice

versa,
– H preserves node labels: H ;L ⊆ L ,
– H preserves successors: (H || I);S ⊆ S;(H ∪ ∪

b1
;b2) ,

– H preserves bindings on internally bound nodes:
H ;B ∩

⊥⊥

;H ⊆ B;H ⊆ H ;B and ∪H ;B ∩

⊥⊥

;
∪H ⊆ B;

∪H ⊆ ∪H ;B,
– H respects the distinctness of nodes internally bound by the same constructor:

∪H ;W ;H ∩

⊥⊥

;H ;B ∩ B;
∪B ⊆ W,

and so does ∪H ,
– H preserves variables: H ;W ∩

⊥⊥

;H = W ;H ∩ H ;

⊥⊥

,
– H stays within the same variable for variables that are not internally bound:

H ∩−B;H ;

⊥⊥

∩ W ;

⊥⊥⊆ W,
– H preserves typing: H ;T ∩

⊥⊥

;H = T ;H ∩ H ;

⊥⊥

.

It is relatively easy to see that for a correspondence H, its converse ∪H is a correspond-
ence, too. Also the identity relation restricted to the inner nodes of a consistent interval
obviously is a correspondence, and it can be proved that the composition of two corres-
pondences is again a correspondence. Existence of correspondencesbetween consistent
image intervals of metavariables is therefore an equivalence relation, and it is natural
to define:
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Definition 4.7. A v-homomorphism is a v-fitting where for every two metavariable
nodes in W1 ∩ (v × v) there is a correspondence between their image intervals.

Without further restrictions, these homomorphisms are not composable, but in [3]
we have shown that this is not necessary
for being able to define a sound rewriting
concept (see also [4]).

As an example homomorphism (indi-
cated by the thin, dark grey (violet) arrows)
we show an untyped β-redex to the right.

@
@

λ

x

λ

x

×
−

5
+

+
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@

λ

x

V

V

5 Well-Typed Term Graphs
We now introduce a means to distinguish well-typed term graphs. The system we
propose is a system that could equally well be employed for untyped term graphs; there
it would allow to make distinctions that are not covered by Def. 3.2, such as which node
labels are allowed as binders, and below which successors bound variables may occur
(a step in the direction of the general “binding structures” of [11]). As shown here,
the system still may be used towards these purposes, although its main motivation is to
ascertain legal typing.

We define “typing elements” as schema graphs that encode what “locally legal”
should mean for a graph:

Definition 5.1. A typing element is a typed term graph G which either is rooted or has
all its sources related to each other by the variable identity, and where all successors of
the source nodes are metavariables and all successors of those metavariables are bound
by the root node. Such a typing element is said to be for the label of its root node.

Here we assume that all bindable variables have zero arity; otherwise the same
conditions would have to be enforced for them as for the sources.

We provide three example typing elements for simply-typed λ-calculus and
three more for arithmetics — the typing function is denoted by green resp. thin, light
grey arrows:

→

T T

@

TV

→

TV

λ →

T
T

x

V

Num 1 Num

+ Num

V V
Obviously typing elements closely correspond to typing rules in type derivation systems
as they can be found e.g. in the pure type systems of [1]. For reasons of space we refrain
from formalising this relation, since then we would have to introduce the formalism of
pure type systems, too; we only state:

Proposition 5.1. As long as there is no reduction among types, there is a one-to-one
correspondence between typing elements and typing rules of pure type systems.

Just as only a set of rules defines a language in pure type systems, only a set of
typing elements defines a typed term graph language:
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Definition 5.2. A term graph language is a set T of typing elements, such that T
contains at most one typing element for each node label l : C.

The restriction that there isat most one typing element for every node label might be
relaxed for implementing a kind of overloading, but we shall not pursue that possibility
in this paper. In contrast to most typing systems, that build on some kind of derivation or
inference, we use a more simultaneous concept here; we simply define “globally legal”
as “locally legal everywhere”:

Definition 5.3. A typed term graph G is well-typed wrt. a term graph language T if for
every node n :N of G there is a typing element τ for L.n and a homomorphism from τ
into G that maps a source node of τ to n.

Note that a typing element is necessary for every node, and not only for every typed
node — this exactly corresponds to the situation in pure type systems, where a trivial
type “ ” is given to those terms that correspond to term graph nodes without type.
Otherwise this definition would for example not be able to ensure consistency in the
presence of dependent types. For graphically conveying the idea behind our definition
of well-typedness,we draw a typed version of the β-redex example from below Def. 4.7
once separately and once together with two example homomorphisms from the typing
elements for function application and λ-abstraction.

@

Num

@ →
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For being able to discuss properties of term graph languages, we first introduce a few
classifications of typing elements:

Definition 5.4. A typing element is called
– separated, iff it contains no (D ∪ B)-edges between typed and untyped nodes,
– well-typed wrt. T , iff its type part is well-typed wrt. T .
– first-order, iff all metavariables contained in the type part are zero-ary.

For the kind of typing elements we have seen so far, a principal type property is easy
to establish:
Theorem 5.1 (Principal Types). If the term graph language T fulfils the following
conditions:
– all typing elements are separated and first-order,

– the relation Q : L ↔ Lwith Q := {G : T ; l : ran.(TG
;D∗

G
;LG) • (LG.rG, l)} , where

rG denotes the root of graph G, is acyclic,

– if G is a typing element for l in T , then G is well-typed wrt. the sub-language of T
for the labels that are reachable from l in Q,
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then there is a principal type for every graph in the following sense: Let the program
part of a graph be the untyped subgraph induced by all typed nodes (closing it wrt.
successors, binding, and bound variables); then among all well-typed graphs with
isomorphic program parts there is always one from which there is a homomorphism to
every other.

Term graph languages with these restrictions correspond to simple parametric
polymorphism; full Hindley-Milner polymorphism with let-polymorphism requires
featuresof type abstraction,see Sect.8.2. Other principal type results can also be carried
over to the term graph setting.

6 Typing Elements for Variables
The definition 5.3 of well-typedness implies that there also have to be typing elements
for variables. Since variables may consist of many nodes, and since the condition of
strict variable preservation (Def. 4.5) demands at least as many variable nodes in the
source as in the target, the term graph language (Def. 5.2) which is used as the basis for
well-typedness may severely restrict possible variable occurrences.

For example, if for the bound variable label x there is only one typing element
x T , this implies that on x-nodes the variable identity is trivial. HOPS currently
restricts bound variables in this way, which is only natural in a term DAG setting.

With metavariables,on the other hand, such a restriction is not feasible anymore, at
least not for metavariables with successors. For untyped (i.e., type-level) metavariables
without successors, HOPS also provides only one typing element, since in HOPS the
type part of every term DAG is kept maximally identified.

Obviously, if more than one node per variable is going to be allowed, it makes little
sense to impose other restrictions on the number of those nodes, so we need infinitely
many typing elements for every metavariable label concerned.

For untyped metavariables with untyped successors, this is not a big problem since
their typing elements will have empty typing and the only restriction one might impose
is that the different nodes of one variable shared their successors. However, such a
restriction seems to be difficult to motivate.

For the other cases there are more possibilities. Let us restrict our attention here to
typed metavariables with typed successors, which is also the only kind currently fully
supported by HOPS. In HOPS, for every positive integer n and every natural number i a
typing element is assumed for n i-ary typed metavariablenodes all related by the variable
identity; the successors are all distinct zero-ary typed metavariables with trivial variable
identity, and there are i + 1zero-ary untyped metavariables with trivial variable identity,
one for the sources and one for every successor index. We show the typing elements for
(n, i) ∈ {(2, 0), (2, 1), (3, 1), (2, 2)}:
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V V
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V T
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V
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V V

Well-typedness with such a term graph language implies very simple restrictions on the
typing function which can also be expressed directly: All nodes of a variable have to
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have the same type: W ;T ⊆ T, and the corresponding successors of the different nodes
of one variable have the same type: ∀(x, y) : W • (S.x);T = (S.y);T.

We shall see more general typing elements for metavariables in Sect. 8 together
with the frameworks that make them necessary.

7 Construction Step Homomorphisms — Towards Typed Term
Graph Grammars

In this section we show how stepwise term graph construction — as for example in
an interactive system — can be viewed as a sequence of homomorphisms. These
“construction step homomorphisms” belong to a few simple classes, which together
can be considered to define a special kind of graph grammar which is closely related to
algebraic graph grammars, since it relies on category-theoretic concepts.

It is important to note that in this section homomorphisms are restricted to
homomorphisms between well-typed graphs wrt. some term graph language.

The simplest kind of homomorphism that is sometimesneeded during construction
does not instantiate any metavariables:

Definition 7.1. An identification is a homomorphism with empty metavariable base;
i.e., it is an ∅-homomorphism.

Identifications stand in a one-to-one correspondence with congruence relations on
term graphs; for every identification F, the equivalence relation ∗(F ;

∪F ) is a congruence,
and for every congruence, the quotient projection is an identification.

Since we restrict ourselves to finite graphs, every identification can be broken down
into a sequence of “primitive identifications”, the correspondences of which are the
correspondence closure of two-node sets.

Isomorphismsbetween typed term graphsmay instantiatemetavariablesin that the
only visible change that can be brought about by isomorphismsisconsistent permutation
of the successors of metavariables.

Similar to the identification of two nodes, there is the possibility of unification of
two nodes. But since this in general brings about the non-determinism of second-order
unification, we have to restrict ourselves to simple deterministic cases:

Definition 7.2. A replacement of a metavariable node v with another node r which is
not a successor of v is a homomorphism F which unifies v and r and which uniquely
factorises any other such homomorphism.

It is comparatively easy to see that if such a replacement exists, then the replace-
ment is unique up to isomorphism. Replacements can also be regarded as special in-
stances of the following:

Definition 7.3. An internal instantiation of an n-ary metavariable node v in G1 with an
interval (t, b) in G1 is an equaliser of the following two homomorphisms F and G from
the Graph G0 containing a (1, n)-typing element for the label of v:

– F is total and maps the source of G0 to v,

– G maps the source r0 of G0 to t and behaves as b on the successors: (S0 .r0);G = b.
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(Such an equaliser is a homomorphism such that F ; H = G ; H and which uniquely
factorises any other such homomorphism.)

Those internal instantiations where the interval has an empty lower border are just
the replacements of above.

Definition 7.4. An external instantiation of an n-ary metavariable node v in G1 with
an interval (t,b) in G2 is a pushout of the following two homomorphisms F and G from
the Graph G0 containing a one-source typing element for a metavariable with typing
compatible to that of v and with arity m ≤ n:
– F is total and maps the source of G0 to v,

– G maps the source r0 of G0 to t and behaves as b on the successors: (S0 .r0);G = b.

(Such a pushout is a “pushout graph” G3 together with two homomorphisms HF from
G1 to G3 and HG from G2 to G3 such that F ;HF = G;HG and HF and HG uniquely factorise
any other constellation like that.)

The pushouts of external and the equalisersof internal instantiationsneed not exist;
this fact usually corresponds to the attempt to introduce a type error.

External instantiationswith simple intervalsand with the metavariable in G0 having
the same arity as the instantiated metavariable can serve to cut or permute outgoing
edges of metavariables;another important instantiation uses an interval where one lower
border node is identical to the top node, thus “shrinking” every node of the instantiated
metavariable to its corresponding successor.

Besides these language-independent instantiations, the most important are those
where G0 contains a zero-ary metavariable mapped to some typing element as G2; in
these cases the metavariables in the typing element have the arity of the instantiated
metavariable added to theirs:
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Rewriting of our typed term graphs is defined essentially in the same way as in [3,4] via
the fibred approach, a generalisation of the traditional double-pushout approach. For
reasons of space we do not present this here.
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8 Advanced Instances
In this section we show how three kinds of advanced type systems can be transferred to
the term graph setting. For reasons of space we have to assume that the reader is already
familiar with the basics of the respective systems. Although the examples can still be
constructed and drawn in HOPS, none of them has been implemented so far because
of the problems with second-order unification.

8.1 Recursive Datatypes and Polytypic Programming

The essential feature of polytypic programming — see e.g. [8]— is an explicit recursion
operator encapsulating a second-order variable on the type side; this variable stands for
some appropriate functor, and the whole construct then stands for the (usually) least
fixed point of that functor.

The basic functions necessary for programming on these recursive datatypes
are the isomorphisms abstr and repr between the fixed-point domain and its images
under the functor. Therefore, we need the following three typing elements — they are
all separated:

Rec

t

T

abstr →

T

Rec

t

T

repr →

Rec

t

T

T

The isomorphism properties can be expressed as rules1:

I
→

T

Rec

t

T

comp

abstr

→

repr

→
I

→

Rec

t

T

comp

repr

→

T
abstr

→

For the first rule, this is indeed the principal type (when limited to maximally identified
type parts); the second rule, however, also has another “simplest” type relying on a
nested recursion and which is incomparable to the given type — as soon as second-order
typing elements are used, automatic unification cannot be used anymore because of
these ambiguities of second-order unification. In HOPS, it is planned to make some
user-assisted solution available.

1 A term graph rule is a term graph together with two distinguished nodes; these two nodes are indicated by
thick long-tipped orange resp. grey arrows in HOPS drawings and are the roots of the rule’s left-hand
side and right-hand side, respectively. Since rewriting is not the topic of this paper, we do not explain the
rule application mechanism here, let us only mention that for multi-node metavariables with successors, no
matter whether typed or untyped, the encapsulation skeleton of their image on the left-hand sides has to be
copied for constructing their image on the right-hand side.

160 W. Kahl



Now, the most popular polytypic functions are probably polytypic map and
catamorphisms; we give the typing elements:

Catamor→

Rec

t

T

T

V →

T

map →

T

T

T

T

V →

For specific functors, maps can be specialised to known functions, as in the following
example rules, which recognise the functor involved by their sensitivity to typing, since
their left-hand sides do not have principal types (pupd is — as obvious from its typing
— function product):

map →

T TV

pupd →

×

T

T

T

×

T

T

T
map →

V →

map →map

The basic rule for catamorphisms allows an unfolding of the transferred functor, i.e., a
map, to a catamorphism preceded by an abstr; see the drawing to the left:

comp

→

T

Rec

t

T
T

map

→

T

Catamor

→

V

→

comp

abstr

→

Catamor

→

Rec

t

T

T

Rec

t

T

T

comp

→

T
map

→

T

V →

abstr

→
map

Together with the map rules for the different type constructors— to the right above, there
is the map rule for datatype recursion — it is possible to transform arbitrary specific legal
catamorphisms into general recursions just by applying these type-sensitive rules.

8.2 Second-order λ-Calculus

In second-order λ-calculus, there is a different kind of abstraction on the type level,
usually denoted “∀”; we shall use the label forall. This then enters the typing elements of
a second kind of λ-abstraction and application together with multi-node second-order
metavariables:

forall

t

T

Lambda forall

t

T

t

V T

Apply T

TV

forall

t

T
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The last two typing elements are not separated: in the abstraction, there is an untyped
variable bound at the typed Lambda node, and the typed Apply node has an untyped
second successor. The β-reduction rule for this type abstraction nicely shows the
interplay between bound variables and metavariables,and with respect to the discussion
in Sect. 6 we also show a typing element for the unary typed metavariable used here:

V

T

T

Apply

Lambda
forall

t

T

t
V T

V

T

T

V

T

T

8.3 Dependent Types

Dependent types are to a certain extent “dual” in a syntactic sense to second-order
λ-calculus; here the border crossings between program and type part run in the contrary
direction, and there are already border crossings in the typing element for the type
constructor Pi: a typed variable x (which has a typing element x T of its own) is bound
at the untyped Pi, and is successor of an untyped unary metavariable:

Pi

x

T T

lambda Pi

xT

T

x

V T

@ T

V
T

V

Pi

x

T

In the typing element of λ-abstraction, the typed bound variable x is also successor to an
untyped unary metavariable, and this does not violate the condition that binders should
dominate bound variablesbecause of the modified reachability. In the typing element of
application,finally,a zero-ary typed metavariableoccursas successor of a unary untyped
metavariable — an indication that we have to be very careful in this kind of calculus
since now application of rules on the program side may at the same time be on the type
side. The pictures of the rule of β-reduction and of the metavariable typing element are
astonishingly similar to those for second-order λ-calculus:

@
T

V T

lambda
Pi

x

T

x

V T

V V
T

VT

V
T

V

9 Conclusion
We have introduced a formalism that allows a large class of type systems to be translated
to the term graph setting in a very homogeneousway. The explicitnesswith which all the
structure including typing is incorporated into our term graphs makes them extremely
useful for human interaction with complex formalisms — in fact, our formalisation
is the result of long-running efforts to provide the graphically interactive term graph
programming system HOPS [6,13] with an appropriate typing system both from the
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implementation point of view and from theoretical considerations.
Another potential use for our internally typed term graphs is to serve as internal

data structure in symbolic computation systems including interpreters and compilers,
true to the recent trend to keep typing information until much later phases in the
compilation process.
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Abstract. How to represent a graph in memory is a fundamental data
structuring problem. In the usual representations, a graph is stored by
representing explicitly all vertices and all edges. The names (labels) as-
signed to vertices are used only to encode the edges and betray nothing
about the structure of the graph itself and hence are a “waste” of space.
In this context, we present a general framework for labeling any graph so
that adjacency between any two given vertices can be tested in constant
time. The labeling schema assigns to each vertex x of a general graph a
O(δ(x) log3 n) bit label, where n is the number of vertices and δ(x) is x’s
degree. The adjacency test can be performed in 5 steps and the schema
can be computed in polynomial time. This representation strictly con-
trasts with usual representations, i.e. adjacency matrix and adjacency
list representations, which require O(n log n) bit label per vertex and
constant time adjacency test, and O(δ(x) log n) bit label per vertex and
O(log δ(x)) steps to test adjacency, respectively. Additionally, the labe-
ling schema is implicit, that is: no pointers are used.

1 Introduction

The representation of graphs has received much attention since the very be-
ginning of the study of computer science theory [2,3,18,6,21,11,16,22]. What is
generally required is a “good” and efficient representation: good for the efficiency
of algorithms running on it, and efficient both in terms of the space to store data
and the computational time needed to derive the representation.

In this context, we present a general framework for encoding any graph which
leads to an implicit representation, that is: no pointers are used, allowing to test
adjacency in a constant number of steps. In particular, the problem considered in
this paper can be stated as follows. Given any graph G = (V, E), with n = |N |,
label the vertices such that, given the names of two vertices, we can determine
? Work partially supported by National Authority for Information Technology for the

Public Administration and the Italian Project MURST-“Algorithms and Data Struc-
ture”

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 164–176, 1998.
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adjacency in O(1) steps. The representation proposed assigns to each vertex x a
O(δ(x) log3 n) bit label, where δ(x) is the degree of x, allows to test adjacency
in 5 steps, and can be computed in O(n3) time.

Implicit representations are widely accepted as good representations since
implicit data structures lend themselves to a sequential storage scheme which
requires no pointers, thus providing for a compact way to store data with no
waste of space for pointers [13,4,12,15]. Moreover, the algorithms are easier to
implement and are often more efficient.

Additionally, the representation we proposed satisfies the property of “loca-
lity”, that is data are stored on a per–node basis, thus providing an efficient
representation for distributed computation [14] and secondary memory storage
[23].

Several authors worked on this problem. Breuer [2] and Breuer and Folkman
[3] considered the problem of labeling vertices such that adjacency would be de-
termined by the Hamming distance of the labels. Their schema is very restricted
and for general graphs the length of the labels can be O(n log n). Turan [18] and
Kannan et al. [11] considered the problem of representing a graph as succinctly
as possible. However, they gave an efficient implicit representation for the adja-
cency list of the graph only for restricted classes of graphs: trees, graphs with
bounded arboricity, intersection graphs, and c–decomposable graphs [8]. Addi-
tionally, the class of bounded treewidth can be represented with O(b log n) bit
labels, where b is the treewidth (see [19]).

The same problem has been studied in a different context, namely for routing
messages in a distributed network. In [16,20,21,5,6,7,8,9] the problem considered
is how to store routing information at the vertices of a distributed network so as
to computer near–optimal routes. Again, the problem is optimally solved only
for restricted class of graphs, as trees, rings, complete graphs, planar st–graphs,
interval graphs, or for specific network topologies as hypercube, meshes.

In this paper, we propose a k–step labeling schema based on a set of k mu-
tually composable labeling functions, each one evaluable in 1 step. In order to
test adjacency, the k functions are evaluated sequentially, thus adjacency can be
tested in k steps.

In this scenario we obtain the following results:

1. a 3–step labeling schema for regular bipartite graph of degree δ. The schema
assigns O(δ log2 n) bit label to each vertex x;

2. a 5–step labeling schema for general graph. The schema assigns O(δ(x) log3 n)
bit label to each vertex x, where δ(x) is the degree of x.

It is worth noting that if we compare our results with usual representation stra-
tegies, the amount of space on a per–node basis is increased of a log n factor for
the former and a log2 n factor for the latter. On the counterpart, the adjacency
test can be performed in only 3 steps and 5 steps, respectively.

The proof strategy proceeds as follows: i) the adjacency test problem for a
general graph is reduced to an equivalent problem on a general bipartite graph
(Section 5); ii) the same problem for a general bipartite graph is reduced to
an equivalent problem for a collection of regular bipartite graphs (Section 5);
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iii) the problem for a regular bipartite graph is then reduced to an equivalent
problem for a collection of bounded degree bipartite graphs (Section 4) which
we show to be efficiently representable in Section 3.

The technique used in this paper is based on the one described in [17] for
directed acyclic graphs.

Without loss of generality, we will prove all theorems under the assumption
that G = (V, E) is connected. In the case of non-connected graphs, all results
can be applied to each connected component without any change in complexity
bounds (see [1]).

2 Preliminaries

In this section we introduce the notation used and some basic definitions. More
definitions on graphs can be found in textbooks as [10].

We denote a graph by G = (V, E), where V is the vertex set, with n = |V |,
and E is the edge set, with m = |E|. Given a vertex x, the set of vertices
adjacent to x is defined as adj(x) = {y ∈ V |(x, y) ∈ E}. The degree of a vertex
x is δ(x) = |adj(x)|. For any set of vertices X ⊆ V , the set of vertices adjacent
to X is defined as adj(X) = {y ∈ V |(x, y) ∈ E ∧ x ∈ X}.

K = (A ∪ B, E) denotes a bipartite graph, where A is the set of the upper
vertices, B is the set of the lower vertices, and E ⊆ A × B is the set of non-
directed edges. Moreover, we assume na = |A|, nb = |B|, and m = |E|.

Given a bipartite K = (A ∪ B, E) and a set C such that either C ⊆ A or
C ⊆ B, the subgraph induced by C, denoted K/C , is the subgraph induced by
the set of vertices {C ∪ adj(C)|} or {adj(C) ∪ C}, respectively, that is K/C =
(C ∪ adj(C), E′), where E′ = {(x, y) ∈ E|x ∈ C and y ∈ adj(C)} or K/C =
(adj(C) ∪ C, E′), where E′ = {(x, y) ∈ E|x ∈ adj(C) and y ∈ C}. Let x ∈
adj(C). We denote δ/C(x) the degree of x in the subgraph K/C .

A regular bipartite graph Kn,δ is a bipartite graph K = (A ∪ B, E), where
|A| = |B| = n and for any x ∈ A ∪ B then δ(x) = δ.

Given a graph G = (V, E), we define a k–steps labeling schema for G, L =
{f1 . . . fk}, where fi is a partial function computable in 1 step and such that
a composition between fi and fi−1 can be defined, for 2 ≤ i ≤ k, and the
composition is well defined.

Given a graph G = (V, E) and two vertices x and y, a k–step labeling schema
L for G is valid iff:

y ∈ adj(x) ⇐⇒ (fk ◦ fk−1 ◦ . . . ◦ f1(x, y) = y) or (fk ◦ fk−1 ◦ . . . ◦ f1(y, x) = x) .

3 Basic Labeling Schema

In this section, we describe the first two functions of the labeling schema for
general graphs. Even though the result we show is not satisfying in terms of
the length of the labels assigned to vertices, it represents a basic step for the
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overall strategy. As an intermediate step, we present a 2–step labeling schema
for bipartite graphs of bounded degree.

First we need some more definitions.
Let K = (A ∪ B, E) be a bipartite graph, two vertices x1, x2 ∈ B, with

x1 6= x2, are independent if {adj(x1) ∩ adj(x2)} = ∅.
Let L1 : (x) ∈ B 7−→ c ∈ IN be a labeling function of the lower vertices,

called cluster labeling function. Given x1, x2 ∈ B then L1(x1) = L1(x2) = c iff
x1 and x2 are independent vertices.

We define the size of the cluster labeling function L1 as |Im(L1)|, that is
the number of different c values necessary to encode all lower vertices. In other
words, function L1 labels each lower vertex such that two lower vertices receive
the same label if and only if they are independent.

The following Lemma allows to bound the size of the cluster labeling function
L1 in terms of the maximum degrees of the upper and lower vertices.

Lemma 1. Let K = (A ∪ B, E) be a bipartite graph, and da, db two positive
integer values such that for any x ∈ A, da/2 ≤ δ(x) ≤ da and for any x ∈ B,
δ(x) ≤ db. There exists a cluster labeling function of size O(dadb).

Proof.(Skecth) Let na = |A| and nb = |B|. Consider the following greedy
strategy. Choose any vertex x ∈ B and set L1(x) = 1. Set L1(y) = 1 for any
other vertex y ∈ B such y is independent with all vertices x such that L1(x) = 1,
until there are no other independent vertices. The choice criteria is not relevant.
Values i, for 2 ≤ i ≤ p, are assigned in a similar way choosing vertices not
already labeled until all vertices in B are considered.

When label i is assigned to a vertex x at most δ(x)(da − 1) cannot receive
the same label. Hence, the number t1 of vertices with label equal to 1 is satisfies
the following inequality:

t1∑

j=1

δ(xj)da ≥ nb ∀x s.t L1(xj) = 1. (1)

Observe that if a vertex x has not been labeled yet this implies that one of its ad-
jacent vertices is adjacent to one of the already labeled vertex, thus inequality (1)
holds for all value i of the label, 2 ≤ i ≤ p. Hence,

|L−1
1 (i)| ≥

ti∑

j=1

δ(xj) ≥ nb

da
∀x s.t L1(xj) = i. (2)

Observing that the labeling process ends when all the edges have been con-
sidered, that is when:

p∑

i=1

ti∑

j=1

δ(xj) ≥ m ∀x s.t L1(xj) = i, (3)
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where m = |E|. Additionally, nada

2 ≤ m ≤ nada. Hence, we have:

nada ≥ m =
p∑

i=1

ti∑

j=1

δ(x) ≥ p
nb

da
∀x s.t L1(x) = i (4)

that is, p ≤ nad2
a

nb
. The proof follows observing that, by hypothesis, nb ≥ nada

2db
.

It is interesting noting that the above bound is tight [17].
The cluster labeling function allows to derive a 2–steps valid labeling schema

for bounded degree bipartite graph, as shown in the following theorem:

Theorem 1. Let K = (A ∪ B, E) be a bipartite graph, and da, db two positive
integer values such that for any x ∈ A, da/2 ≤ δ(x) ≤ da and for any x ∈ B,
δ(x) ≤ db. There is 2–step valid labeling schema that assigns to each upper vertex
a O(dadb log n) bit label and can be computed in O(mda) time.

Proof.(Skecth) Let L2 : (x) ∈ A 7−→ Bp, where p is the size of the cluster
labeling function L1, be a labeling function which assigns to each vertex x in A,
for each value i ∈ |Im(L1)|, the unique vertex y ∈ B with label i adjacent to x.

The labeling schema easily follows from the definition of the following two
functions: {

f1 : (x, y) ∈ A × B 7−→ (x,L1(y)) ∈ A × IN ;
f2 : (x, c) ∈ A × IN 7−→ y ∈ B,

where f2(x, c) = y iff L1(y) = c and y is adjacent to x.
It is easy to verify that, using the two labelings L1 and L2, the adjacency

test between x ∈ A and y ∈ B can be computed in 2 steps evaluating the two
composable functions f2◦f1(x, y). More precisely, y ∈ adj(x)y ⇐⇒ f2◦f1(x, y) =
y. By Lemma 1, L2 assigns to each vertex x ∈ A a O(dadb log n) bit label.
Finally, the time bound on the computation of the labeling schema easily derives
observing that once a label is assigned to vertex x ∈ B, δ(x)da updates are
necessary.

Obviously, although the labeling schema proposed is valid for general bipar-
tite graphs the length of the labels assigned to upper vertices can be as greater
as δ(x)n log n, and hence, it is not competitive with classical representations,
unless the degree of the lower vertices is bounded by a constant value.

4 Labeling Schema for Regular Bipartite Graphs

In this section, we describe a 3–step valid labeling schema for regular bipartite
graph of degree δ, which assigns O(δ log2 n) bit label to each vertex. This not
only represents a result by itself but it is an intermediate step for our strategy
which reduces the problem of testing adjacency in general graph to the same
problem first for a general bipartite graph and then for a collection of regular
bipartite graphs.

The implicit representation of regular bipartite graph is obtained by showing
that any regular bipartite graph can be decomposed into a O(δ log n) collection of
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special bounded degree bipartite graphs, called log–graphs (Lemma 2 and Corollary 2).
Log–graphs are bipartite graphs such that the degree of the lower vertices is-
bounded by blog nc, and, hence, they admit a vertex labeling function with a
suitable label length for vertices (see Theorem 1).

First we give a set of technical lemmas already described in [17], and presen-
ted here again for clarity of exposition.

Lemma 2. Let Kn,δ be a regular bipartite graph. A set A′ ⊆ A exists such that

the following two conditions hold: i) |A′| =
⌊

n
6δ+1

⌋
; ii) for any x ∈ adj(A′),

δ/A′(x) < blog nc.
Proof. Let h = blog nc and k =

⌊
n

6δ+1

⌋
.

For any i ≥ 0 we define a collection of sets A(i) as follows:
{

A(0) = ∅;
A(i) = A(i − 1) ∪ {xi},

where xi ∈ A − A(i − 1) is a vertex belonging to a set Sh(i) to be defined later.
We claim that A(k) is a set satisfying the statement of Lemma. For each

set A(i) consider the sub-bipartite K/A(i). With reference to K/A(i), for any
1 ≤ j ≤ i we define the following sets:

Cj(i) = {x ∈ adj(A(i))|δ/A(i)(x) = j and δ/A(i−1)(x) = j − 1}; (5)

CT
j (i) = {x ∈ adj(A(i))|δ/A(i)(x) = j}; (6)

Out(CT
j (i)) = {(x, y) ∈ E|y ∈ CT

j (i) and x ∈ A − A(i)} (7)

Loosely speaking, set Cj(i) is the set of vertices in adj(A(i)) having degree
j only after the addition of xi to the set A(i − 1); CT

j (i) is the set of all vertices
in adj(A(i)) of degree j; finally, Out(CT

j (i)) is the set of edges leaving vertices
in CT

j (i) towards vertices in A − A(i).
Sets Sh(i) to which xi belongs are, for j = h, the sub-collection of Sj(i)

defined recursively as follows:

S1(i) = A − A(i − 1);

Sj(i) =

{
{x ∈ Sj−1(i)| |CT

j−1(i − 1) ∩ adj(x)| ≤ t|Out(CT
j−1(i−1))|

|Sj−1(i)| } for 1 ≤ j ≤ i

Si(i) for j > i

where t > 1 is a parameter whose proper evaluation will allow to derive the
Lemma. Sets Sh(i) is composed by those vertices xi which do not increase the
degrees of the lower vertices of K/A(i) more than t times the average.

The proof of Lemma proceeds in two steps. In the first step, we prove that the
construction of sets A(i) always halts finding at least one xi; in the second step,
we show that K/A(k) satisfies conditions i) and ii) of the statement of Lemma,
which, in terms of the notation above introduced, is equivalent to show that the
inequality |CT

h (k)| < 1 holds.
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Claim. |Sh(i)| ≥ 1 for any t ≥ blog nc and 1 ≤ i ≤ k.

Proof.(Claim) The proof of Claim proceeds by showing that:

|Sh(i)| ≥ |Sh−1(i)|
(

1 − 1
t

)
, (8)

Solving the recurrence (8) with the initial condition |S1(i)| = n − i + 1, we
obtain:

|Sh(i)| ≥ (|A| − |A(i − 1)|)
(

1 − 1
t

)h−1

(9)

hence, the proof follows by choosing t ≥ blog nc and 1 ≤ i ≤ n − 4.
Let us define:

µ =
|Out(CT

h−1(i − 1))|
|Sh−1(i)| , (10)

and,

Sh(i) = Sh−1(i)−Sh(i) = {x ∈ Sh−1(i)||CT
h−1(i−1)∩adj(x)| >

t|Out(CT
h−1(i − 1))|

|Sh−1(i)| }.

Hence, for any x ∈ Sh(i), |CT
h−1(i − 1) ∩ adj(x)| > µt. Moreover,

∑

x∈Sh(i)

|CT
h−1(i − 1) ∩ adj(x)|+

∑

x∈Sh(i)

|CT
h−1(i − 1) ∩ adj(x)| = |Out(cT

h−1(i−1))|.

Hence,
µt|Sh(i)| ≤ |Out(CT

h−1(i − 1))| (11)

Recurrence (8) derives from equations (10) and (11).

Claim. |CT
h (k)| < 1.

Proof.(Claim) First observe that, by definition in (6), we have:

CT
h (k) ⊆

k⋃

i=1

Ch(i),

hence,

|CT
h (k)| ≤

k∑

i=1

|Ch(i)| =
k∑

i=1

|CT
h−1(i) ∩ adj(xi)|.

Due to the choice of xi and the definition of Sh(i), it follows:
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|CT
h (k)| ≤

k∑

i=1

t|Out(CT
h−1(i − 1))|

|Sh−1(i)| (12)

Moreover, by definition

|Out(CT
h−1(i − 1))| < |CT

h−1(i − 1)|δ.
Hence, the following recurrence holds:

{ |CT
1 (i)| ≤ iδ

|CT
j (i)| <

∑k
i=1

tδ|CT
h−1(i−1)|

|Sh−1(i)| for j > 1
(13)

From the Inequality (9) and using basic algebra, the evaluation of recur-
rence (13) for j = h, is given by:

|CT
h (k)| < bγhkhc. (14)

where,

γh =
th−1δh

h!(n − k)h−1(1 − 1
t )

(h−1)(h−2)
2

. (15)

The Claim is proved substituting the values of h and k and choosing t = h (see
Claim 4). The proof of Lemma follows from Claims 4 and 4.

Given a bipartite Kn,δ, we define a special set any set A′ ⊆ A satisfying
condition ii) in the statement of Lemma 2. A log-graph is K/A′ , and we denote
it by K∗

/A′ .
It is worth noting that Lemma 2 holds for a wider class of bipartite. In fact,

in the proof it is required that the degree of the upper vertices is regular, while,
for the lower vertices, it suffices to be bounded. More precisely,

Corollary 1. Let K = (A ∪ B, E) be a bipartite graph such that |A| = |B| = n,
and for any x ∈ A then δ(x) = δ, while for any x ∈ B, δ(x) ≤ δ. A set A′ ⊆ A

exists such that the following two conditions hold: i) |A′| =
⌊

n
6δ+1

⌋
; ii) for any

x ∈ adj(A′), δ/A′(x) < blog nc.

Lemma 3. Let Kn,δ be a regular bipartite graph. There is a subset of A of size
at least dn

2 e that can be partitioned in a collection of at most 12δ+2 special sets.

Proof.(Skecth) Let us denote by {A1, . . . , As} the collection of special sets.
Ai, 1 ≤ i ≤ s, is obtained by applying the strategy described in Lemma 2 to
bipartite K

/(A−
⋃i−1

j=0
Aj)

, where A0 = ∅, until
∑s

i=0 |Ai| ≥ dn
2 e (see Corollary 1).

The Lemma derives by showing that |Ai| ≥
⌊

n
12δ+2

⌋
, for 1 ≤ i ≤ s.

The proof proceeds by induction. The base case easily follows from Lemma
2 applied to Kn,δ. Further, applying Lemma 2 to K

/(A−
⋃s−1

j=0
Aj)

and observing

that
∑s−1

i=0 |Ai| < dn
2 e, we have |As| ≥

⌊
n

12δ+2

⌋
.

An immediate consequence of Lemma 2 is:
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Corollary 2. Let Kn,δ be a regular bipartite graph. The set of vertices A can be
partitioned in a O(δ log n) sequence of special sets.

The main consequence of the above technical lemmas is that, applying Theo-
rem 1 to each log–graph induced by the special set collection, it is possible to find
a suitable labeling schema for the representation of the whole regular bipartite
graph (see Theorem 2).

Theorem 2. Let Kn,δ be a regular bipartite graph. There is 3–step valid labeling
schema that assigns to each vertex a O(δ log2 n) bit label and can be computed
in O(mδ + n2) time.

Proof.(Skecth) Let A = {Ai} be the special set collection which partition the
upper vertices set A (see Lemma 3 and Corollary 2), and let {K∗

/Ai
} be the

corresponding collection of log-graphs.
The following labeling functions can be defined.

i. L1 : x ∈ A 7−→ s ∈ IN is a labeling function of the upper vertices which
assigns to each vertex x ∈ A an integer value s ∈ {1, . . . , (12δ + 2)dlog ne}
representing the unique special set to which x belongs according to the de-
composition in special sets A = {Ai}.

ii. L2 : x ∈ B 7−→ IN |A| is a labeling schema function which maps each lower
vertex x to a |A|–tuple of integers. The i-th integer, for 1 ≤ i ≤ |A|, is the
label assigned to x according to the cluster labeling function of the log-graph
K∗

/Ai
. In fact, the log-graph K∗

/Ai
satisfies the conditions of Theorem 1, where

da = δ and db = blog nc.
iii. L3 : x ∈ A 7−→ Bpi is a labeling schema function which maps each upper

vertex x, with respect to the unique special set Ai to which x belongs, for
each value i ∈ {1, . . . , pi} , the unique vertex y ∈ B adjacent to x, where pi

is the size of the cluster labeling function L2 restricted to K∗
/Ai

.

The 3–step labeling schema easily follows from the definition of the following
three functions:






f1 : (x, y) ∈ A × B 7−→ (x, y,L1(x)) ∈ A × B × IN ;
f2 : (x, y,L1(x)) ∈ A × B × IN 7−→ (x,L1(x),L2(y)) ∈ A × IN2;
f3 : (x,L1(x),L2(y)) ∈ A × IN2 7−→ L3(x) = y ∈ B,

More precisely, f1(x, y) returns the tuple (x, y,L1(x)), where L1(x) is the in-
dex of the unique special set to which x belongs to; f2(x, y,L1(x)) returns the
tuple (x,L1(x),L2(y)), where L2(y) is the unique label of y according to the clu-
ster labeling function restricted to the log–graph K∗

/Ai
, with i = L1(x); finally,

f3(x,L1(x),L2(y)) returns the unique lower vertex y to which x is connected
with respect to the log–graph K∗

/Ai
and the cluster labeling function L2(y).

Thus f3 ◦ f2 ◦ f1(x, y) = y iff y is adjacent to x. From Lemma 2, Corollary 2,
and Theorem 1 the labeling functions assign to vertices in O(δ log2 n) as required.

The analysis of the time complexity to compute the data structure can be
divided into two parts: i.) the time required to compute the special set collection;
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ii.) the time complexity to compute the cluster labeling function. The latter
derives from Theorem 1. For the former, observe that the insertion of a vertex x
into a special set implies δ2 updates. It is easy to design a data structure which
allows to compute the special sets collection A = {Ai} in the time required by
the Theorem.

5 Labeling Schema for General Bipartite Graph and
General Graphs

In the first part of this section we show how to reduce adjacency testing problem
for general bipartite graph to the same problem for a collection of regular bi-
partite graph and, finally, we show how to reduce the same problem for general
graphs to general bipartite graphs. Actually, the collection of bipartite graphs
considered is slightly more general than that of regular bipartite graphs. The
bipartite graphs considered are what we call bounded bipartite graphs.

A bounded bipartite graph, denoted by K(na,nb,δa,δb), is a bipartite graph
K(na,nb,δa,δb) = (A ∪ B, E), such that |A| = na, |B| = nb, |E| = m, and for any
x ∈ A then δa/2 ≤ δ(x) ≤ δa, while for any x ∈ B, δ(x) ≤ δb.

It is trivial to extend the results in Section 4 to bounded bipartite graphs.
More precisely they can be restated as follows:

Lemma 4. Let K(na,nb,δa,δb) be a bounded bipartite graph. There exists A′ ⊆ A

such that the following two conditions hold: i) |A′| =
⌊

na

6δb+1

⌋
; ii) for any x ∈

adj(A′), δ/A′(x) < b2 log nac.

Lemma 5. Let K(na,nb,δa,δb) be a bounded bipartite graph. There is a subset of
A of size at least dna

2 e that can be partitioned in a collection of at most 12δb + 2
special sets.

Corollary 3. Let K(na,nb,δa,δb) be a bounded bipartite graph. The set of vertices
A can be partitioned in a O(δb log na)sequence of special sets.

Theorem 3. Let K(na,nb,δa,δb) be a bounded bipartite graph. There is 3–step
valid labeling schema that assigns to each upper vertex a O(δa log2 na) bit label
and to each lower vertex O(δb log2 na) and can be computed in O(mδa+n2

a) time.

It is now possible to study general bipartite graphs.

Theorem 4. Let K = (A∪B, E), where |A∪B| = n and |E| = m, be a bipartite
graph. There is 5–step labeling schema that assigns to a vertex x a O(δ(x) log3 n)
bit label and can be computed in O(mδ+n2) time, where δ is the maximum degree
of the lower vertices.

Proof.(Skecth) Let δa and δb be the maximum degrees of the upper and lower
vertices, respectively. Let us consider a partition of the set of upper vertices A
into sets {Di}, for 1 ≤ i ≤ dlog δae+1, such that Di = {x ∈ A|2i−1 ≤ δ(x) ≤ 2i}.
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With reference to K/Di
, define a partition of the set of lower vertices adj(Di)

in sets {Bi,j}, for 1 ≤ j ≤ dlog δbe + 1, such that Bi,j = {x ∈ adj(Di)|2j−1 ≤
δ(x) ≤ 2j}.

Moreover, let Ki,j = (Di∪Bi,j , Ei,j), where Ei,j = {(x, y) ∈ E|x ∈ Di and y ∈
Bi,j}. By construction each Ki,j is a bounded bipartite graph, hence, Theorem 3
holds.

It is trivial to see that (x, y) ∈ E if and only if there are 1 ≤ i ≤ dlog δae + 1
and 1 ≤ j ≤ dlog δbe + 1, such that (x, y) ∈ Ei,j .

Hence, the following labeling functions can be defined.

i. L1 : x ∈ A 7−→ i ∈ {1, . . . , dlog δae} is a labeling function of the upper
vertices that assigns to each vertex x ∈ A an integer value i representing the
unique set Di to which x belongs.

ii. L2 : x ∈ B 7−→ {1, . . . , dlog δbe}q, where q = {1, . . . , dlog δae}, is a labeling
function which maps each lower vertex x to a q–tuple of integers. The i-th
integer is the value j of the unique set Bi,j to which x belongs.

iii. L3 : x ∈ A 7−→ h ∈ IN t, where t = dlog δbe, is a labeling function of
the upper vertices which assigns to each vertex x ∈ A an integer value
h ∈ {1, . . . , (12 ·2i +2)dlog nae}, representing the unique special set to which
x belongs according to the decomposition in special sets Ai = {Ai,h} of the
bipartite K/Di

to which x belongs.
iv. L4 : x ∈ B 7−→ {1, . . . , dlog δbe}q × IN |Ai|, with q = dlog δae, is a labeling

function that maps each lower vertex x, with respect to L2(x), to a |Ai|–
tuple of integers. The h-th integer of the tuple, for 1 ≤ h ≤ |Ai|, is the
label assigned to x according to the cluster labeling function of the bipartite
graph Ki,j/Ai,h

which satisfies the conditions in Theorem 1, where da = 2i

and db = h.
v. L5 : x ∈ A 7−→ IN t × Bpj,k , where t = dlog δbe, is a labeling function

which maps each upper vertex x, with respect to L3(x), for each value i ∈
{1, . . . , pj,k}, the unique vertex y ∈ B adjacent to x, where pj,k is the size of
the cluster labeling function L4 restricted to the bipartite graph Ki,j/Ai,h

.

The 5–step valid labeling schema easily follows from the definition of the follo-
wing five functions:






f1 : (x, y) ∈ A × B 7−→ (x, y,L1(x)) ∈ A × B × IN ;
f2 : (x, y,L1(x)) 7−→ (x, y,L1(x),L2(y)) ∈ A × B × IN2;
f3 : (x, y,L1(x),L2(y)) 7−→ (x, y,L1(x),L2(y),L3(x)) ∈ A × B × IN3;
f4 : (x, y,L1(x),L2(y),L3(x))7−→(x, y,L1(x),L2(y),L3(x),L4(y))∈ A×B×IN4;
f5 : (x, y,L1(x),L2(y),L3(x),L4(y)) 7−→ L5(x) = y ∈ B.

It is easy to verify that f5 ◦ f4 ◦ f3 ◦ f2 ◦ f1(x, y) = y iff y is adjacent to x.
By Lemma 2, Corollary 2, and Theorem 1, the labeling functions assign to each
vertex x a O(δ(x) log3 n) bit label, as required.

The time complexity bound to compute the data structure follows from Theo-
rem 3 and observing that the two partitions in sets {Di} and Bi,j can be com-
puted in O(n2).
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The extension to general graphs is now straightforward, as shown in following
theorem.

Theorem 5. Let G = (V, E) be a graph. There is a 5–step valid labeling schema
that assigns to each vertex x a O(δ(x) log3 n) bit label and can be computed in
O(mδ + n2) time, where δ is the maximum degree of vertices.

Proof.(Skecth) Consider the bipartite K = (A ∪ B, E′) associate to G defined
as follows: A = B = V , E′ = {(x, y)|x ∈ A and y ∈ B and (x, y) ∈ E}. The
proof follows from Theorem 4.

6 Conclusions and Open Problems

In this paper, a 5–steps labeling schema for an almost optimal graph implicit
representation has been presented. The adjacency test can be performed in 5
steps, evaluating 5 mutually composable functions, each one evaluable in 1 step.
The labeling functions assign a O(δ(x) log3 n) bit label to each vertex x, where
δ(x) is the degree of x.

The proposed schema favorably compares with usual representations. In fact,
even though the amount of space on a per–node basis is increased of a log2 n
factor, the adjacency test can be performed in only 5 steps instead of log δ(x),
which, for many applications (i.e distributed computation [14] and secondary
memory storage [23]) represents an important improvement

A natural direction for further work is to improve the bound on the length
of the labels.

Another interesting research direction, is to apply our approach for coping
with secondary memory management problems. In fact, as said before, the “lo-
cality” property of the data storage and the limited number of accesses to secon-
dary memory for testing adjacency is an important feature for designing efficient
solutions to external memory graph problems.
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Abstract. In this work we introduce graphs with bounded induced di-
stance of order k (BID(k) for short). In any graph belonging to BID(k),
the length of every induced path between every pair of nodes is at most k
times the distance between the same nodes. In communication networks
modeled by these graphs any message can be always delivered through a
path whose length is at most k times the best possible one, even if some
nodes fail.
In this work we first provide a characterization of graphs in BID(k) by
means of cycle-chord conditions. After that, we investigate classes with
order k ≤ 2. In this context, we note that the class BID(1) is the well
known class of distance-hereditary graphs, and show that 3/2 is a lower
bound for the order k of graphs that are not distance-hereditary. Then
we characterize graphs in BID(3/2) by means of their minimal forbidden
induced subgraphs, and we also show that graphs in BID(2) have a more
complex characterization. We prove that the recognition problem for the
generic class BID(k) is Co-NP-complete. Finally, we show that the split
composition can be used to generate graphs in BID(k).

1 Introduction

In communication networks, nodes are connected by point-to-point communica-
tion links for exchanging messages between neighbors. Consequently, messages
from a sender to a destination are delevered through intermediate node(s). Some
networks are not reliable, that is, at some time certain nodes can fail and, con-
sequently, these nodes cannot cooperate to the communication process. In case
of failures, whenever the sender and the destination are still connected, the mes-
sages are always delivered within unknown but some finite delay due to the fact
that the distance between sender and destination might increase. We assume
that transmitting a message incurs a constant cost for each link, that is the di-
stance between any pair of nodes is given by the minimum number of links that
a message must traverse to reach the destination.

Delivering messages is done according to a well defined routing strategy.
Naturally, it is desirable that the strategy routes messages through shortest
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Applicazioni”.
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paths. The usefulness of routing messages through shortest paths is extensively
discussed in [19,22], and also used by the Internet Protocol [18]. In networks using
this protocol, some nodes, also called gateways, use shortest paths information
about the current state of the network to recalculate shortest paths quickly in
the face of node failures.

In this network model, to deliver a message when node failures have occurred
corresponds to deliver the same message in a subnetwork modeled by a subgraph
induced by the unfailed nodes. Moreover, shortest paths in this subgraph corre-
spond to induced paths in the graph that models the whole network.

In this work we investigate network topologies in which, in case of node
failures, messages will eventually reach the destination within a bounded delay,
that is, each message traverses a path whose length is at most k times the length
of a shortest path computed in absence of node failures. To this end, we introduce
graphs having bounded induced distance of order k. To define this kind of graphs,
let us consider two nodes x and y in a graph G, and the set of all the induced
paths joining them. Let us consider the length of a shortest one, that is d(x, y)
(i.e., the distance between x and y in G), and the length of a longest one in this
set of paths, that is D(x, y). Now, the following definition can be given.

Definition 1. Let G be a graph, and {x, y} a pair of distinct connected nodes
in G. The stretch number of the pair {x, y}, denoted by s(x, y), is given by
s(x, y) = D(x,y)

d(x,y) . The stretch number of G, denoted by s(G), is the maximum
stretch over all the possible pairs, that is s(G) = max{x,y} s(x, y).

In a graph G in which the stretch number is s(G) ≤ k, the length of every
induced path is at most k times the length of the shortest one between the same
pair of nodes, and hence the delay ratio in case of node failures is always less or
equal to k. This fact holds in any bounded induced distance graph of order k.
Then, we can define all the following new classes:

Definition 2. Let k be a real number. A graph G is a bounded induced distance
graph of order k if and only if s(G) ≤ k. The class of all the bounded induced
distance graph of order k is denoted by BID(k).

In communication network design, the efficiency of a routing scheme is mea-
sured in terms of its stretch factor [13,23], that is the maximum ratio between
the length of a route computed by the scheme and that of a shortest path connec-
ting the same pair of nodes. If a network G has a k-spanner [21], then a routing
scheme having stretch factor k exists for G. A k-spanner of a graph G is a span-
ning subgraph G′ of G in which every pair of nodes that are adjacent in G are at
distance no greater than k in G′. Neither the concept of spanners nor the con-
cept of stretch factor can be used to measure the efficiency decrease in message
routing due to node failures. On the other hand, if G ∈ BID(k), any routing
scheme delivering messages along induced paths has a stretch factor no greater
than k.

The class BID(1) corresponds to the well known class of distance-hereditary
graphs: a graph is distance-hereditary if and only if the lengths of any two
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induced paths joining the same pair of nodes are equal. Distance-hereditary gra-
phs [2,17] have already been investigated to design interconnection network topo-
logies [7,10,12], and many papers have been devoted to them (e.g., see [1,5,6,9,11]
[15,20,24]).

Given the relevance of graphs with bounded induced distance, our purpose
is to provide a first characterization of graphs belonging to BID(k) of any order
k ≥ 1. To this end, we first prove that the class BID(k) is hereditary for each k,
that is it is closed under induced subgraphs. Then, we give a characterization of
graphs in BID(k) based on cycle-chord conditions.

In particular, we study the classes with small order, that is BID(k), k ≤ 2.
In this context we show that, in networks that are not distance-hereditary and
in which node failures have occurred, k = 3/2 represent a lower bound on the
transmission delay ratio. Then we characterize graphs in BID(3/2) by means of
their forbidden induced subgraphs, and we also show that graphs in BID(2) have
a more complex characterization than graphs belonging to BID(k), k < 2.

We also investigate the complexity of the recognition problem for the generic
class BID(k), proving that this problem is Co-NP-complete. Moreover, in order
to define operations to yield graphs in the class under consideration, we study
the relationships between the stretch number of the graph obtained by split
composition [8] and the stretch number of the composed graphs. By using these
relations we can show that the split composition can be applied to generate
graphs in the class BID(k).

The remainder of this paper is organized as follows. Notations and basic
concepts used in this work are given in Section 2. In Section 3, the new charac-
terization of graphs in BID(k) is shown. In Section 4, we investigate the graph
classes BID(k) when k ≤ 2. In Section 5 we give the complexity result for the
recognition problem for the generic class BID(k). Section 6 shows when the split
composition can be used as an operation to generate graphs in BID(k). Finally, in
the last section we give the conclusions of this work and list some open problems.

2 Preliminaries

In this work we consider finite, simple, loopless, undirected and unweighted gra-
phs G = (V,E) with node set V and edge set E. We use standard terminologies
from [16], some of which are briefly reviewed here.

A subgraph of G is a graph having all its nodes and edges in G. Given a
subset S of V , the induced subgraph 〈S〉 of G is the maximal subgraph of G with
node set S. S is independent if 〈S〉 has no edges. |G| denotes the cardinality of
V .

A sequence of pairwise distinct nodes (x0, . . . , xn) is a path in G if (xi, xi+1) ∈
E for 0 ≤ i < n. The length of path (x0, . . . , xn) is n, and |p| denotes the number
of nodes in the path p. A path (x0, . . . , xn) is an induced path iff 〈{x0, . . . , xn}〉
has n edges. A graph G is connected iff for each pair of nodes x and y of G there
is a path from x to y in G. By N(x) we denote the neighbors of x, that is, the
set of vertices in G that are adjacent to x.
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The notion of cycle has great relevance in this paper. A cycle Cn inG is a path
(x0, . . . , xn−1) where also (x0, xn−1) ∈ E. Two nodes xi and xj are consecutive
in Cn when j = (i+1) mod n or i = (j+1) mod n. A chord of a cycle is an edge
joining two non-consecutive nodes in the cycle. Particular cycles are the fan (a
cycle C5 with two chords both incident the same node), the house (obtained by
removing a chord from a fan), and the domino (a cycle C6 with only one chord
that divides the cycle into two chordless C4).

Given a cycle Cn its chord distance is denoted by cd(Cn), and it is the
minimum number of consecutive nodes in Cn such that every chord of Cn is
incident to some of such nodes. We assume cd(Cn) = 0 when Cn is chordless.

The set S(G) contains all the pairs of nodes inducing the stretch number ofG,
that is, S(G) = {{x, y} | s(x, y) = s(G)}. We use the symbols P (x, y) and p(x, y)
to denote a longest and a shortest induced path between x and y, respectively.
Sometimes, when no ambiguity occurs, we use P (x, y) and p(x, y) to denote the
sets of nodes belonging to the corresponding paths. When 〈P (x, y) ∪ p(x, y)〉
forms a cycle, we use C(x,y) to denote it.

In this paper, we use the split composition graph operation, the inverse of
the decomposition operation introduced by Cunningham [8]. In the following we
recall the split composition terminology.

Let G1, G2 be graphs having node sets V1 ∪ {m1}, V2 ∪ {m2} and edge
sets E1, E2, respectively, where {V1, V2} is a partition of V and m1,m2 6∈ V .
The split composition of G1 and G2 is the graph G = G1 ∗ G2 having node
set V and edge set E = E

′
1 ∪ E

′
2 ∪ {(x, y) | x ∈ N(m1), y ∈ N(m2)}, where

E
′
i = {(x, y) ∈ Ei | x, y ∈ Vi} for i = 1, 2. Nodes which the operation ∗ is

applied to, i.e. m1 and m2, are called marked nodes of the split composition. In
this paper we also use the version of Bouchet [3] where marked nodes m1 and
m2 are joined by a marked edge (e.g., see Fig. 2).

3 A Characterization of Graphs in BID(k)

In this section we investigate about the relationships between class BID(k) and
graph classes already known. We also provide a cycle-chord characterization for
graphs belonging to BID(k).

Distance-hereditary graphs represent a well known graph class; it has been
introduced and studied by Howorka [17] and further characterized in terms of the
distance function, forbidden isometric subgraphs, generative operations, cycle-
chord conditions, and others [2,4,9,15].

The metric characterization of distance-hereditary graphs is: a graph is distance-
hereditary if and only if the lengths of any two induced paths joining the same
pair of vertices are equal. Hence, the following proposition is straightforward.

Proposition 1. A graph G is distance-hereditary if and only if G ∈ BID(1).

The following proposition states the relationship between different classes of
bounded induced distance graphs of distinct orders.

Proposition 2. BID(k1) ⊆ BID(k2), for each k1 < k2.
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The above two propositions suggest that bounded induced distance gra-
phs can be also thought as a parametric extension of distance-hereditary gra-
phs. Moreover, given a graph G with n nodes, it is easy to see that G ∈
BID((n− 2)/2). In particular, if a cycle Cn is chordless, then s(Cn) = (n−2)/2.
Notice that, if G is not distance-hereditary then s(x, y) = s(G) implies d(x, y) ≥
2.

The following technical results will be used to prove the characterization of
graphs belonging to the class BID(k) given in Theorem 2.

Theorem 1. The class BID(k) is closed under induced subgraphs.

Proof. Let G be a graph in BID(k), x, y ∈ G, and G′ an induced subgraph of
G such that x, y ∈ G′. Let D′(x, y) and d′(x, y) be the length of a longest and
a shortest induced path between x and y in G′, respectively. Since G belongs
to BID(k) then D(x, y) ≤ k · d(x, y), whereas relationships D′(x, y) ≤ D(x, y)
and d′(x, y) ≥ d(x, y) hold in every graph. Hence, D′(x, y) ≤ k · d′(x, y) and the
theorem follows. 2

Lemma 1. Let G be a graph, and {x, y} ∈ S(G). If z ∈ P (x, y) ∩ p(x, y), and
z 6∈ {x, y}, then {x, z} ∈ S(G) or {z, y} ∈ S(G).

Proof. Let k = s(G). By contradiction, let us suppose that {x, z}, {z, y} 6∈
S(G). Then D(x, z) < k · d(x, z) and D(z, y) < k · d(z, y). Hence, D(x,y)

d(x,y) =
D(x,z)+D(z,y)
d(x,z)+d(z,y) < k·d(x,z)+k·d(z,y)

d(x,z)+d(z,y) < k. This contradicts the hypothesis {x, y} ∈
S(G). 2

Corollary 1. Let G ∈ BID(k), and s(G) > 1. Then, there exists a pair {x, y} ∈
S(G) such that 〈P (x, y) ∪ p(x, y)〉 is a cycle.

Proof. Let {x, y} ∈ S(G). If 〈P (x, y) ∪ p(x, y)〉 is not a cycle, then there exists a
node z belonging both to P (x, y) and to p(x, y). Now, by Lemma 1, another pair
of nodes having a distance less than d(x, y) is in S(G). If this pair determines
a cycle we are done, otherwise we apply the previous lemma recursively until
either we find a pair of nodes {u, v} ∈ S(G) which determines the requested
cycle or d(u, v) = 1. The latter case implies that s(G) = 1 and this contradicts
the hypothesis s(G) > 1. 2

Corollary 2. Let G1, G2, . . . , Gn be the subgraphs induced by the maximal bi-
connected components of a graph G. Then s(G) = max1≤i≤n s(Gi).

Proof. Let {x, y} ∈ S(G) a pair of nodes belonging to two different maximal
biconnected components of G. If G is connected, then there exists an articulation
point z belonging both to P (x, y) and to p(x, y). In this case, by Lemma 1, it
follows that {x, z} ∈ S(G) or {z, y} ∈ S(G). Let us suppose {x, z} ∈ S(G). If
x and z are in the same component, the theorem is proved. Otherwise, we can
apply the Lemma 1 recursively until we find a pair of nodes {u, v} belonging to
the same component and such that {u, v} ∈ S(G).
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If G is not connected, we can apply the same argumentations to any connec-
ted component having a pair of nodes in S(G). 2

The following theorem gives a characterization of graphs belonging to BID(k)
for any given order k.

Theorem 2. Let G be a graph and k ≥ 1 a real number. Then, G ∈ BID(k) if
and only if cd(Cn) >

⌈
n

k+1

⌉
− 2 for each cycle Cn, n > 2k + 2, of G

Proof. Only if case. By contradiction, let us suppose that a cycle Cn, n > 2k+2,
exists in G such that cd(Cn) ≤

⌈
n

k+1

⌉
− 2. Let (x, v1, v2, . . . , vq, y, u1, u2, . . . up),

p + q + 2 = n, be the cycle Cn, and {v1, v2, . . . , vq} the set of nodes giving the

chord distance of Cn; then, d(x, y) ≤
⌈

n
k+1

⌉
−1. It follows that d(x, y)+D(x, y) ≤

d(x, y) + k · d(x, y) ≤ d(x, y)(k + 1) ≤ (k + 1)(
⌈

n
k+1

⌉
− 1) < (k + 1) n

k+1 = n.
Hence, D(x, y) < n − d(x, y), and this implies that there must exist chords in
Cn not incident to any node in {v1, v2, . . . , vq}, contradicting the definition of
chord distance.

If case. By contradiction, let us suppose G 6∈ BID(k), and {x, y} ∈ S(G). By
Corollary 1 it follows that Cn ≡ C(x,y), and by contradiction hypothesis we have
that D(x, y) > k · d(x, y). Then, n = D(x, y) + d(x, y) > k · d(x, y) + d(x, y) =
(k + 1)d(x, y). This implies that

cd(Cn) >
⌈

n
k+1

⌉
− 2 ≥

⌈
n

k+1

⌉
− 1 ≥ n

k + 1
− 1 ≥ (k + 1)d(x, y)

k + 1
− 1 = d(x, y)− 1

Hence, cd(Cn) ≥ d(x, y). As d(x, y) − 1 is the number of nodes between x and
y in the cycle Cn, then there must exists a chord not incident to any node in
p(x, y); this chord joins nodes in P (x, y), and this is a contradiction because
P (x, y) is an induced path. 2

The following result represents a reformulation of the well known crossing-
chord characterization of distance-hereditary graphs [17]:G is distance-hereditary
if and only if every cycle Cn, n ≥ 5, in G has two crossing chords.

Corollary 3. G ∈ BID(1) if and only if cd(Cn) > 1 for every cycle Cn, n ≥ 5,
in G.

Proof. Only if case. By contradiction, let us suppose that a cycle Cn, n ≥ 5,
such that cd(Cn) ≤ 1. If cd(Cn) = 0 there are no chords in Cn, and trivially
G 6∈ BID(1). Otherwise, if cd(Cn) = 1 then there exists a node x incident to
all the chords of the cycle. Let u and v the nodes adjacent to x in Cn. In this
case d(u, v) = 2 and D(u, v) > 2, which is a contradiction because G is distance-
hereditary.

If case. By contradiction, let us suppose G 6∈ BID(1). Then, by Theorem 2
in [2] or by Theorem 4.2 in [15], G must contain, as induced subgraph, a cycle
C corresponding to either a chordless cycle Cn, n ≥ 5, or a fan, or a house, or a
domino. For all these cycles, either cd(C) = 0 or there exists a node x such that
all the chords are incident to it. This contradicts the hypothesis cd(C) > 1. 2
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4 Graphs in BID(k) with Small k

In this section we investigate the structure of graphs belonging to BID(k) when
k is close to 1. The motivation is quite natural: we want to relax the restriction
for which all the induced paths between two nodes have the same length (as
happens in any distance-hereditary graph) and maintain a small ratio between
the lengths of the longest and shortest path connecting any pair of nodes. In
other words we are investigating graphs that are not distance-hereditary, but
with a stretch number very small (e.g., graphs belonging to BID(k), k ≤ 2).

Theorem 3. Let G be a graph. If G is not distance-hereditary, then s(G) ≥ 3/2.

Proof. If G is not distance-hereditary, by Theorem 2 in [2] or by Theorem 4.2
in [15] G must contain, as induced subgraph, a chordless cycle Cn, n ≥ 5, or a
fan, or a house, or a domino. If G contains a chordless cycle Cn with at least 5
nodes, then s(G) ≥ (n− 2)/2 ≥ 3/2. Fan and house are cycles with 5 nodes and
chord distance equal to 1: then, their stretch number is exactly 3/2. The domino
graph is a cycle with 6 nodes and a chord: then its stretch number is 2. In any
case, s(G) ≥ 3/2. 2

Remark 1. Despite of the simpleness of its proof, Theorem 3 implies that in case
of node failures no routing scheme on computer networks not based on distance-
hereditary graphs is able to assure the delivery of messages through paths whose
length is less than 1.5 times the best possible, that is, when no node has failed.

At this point, the class BID(3/2) assumes a great relevance. In the following,
we give a characterization of this class based on forbidden induced graphs.

Theorem 4. Let G be a graph. G ∈ BID(3/2) if and only if the following graphs
are not induced subgraphs of G: chordless cycles Cn, n ≥ 6, cycles C6 and C7
with chord distance equal to 1, and cycles C8 with chord distance equal either to
1 or 2.

Proof. Only if part. All the considered cycles have a stretch number greater than
3/2, and hence they are forbidden induced subgraphs for every graph belonging
to BID(3/2).

If part. By contradiction, let us assume thatG 6∈ BID(3/2). This implies there
are two nodes x, y ∈ S(G) such that s(x, y) > 3/2. Let us assume that C(x,y)
has n nodes. In the following we analyze three different cases: (i) d(x, y) = 2,
(ii) d(x, y) = 3, and (iii) d(x, y) ≥ 4.

(i) If d(x, y) = 2, then D(x, y) > 3 and n ≥ 6. Being d(x, y) = 2, then p(x, y) =
(x,w, y) and any chord (if any) in C(x,y) is incident to w. If there are no
chords in C(x,y), this contradicts the hypothesis. In the case of chords incident
to w, n cannot be equal to 6, 7 or 8, by hypothesis. If n > 8 then any chord
in C(x,y) generates an induced cycle with at least 6 nodes and cd(C(x,y)) ≤ 1.
By recursively applying this property to this cycle, we reach either an empty
cycle with more than 5 nodes or a forbidden graph with 6, 7 or 8 nodes, a
contradiction of the hypothesis.
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... ...

Fig. 1. The forbidden induced subgraphs for BID(3/2). In each cycle there must
exist at least one of the dotted chords.

(ii) If d(x, y) = 3, then D(x, y) > 9/2 and n ≥ 8. Since d(x, y) = 3 then
p(x, y) = (x, v, w, y), and any chord in C(x,y) is incident to either v or w.
Moreover, since cd(C(x,y)) ≤ 2 then n 6= 8. Assuming n > 8, C(x,y) must
have at least one chord. Let us assume that v is incident to some chord in
C(x,y).
Assuming P (x, y) = (x, u1, u2, . . . , ut, y), let us consider the chord (v, ui)
when i = max1≤j≤t{j | (v, uj) is a chord in C(x,y)}. Chord (v, ui) cuts C(x,y)
into two cycles. The one containing x cannot be formed by more than 5 nodes,
otherwise the corresponding induced graph is either forbidden or it is a graph
considered in case (i). Hence, the other cycle has n−3 ≥ 6 nodes with every
chord (if any) incident only to w. This cycle is an induced subgraph already
considered in case (i).

(iii) When d(x, y) ≥ 4 we show that the graph induced by the nodes of C(x,y)
contains an induced subgraph already considered in the previous cases. Let
p(x, y) = (x, v1, v2, . . . , vl, y) and P (x, y) = (x, u1, u2, . . . , ut, y). As in case
(ii), let us consider the chord (v2, ui) when i = max1≤j≤t{j | (v2, uj) is a
chord in C(x,y)}.
This chord cuts C(x,y) into two cycles: the first containing x with m nodes,
and the other one with m′ nodes. In this case, m must be less or equal to 7,
otherwise we are in the case (ii). As a consequence we have that m′ ≥ n−5.

By Theorem 2 we have that l ≤
⌈

n
5/2

⌉
− 2, and then n > 5

2 (l + 1). Now, by

showing that cd(Cm′) = l − 2 ≤
⌈

m′
5/2

⌉
− 2, we prove that the cycle with m′

nodes does not belong to BID(3/2). It follows that:
⌈

m′
5/2

⌉
− 2 ≥

⌈
n−5
5/2

⌉
− 2 >

⌈
(5/2)(l+1)−5

5/2

⌉
− 2 = d(l + 1) − 2e − 2 = l − 3

Hence,
⌈

m′
5/2

⌉
−2 ≥ l−2 implies that the subgraph induced by the cycle Cm′

is not in BID(3/2). Then, either it is a graph considered in the previous two
cases or we can recursively apply the same argumentations to it.
If v2 has no incident chords, then trivially C(x,y) has an induced cycle with
at least m′ nodes and chord distance less or equal to l − 2. Then we can
apply to this cycle the argumentations of the previous three cases.

This concludes the proof. 2
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x y
y

. . .
x

Fig. 2. A graph C5 ∗C5 ∗ · · · ∗C5, obtained by i− 1 chordless cycles C5 obtained
by split composition, having stretch equal to 2 − 1/i.

By computing the stretch number of every minimal forbidden subgraph for
class BID(3/2), we can state the following:

Corollary 4. Let G be a graph. If G 6∈ BID(3/2), then s(G) ≥ 5/3.

According to all the previous results, as there exists no graph with stretch
number between 1 and 3/2, and between 3/2 and 5/3, we are confident that the
following conjecture holds.

Conjecture 1. There exists no graph G such that 2 − 1
i < s(G) < 2 − 1

i+1 , for
each i = 1, 2, 3, . . ..

Moreover, we are able to prove the following theorem:

Theorem 5. There exists a graph Gi such that s(Gi) = 2 − 1
i , for each i =

1, 2, . . .

Proof. Assuming that C5 denotes here the chordless cycle with five nodes, let us
define the graph Gi.

If i = 1, then G1 ≡ C4. If i > 1, then Gi ≡
i− 1 cycles

︷ ︸︸ ︷
C5 ∗ C5 ∗ · · · ∗ C5, where marked

nodes, belonging to the same cycle C5, have distance 2. Figure 2 shows the graph
Gi.

Now we have to prove that s(Gi) = 2 − 1
i . For i = 1 the claim is trivially

true, whereas for i = 2, G2 ≡ C5, and s(G2) = 3
2 . When i > 2, let us consider

the nodes x and y in Fig, 2. By definition of split composition, since there are
exactly i − 1 cycles, it is easy to see that {x, y} ∈ S(Gi). In fact, d(x, y) = i,
D(x, y) = 2i− 1, and hence s(Gi) = 2 − 1

i . 2

In the sequel of this section, we prove that the class BID(2) is quite different
from classes BID(k), k < 2. In fact, assuming that the Conjecture 1 holds, likely
all the classes properly included in BID(2) can be characterized by listing all
their minimal forbidden subgraphs. For instance, for BID(1): chordless Cn with
n ≥ 5, cycles C5 and C6 with chord distance equal to 1; for BID(3/2): chordless
Cn with n ≥ 6, cycles C6 and C7 with chord distance equal to 1, and cycles
C8 with chord distance equal to 1 or 2. Conversely, the following theorem shows
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Fig. 3. A minimal forbidden induced subgraph C7+3i in class BID(2) having
chord distance cd(C7+3i) = i+ 1, i = 1, 2, . . .

that in BID(2) there are infinitely many different forbidden subgraphs with chord
distance greater than zero.

Theorem 6. For graphs in the class BID(2) there exist minimal forbidden in-
duced cycles C7+3i, i = 1, 2, 3, . . . , with chord distance equal to i+ 1.

Proof. Let i ≥ 1 be an integer. We build a cycle Gi ≡ C7+3i, with cd(Gi) = i+1
by using the split composition:

Gi ≡ C6 ∗
i− 1 cycles

︷ ︸︸ ︷
C5 ∗ C5 ∗ · · · ∗ C5 ∗C6

where C6 and C5 are chordless cycles, and the two marked nodes belonging to the
same cycle C5 have distance 2 (see Fig. 3). The resulting graphGi has 7+3i nodes
(the non-marked nodes) and chord distance cd(Gi) = i + 1. According to the
characterization of graphs in BID(2) given in Theorem 2, since

⌈ 7+3i
3

⌉−2 = i+1,
then Gi is forbidden in BID(2).

To prove that Gi is minimal, we have to prove that s(x, y) ≤ 2 for each pair
{x, y} of distinct and connected nodes of Gi such that the subgraph induce by
P (x, y) ∪ p(x, y) does not coincide with Gi.

We have to consider three different cases: (i) neither x nor y belongs to the
same cycle C6, (ii) only x is in a cycle C6, and (iii) x is in the first cycle C6 and
y in the second one.

(i) Since the longest and the shortest induced paths cannot include nodes of the
C6 cycles (otherwise they are not induced), we are in the same case of proof
of Theorem 5 (see also Fig. 2), and then s(x, y) < 2.

(ii) In this case we have to consider just the pairs of nodes {x1, y} and {x2, y},
where y belongs to the j-th cycle C5, and x1 and x2 belong to the same
cycle C6. These nodes are pointed out in Fig. 3, and, since all the other
possible pairs are symmetrical, they are not considered. As regard {x1, y},
d(x1, y) = j + 2 (one edge to reach node 0, one edge for each marked edge,
and one edge to reach y), and D(x1, y) = 2j+4 (3 edges in the first C6 cycle,
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one edge for each marked edge, one edge for each C5 cycle, and one edge to
reach y) then s(x1, y) = 2. As regard {x2, y}, d(x2, y) = d(x1, y) + 1 = j + 3
and D(x2, y) = D(x1, y) − 1 = 2j + 3, then s(x1, y) < 2.

(iii) In this case, the longest and shortest induced paths between x and y always
form the same cycle of 7 + 3i nodes, which coincides with Gi.

This concludes the proof. 2

5 Recognition Problem for the Class BID(k)

Although Theorem 2 provides a characterization for graphs with bounded in-
duced distance of a generic order k, it cannot be used to devise an efficient
algorithm to solve the recognition problem for the class BID(k). Moreover, the
following complexity result can be shown.

Definition 3. Stretch Number Problem:
Instance: A graph G = (V,E), a rational number q ≥ 1.
Question: Is the stretch number of G greater than q?

The NP-completeness of this problem can be shown by providing a polynomial
transformation from the NP-complete problem Induced Path [14], that can be
formally defined as follows:

Instance: A graph G = (V,E), a positive integer k ≤ |V |.
Question: Is there a subset P ⊆ V with |P | ≥ k such that the subgraph induced
by P is an induced path on |P | nodes ?

Theorem 7. Stretch Number is NP-complete.

Proof. It is easy to see that the Stretch Number problem belongs to NP, as given
a pair of paths joining two nodes in V it is possible to check in polynomial time
whether the ratio of their lengths is greater than q.

Given a graph G = (V,E) and a positive integer k representing an instance of
Induced Path, we construct in polynomial time a graph G′ and define a rational
number q such that there is the required induced path in G if and only if s(G′)
is greater than q.

The reduction graph G′ = (V ′, E′) is obtained as follows: add a pendant
node v to each node v ∈ V , forming an independent set W = {v | v ∈ V }. Then
connect all the nodes in V ∪W to a new node u. Formally, V ′ = V ∪W ∪ {u},
V,W and {u} are pairwise disjoint sets with |W | = |V |, and E′ = E ∪ {(v, v) |
v ∈ V, v ∈ W} ∪ {(u, v) | v ∈ V ∪ W} (see Fig. 4). Concerning the rational
number q, it is given by q = (k + 1)/2.

Now we prove that the instance of Induced Path has a positive answer if and
only if s(G′) > q.

Only if case. Let us assume that the instance of Induced Path has a positive
answer. This implies that an induced path p = (v1, v2, . . . , vn) exists in 〈V 〉 such
that |p| ≥ k. Then the path p = (v1, v1, . . . , vn, vn) is also an induced path in G′

and |p| ≥ k + 2.
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v
. . . . . .

Fig. 4. The graph G′ built using the instance G = (V,E) of the Induced Path
problem. W is an independent set containing a “copy” v for each node v ∈ V .

By definition of G′, nodes v1 and vn are not connected, and since they are
both adjacent to u, then d(v1, vn) = 2. Hence, the following relation holds:

D(v1, vn)
d(v1, vn)

≥ k + 2
2

>
k + 1

2
= q

This implies that the instance of Stretch Number has a positive answer.
If case. Let us assume that Stretch Number has a positive answer, that is

s(G′) > q. By definition of stretch number there exist two nodes x, y ∈ G′ such
that s(x, y) > q. Vertices x and y cannot be adjacent otherwise s(x, y) = 1. For
the same reason, neither x nor y can coincide with u, being u adjacent to each
other node in G′. Then, d(x, y) = 2 and, as consequence, D(x, y) > 2q = k + 1.

Let p = (x, v1, . . . , vn, y) be an induced path between x and y whose length
is equal to D(x, y). This path p cannot include u, since the only induced path
including u is (x, u, y); but in this case D(x, y) = 2, contradicting the relation
D(x, y) > 2q just found. Hence, x, y and vi, 1 ≤ i ≤ n, are elements of V ∪W .
Moreover, since the elements of W are pendant nodes in 〈V ∪W 〉, then vi 6∈ W ,
1 ≤ i ≤ n.

Now, three different cases arise, according to the membership of x and y to
W .

– Both x and y are in V . In this case p is an induced path in G, and since
|p| > k + 1, then p itself is a solution for the instance of the Induced Path
problem.

– x ∈ V and y ∈ W . In this case p′ = (x, v1, . . . , vn) is an induced path in G,
and since |p| > k + 1, then |p′| > k and p′ is a solution for the instance of
the Induced Path problem.

– Both x and y are in W . In this case p′′ = (v1, . . . , vn) is an induced path in
G, and since |p| > k + 1, then |p′′| ≥ k and p′′ is a solution for the instance
of the Induced Path problem.

This implies that the instance of Induced Path has a positive answer. 2
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Since the recognition problem for the class BID(k) is exactly the complementary
problem of Stretch Number, we can state the following complexity result.

Corollary 5. The recognition problem for the class BID(k) is Co-NP-complete.

6 Building Graphs in BID(k)

The complexity result of the recognition problem for the class BID(k) makes
difficult to devise operations able to build all the graphs with bounded induced
distance of order k. In this section, we introduce simple operations able to yield
graphs representing a part of the class under consideration.

The following theorem gives an upper bound to the order of the class which
a graph belongs to when it is obtained by a split composition.

Theorem 8. Let G1, G2 be two graphs belonging to BID(k1) and BID(k2), res-
pectively. Then,

G1 ∗G2 ∈ BID(k), where k = max{k1, k2,
2(k1 + k2) − 1

3
}

Proof. Let m1 and m2 the marked nodes in G1 and G2, respectively. If x ∈
G1 −N(m1) and y ∈ G2 −N(m2), then D(x, y) = D(x,m1) +D(m2, y) − 1 and
d(x, y) = d(x,m1)+d(m2, y)−1. Since D(x,m1) ≤ k1 ·d(x,m1) and D(m2, y) ≤
k2 · d(m2, y), then D(x,m1) +D(m2, y) − 1 ≤ k1 · d(x,m1) + k2 · d(m2, y) − 1 ≤
k1(d(x,m1)+d(m2, y)−1)+k2(d(x,m1)+d(m2, y)−1)+k1(1−d(m2, y))+k2(1−
d(x,m1)) − 1. Then, s(x, y) ≤ k1 + k2 + (k1(1 − d(m2, y)) + k2(1 − d(x,m1)) −
1)/(d(x,m1) + d(m2, y) − 1) ≤ k1 + k2 + (−k1 − k2 − 1)/3 = (2(k1 + k2) − 1)/3.
Hence, s(G1 ∗G2) ≤ max{k1, k2,

2(k1+k2)−1
3 }. 2

Notice that this theorem provides a tight upper bound to the stretch number
of the graph G1 ∗G2. In fact, if the cycle C5 is chordless, then s(C5) = 3/2 and
s(C5 ∗ C5) = 2( 3

2+ 3
2 )−1

3 = 5
3 .

Corollary 6. Let G be a graph in BID(k). If G′ belongs to BID(k+1
2 ), then

G ∗G′ ∈ BID(k).

This corollary can be used to build graphs belonging to BID(k) by split
composition with graphs having stretch not greater then (k + 1)/2.

Corollary 7. The class of distance-hereditary graphs is closed under split com-
position. The class BID(k) is closed under extension by distance-hereditary gra-
phs via split composition.
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7 Conclusions

In this paper we have introduced graph classes that represent a parametric ex-
tension of the class of distance-hereditary graphs. In any graph belonging to the
generic new class BID(k), the length of every induced path between any pair of
nodes is at most k times the length of the shortest one between the same nodes.
These graphs can model communication networks with shortest paths routing,
and in which node failures can occur: any message is always delivered through
a path (that, due to node failures, could be longer than the shortest one) whose
length is at most k times the best possible.

In spite of the results provided in this work, many questions are left open:

1. Can the Conjecture 1 be proven?
2. The recognition problem for BID(1) can be solved in linear time [2,15], whe-

reas it is Co-NP-complete for the generic case (Theorem 5). What is the
largest constant k such that the recognition problem for BID(k) can be sol-
ved in polynomial time?

3. Many other combinatorial problems are solvable in polynomial time for
BID(1). Can some of these results be extended to BID(k), k > 1?

4. Can the characterization of graphs in BID(3/2) given in Theorem 4 be ex-
tended to other classes BID(k), k < 2?

5. Is it possible to characterize graphs in BID(k), k < 2, by split decomposition?
6. Can some results of this work be extended to graphs such that D(x, y) ≤
f(d(x, y)) (e.g., f(d(x, y)) = d(x, y) + k)?

7. Is it possible to define compact routing schemes (or other kinds of routing
schemes) for networks based on graphs in BID(k)?
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4. A. Brandstädt. Special graph classes. Technical Report SM-DU-199, University
Duisburg, 1993.

5. A. Brandstädt and F. F. Dragan. A linear time algorithm for connected r-
domination and Steiner tree on distance-hereditary graphs. Technical Report SM-
DU-261, University Duisburg, 1994.

6. S. Cicerone and G. Di Stefano. Graph classes between parity and distance-
hereditary graphs. In 1st Discrete Mathematics and Theoretical Computer Science
(DMTCS’96), Combinatorics, Complexity, and Logic, pages 168–181. Springer-
Verlag, 1996.

7. S. Cicerone and G. Di Stefano. Port and node support to compact routing. Tech-
nical Report R.97-17, Dipartimento di Ingegneria Elettrica, Università di L’Aquila
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Abstract. Determining the diameter of a graph is a fundamental graph
operation, yet no efficient (i.e. quadratic time) algorithm is known. In
this paper, we examine the diameter problem on chordal and AT-free
graphs and show that a very simple (linear time) 2-sweep Lex-BFS algo-
rithm identifies a vertex of maximum eccentricity unless the given graph
has a specified induced subgraph (it was previously known that a single
Lex-BFS algorithm is guaranteed to end at a vertex that is within 1 of
the diameter for chordal and AT-free graphs). As a consequence of the
forbidden induced subgraph result on chordal graphs, our algorithm is
guaranteed to work optimally for directed path graphs (it was previously
known that a single LexBFS algorithm is guaranteed to work optimally
for interval graphs).

1 Introduction

Recently considerable attention has been given to the problem of developing
fast and simple algorithms for various classical graph problems. The motivation
for such algorithms stems from our need to solve these problems on very large
input graphs, thus the algorithms must be not only fast, but also easily imple-
mentable. Determining a graph diameter is a classical and well-known problem.
For arbitrary graphs, as well as for various restricted graph families, the current
fastest algorithm for this problem achieves the time bound of O(nm) (see for
example [12]) which is too slow to be practical for very large graphs.

In this paper, we study the problem of determining a vertex of high ec-
centricity for chordal and AT-free graphs. The eccentricity of a vertex x is
ecc(x) = maxy∈V d(x, y) where d(x, y) denotes the distance between x and y.
The diameter of a graph equals the maximum eccentricity achieved by any ver-
tex in the graph. Given v, a vertex of maximum eccentricity, it is trivial to
determine the set of vertices whose distance from v equals the diameter of G
(i.e. these vertices constitute the last layer of a Breadth First Search, (BFS)
from v). A graph is chordal iff there is no chordless cycle of length more than
3. It is well-known that chordal graphs are exactly the intersection graphs of
subtrees in trees [1,7]. Interval graphs can be defined as the intersection graphs

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 192–202, 1998.
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of subpath in paths (see [11]). A natural generalization of interval graphs is the
concept of directed path graphs. A graph is a directed path graph iff it is the
intersection graph of a collection of directed paths in a rooted directed tree [8].
Three vertices u, v, w are an asteroidal triple (AT) if between any two of them,
there exists a path that avoids the neighbourhood of the remaining vertex. A
graph is AT-free if it does not contain an AT.

The algorithm that we present involves two sweeps of the well-known Lexi-
cographic Breadth First Search (Lex-BFS) introduced by Rose, Tarjan and Lue-
ker [14] (see algorithm 1) for the recognition of chordal graphs. An example of a
Lex-BFS sweep is presented in figure 8. It is somewhat surprising that Lex-BFS
seems to play a fundamental role for both chordal and AT-free graphs, two fami-
lies that exhibit very little structural similarity (see for example [3,4,7,13,14]).
Furthermore Dragan et al [5] and Dragan [6] have shown that the eccentricity of
the vertex visited last in a Lex-BFS is within 1 of the diameter for chordal and
AT-free graphs respectively, and is the diameter for interval graphs.

Algorithm 1: Lexicographic Breadth First Search (Lex-BFS(z)) [14]
Input: A graph G = (V, E) with z ∈ V

Output: An ordering σ of the vertices of V , with z the last element.
begin

assign the label {n + 1} to vertex z and ∅ to every other vertex ;
for i = n to 1 do

pick an unnumbered vertex x with the largest label in the lexicogra-
phic order (number x by i);
for each unnumbered neighbour y of x do

add i to label(y) ;

σ(i)← x ;

end

Note that Lex-BFS can be started from any vertex of the graph G. We will
denote by Lex-BFS(w) a Lex-BFS started from vertex w. In this paper, we
examine the following very simple 2-sweep Lex-BFS algorithm and study its
performance on chordal and AT-free graphs.

In particular, we examine conditions when ecc(v) = diam(G)− 1, where v is
the vertex returned by the 2-sweep algorithm. These conditions include forbidden
subgraph results for both chordal and AT-free graphs. The forbidden subgraph
result for chordal graphs immediately shows that the algorithm works optimally
for directed path graphs.

Before presenting these results, we show that it is unlikely that the diameter
problem on either chordal or AT-free graphs can be solved in quadratic time. To
do this we introduce the disjoint sets problem.
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Algorithm 2: 2-sweep Lex-BFS

Input: A graph G

Output: A vertex v

begin
Let w be an arbitrary vertex;
u← the last vertex numbered by Lex-BFS(w);
v ← the last vertex numbered by Lex-BFS(u);
return v;

end

2 Disjoint Sets Problem

Given S = {S1, S2, . . . , Sn} sets over the base set X , the Disjoint Sets Problem
(DSP) asks whether there exist i and j such that Si∩Sj = ∅. To our knowledge,
there is no algorithm for this problem with a better running time than the order
of Boolean Matrix Multiplication (BMM). As pointed out by Chepoi [2], a fast
algorithm (i.e. in quadratic time or better) for determining whether a split graph
(and thus a chordal graph) has diameter 2 or 3 would imply a fast algorithm
(i.e. faster than BMM) for the DSP (see figure 1).

S

X

Fig. 1. The set X is represented by a clique and S by an independent set. A set
Si is adjacent to its elements in X . The diameter of this graph is 3 iff there exist
two disjoint sets in S.

In figure 2, a similar transformation is presented to show that the diameter
equals 2 or 3 problem on co-comparability graphs (and thus AT-free graphs)
would have the same impact on the DSP.

Thus it seems unlikely that a linear or quadratic time algorithm exists for
the diameter problem on either chordal or AT-free graphs. We now present the
main results of our paper.

3 Results

The proofs of the results will be included in the journal version of this paper.
First we note that the algorithm is guaranteed to find the diameter for arbitrary
graphs, if the diameter equals 2.
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S X S ′

Fig. 2. The set X is represented by a clique. Two copies of S are also represented
by two cliques. A set Si (resp. S′

i) is adjacent to its elements in X . The diameter
of this graph is 3 iff there exist two disjoint sets in S.

Proposition 1 Let G be an arbitrary graph and u be the vertex of G visited last
by a Lex-BFS. If diam(G) = 2, then ecc(u) = diam(G).

Although the algorithm does not guarantee a maximum eccentricity vertex
for chordal and AT-free graphs, the following lemma shows that such a vertex
is in the last BFS layer from v, the vertex returned by algorithm 2.

Lemma 1. If G is chordal or AT-free and algorithm 2 returns vertex v, then
there exists a vertex x of maximum eccentricity such that d(v, x) = ecc(v).

The distance between a vertex x and a set of vertices S, denoted by d(S, x), is
the minimum distance between x and a vertex of S. The following easy property
of Lex-BFS holds for arbitrary graphs.

Lemma 2. Let Si be the numbered vertices at step i of Lex-BFS. If x 6∈ Si and
y 6∈ Si are two vertices such that d(Si, x) < d(Si, y), then x will be numbered
before y.

3.1 Chordal Graphs

Let σ = (v1, v2, . . . , vn) be an ordering of the vertex set of a graph G. We
write a < b whenever in a given ordering σ vertex a has a smaller number than
vertex b. Moreover, {a1, · · · , al} < {b1, · · · , bk} is an abbreviation for ai < bj

(i = 1, · · · , l; j = 1, · · · , k). An ordering of the vertex set of a graph G generated
by LexBFS is called a LexBFS–ordering.

In what follows we will often use the following property (cf.[10]) :

(P1) If a < b < c and ac ∈ E and bc /∈ E then there exists a vertex d
such that c < d, db ∈ E and da /∈ E.

It is well–known that any LexBFS–ordering has property (P1) [9]. Moreover,
any ordering fulfilling (P1) can be generated by LexBFS [5].
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The following lemma presents the well known characterization of chordal
graphs.

Lemma 3. [14] Let σ be a LexBFS–ordering of a graph G. Then G is a chordal
graph if and only if σ is a simplicial ordering, that is : bc ∈ E holds for all
vertices a, b and c with a < {b, c} and ab, ac ∈ E.

Let P = (x0 − x1 − · · · − xk−1 − xk) be an arbitrary path of G and σ be an
ordering of the vertex set of this graph. The path P is monotonic (with respect
to σ) if x0 < x1 < · · · < xk−1 < xk holds whenever x0 < xk, and P is convex if
there is an index i (1 ≤ i < k) such that x0 < x1 < · · · < xi−1 < xi > xi+1 >
· · · > xk−1 > xk. Then vertex xi is called the switching point of the convex path
P .

In the sequel of this subsection we assume that G is a chordal graph and σ
is a LexBFS–ordering of G.

By lemma 3 no induced path P = (x0 − · · · − xk) of G can contain a vertex
xj (1 ≤ j < k) with xj−1 > xj < xj+1. Hence, we have the following.

Lemma 4. Every induced path of G is either monotonic or convex.

Now let P = (x0 − · · · − xk) be a shortest path of G connecting x0 and xk.
We say that P is a rightmost shortest path if the sum x0 + x1 + · · ·+ xk of the
positions of x0, · · · , xk in σ is largest among all shortest paths connecting x0 and
xk.

Lemma 5. Let P = (x0−· · ·−x2k) be a shortest path in G such that the subpath
P ′ = (xk − · · · − x2k) of P is a rightmost shortest path connecting xk and x2k.
If x0 < x2k and xk is the switching point of P , then xk+j > xk−j holds for each
j (1 ≤ j ≤ k).

Lemma 6. Let P = (x0 − · · · − xk) be a rightmost shortest path in G which is
convex and xi be the switching point of P . Then d(x0, xi) ≥ d(xk, xi) whenever
x0 < xk.

Lemma 7. Let u be the vertex of a chordal graph G visited last by a LexBFS. For
every two vertices x and y of G such that d(x, u) ≤ d(y, u), d(x, y) ≤ d(y, u)+1
holds. Moreover, if d(x, y) = d(y, u) + 1 then d(y, u) = d(x, u) and d(y, u) is
even.

Theorem 1 Let u be the vertex of a chordal graph G visited last by a LexBFS,
and x, y be a pair of vertices such that d(x, y) = diam(G). If ecc(u) < diam(G)
then ecc(u) is even, d(u, x) = d(u, y) = ecc(u) and ecc(u) = diam(G)− 1.

We continue with rather surprising results concerning the parity of the dia-
meter of the graph and the parity of the eccentricity of the vertex visited last
by LexBFS.

Corollary 1 If the diameter of a chordal graph G is even, then the vertex visited
last by a LexBFS has eccentricity equal to diam(G).
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Corollary 2 If the vertex u of a chordal graph G visited last by a LexBFS has
odd eccentricity, then ecc(u) = diam(G).

The main result of this subsection is the following.

Theorem 2 If G is a chordal graph and if v, the vertex returned by algorithm 2,
is not of maximum eccentricity, then G contains either an induced 3-sun or
an induced 4-sun (see figure 3) or one of the graphs in figure 4 as an induced
subgraph.

Fig. 3. The 3-sun and the 4-sun.
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Fig. 4. Strongly chordal graphs where 2 sweeps of LexBFS are not enough to
find the diameter.
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Since none of the graphs from figure 3 and figure 4 is a directed path graph,
this theorem immediately yields the following corollary.

Corollary 3 Algorithm 2 finds a vertex of maximum eccentricity for directed
path graphs.

3.2 AT-free Graphs

We now turn our attention to AT-free graphs and start by recalling some known
results. A pair of vertices (x, y) is said to be a dominating pair if for every x, y
path P and every vertex z ∈ V , N(z) ∩ P 6= ∅. In [4], it was shown that every
connected AT-free graph has a dominating pair. For sufficiently high diameter
AT-free graphs this can be strengthened to the “polar lemma”.

Lemma 8. [4] If G is a connected AT-free graph with diam(G) > 3 then there
exists disjoint vertex sets X, Y such that (x, y) is a dominating pair of G iff
x ∈ X and y ∈ Y .

The fact that this lemma does not hold for diam(G) = 3 is illustrated by the
graph in figure 5.

6

1 2 3

4 5

Fig. 5. The dominating pairs are (1, 3), (1, 6), (4, 3), (4, 6), (1, 5), (2, 5) and (4, 5).
There are no disjoint sets whose cartesian product defines all dominating pairs.

A weaker version does however hold for AT-free graphs of diameter larger
than or equal to 3.

Lemma 9. Let G be a connected AT-free graph with diam(G) ≥ 3 and let V1 be
the set of vertices that are the last vertices of some Lex-BFS. Then there exists
a partition of V1 into non-empty sets X and Y such that (x, y) is a dominating
pair if x ∈ X and y ∈ Y .

For the graph shown in figure 5, X = {6} and Y = {1, 4}.

Theorem 3 [6] Let u be the vertex of an AT-free graph G visited last by a
LexBFS, If ecc(u) < diam(G) then ecc(u) = diam(G)− 1.

The next proposition presents further facts about the structure of the AT-free
graphs.
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Proposition 2 Let G be an AT-free graph with diam(G) = k > 2. If ecc(v) =
k − 1, where v is the vertex returned by algorithm 2, and u′, v′ achieve the dia-
meter, then :

1. every u′, v′ shortest path is vertex disjoint from every u, v shortest path,
2. d(u, v) = d(u, v′) = d(u′, v) = k − 1,
3. uu′ ∈ E and vv′ ∈ E.

Before presenting the final result on AT-free graphs, we introduce the notion
of an h-ladder and an h-*ladder.

Definition 1. An h-ladder consists of a chain of h 4-cycles where the 4-cycles
are attached as shown in figure 6. In an h-*ladder the first 4-cycle has a diagonal.

hh

Fig. 6. The h-ladder and the h-*ladder.

Theorem 4 If G is an AT-free graph with diam(G) = k ≥ 3 and ecc(v) = k−1,
where v is the vertex returned by algorithm 2, then G contains an induced (k−1)-
ladder or an induced (k − 1)-*ladder.

Note that this theorem considerably strengthens the following result by Dra-
gan [6]. An HHD-free graph does not contain an induced house (complement of
P5) or an induced hole (a cycle of length at least 5) or an induced domino (a
2-ladder).

Theorem 5 [6] If G is an HHD-free, AT-free graph, then the vertex visited last
by a Lex-BFS has maximum eccentricity.

4 Concluding Remarks

First of all, the reader should note a kind of duality in the results when algo-
rithm 2 finds a vertex whose eccentricity is not maximum. For chordal graphs,
eacg of the forbidden subgraphs (the 3-sun and the 4-sun) has an AT. For AT-
free graphs, the h-ladder and the h-*ladder are built with 4-cycles, the smallest
non-chordal graph.
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Fig. 7. A chordal graph and an AT-free graph where an infinite number of Lex-
BFS sweeps never end at a maximum eccentricity vertex.

Having seen the power of the 2-sweep Lex-BFS algorithm, it is natural to ask
whether significant improvements can be achieved by performing c sweeps for
some c > 2. In particular, can we find a vertex of maximum eccentricity, although
in light of the results of section 2, this is highly unlikely for c a constant? As
shown by the graphs in figure 7, for no c, is the c-sweep algorithm guaranteed
to find a vertex of maximum eccentricity. The first graph is chordal, the second
AT-free. In both graphs any Lex-BFS starting at u must end at v and vice
versa. Thus if the initial choice of vertex is either u or v, a multi-sweep Lex-BFS
algorithm will forever alternate between u and v, thereby missing x and y, the
two vertices of maximum eccentricity.

A second obvious question concerns the power of the 2-sweep algorithm on
arbitrary graphs. Unfortunately, the answer again is negative. In particular, for
any i > 1, there is a graph Gi where ecc(v) = diam(Gi)−2i−1+1, where v is the
vertex returned by algorithm 2. We construct Gi as follows: Let T1 be a 2-leaf
tree with root r1. Ti, i > 1, is formed from two copies of Ti−1 by making ri, the
root of Ti, adjacent to the two ri−1 roots. Each riri−1 edge then has 2i−2−1 new
vertices inserted. Finally Gi is formed from Ti by creating a path on the leaves
of Ti in the obvious way. G4 is shown in figure 8. If w is the leftmost leaf of the
right Ti−1 and the next vertex choosen in the Lex-BFS from w is the rightmost
leaf of the left Ti−1, then the Lex-BFS will end at u = ri (see figure 8). If the
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second Lex-BFS starts at u and breaks ties by choosing the last eligible vertex
in the previous sweep, then v, the last vertex, is the same as w (see figure 9).
It is easy to see that ecc(v) = 2i−1 and diam(Gi) = 2i − 1 as witnessed by the
extreme leaves.
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Fig. 8. G4 together with the first Lex-BFS.
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Fig. 9. G4 and the second Lex-BFS.
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As a final comment, we note that the results in this paper add to the growing
evidence of the similar roles played by Lex-BFS for chordal and AT-free graphs.
It would be interesting to find a structural result to explain this surprising phe-
nomenon.
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Abstract. For any fixed parameter t ≥ 1, a tree t–spanner of a graph
G is a spanning tree T of G such that the distance between every pair
of vertices in T is at most t times their distance in G. In this paper,
we incorporate a concept of fault-tolerance by examining independent
tree t–spanners. Given a root vertex r, this is a pair of tree t–spanners,
such that the two paths from any vertex to r are edge (resp., internally
vertex) disjoint. It is shown that a pair of independent tree 2–spanners
can be found in linear time, whereas the problem for arbitrary t ≥ 4 is
NP–complete.
As a less restrictive concept, we treat tree t–root-spanners, where the
distance constraint is relaxed. Here, we show that the problem of finding
an independent pair of such subgraphs is NP–complete for all t. As a
special case, we then consider direct tree t–root-spanners. These are tree
t–root-spanners where paths from any vertex to the root have to be
detour-free. In the edge independent case, a pair of these can be found
in linear time for all t, whereas the vertex independent case remains
NP–complete.

1 Introduction

A t–spanner of an unweighted graph G is a spanning subgraph T in which the
distance between every pair of vertices is at most t times their distance in G.
Throughout this paper, t ≥ 1 will be an arbitrary, but fixed integer. The main
idea of this concept is to find a subgraph of a given graph G that is sparse, but
still guarantees a so–called stretch factor on the vertex–to–vertex distances of G
that is bounded by a constant independent of the size of G.

The concept of spanners has been introduced by Peleg and Ullman in [10],
where they used spanners to synchronize asynchronous networks. One of the
many other applications for spanners are communication networks, where one is
interested in finding a sparse subnetwork that nevertheless guarantees a constant
delay factor. Further results and discussions concerning t–spanners and variants
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thereof can be found in [12]. The sparsest t–spanners are tree t–spanners (i.e. t–
spanners that are trees, see [3]). Apart from their sparseness, the tree property
is of particular interest in several applications. As an example consider commu-
nication networks where trees result in small sized routing tables [11].

One major drawback of tree subnetworks is their vulnerability: A fault of
one single link or node results in disconnecting the subnetwork. In this paper,
we consider independent tree t–spanners : a pair of tree t–spanners with the ad-
ditional property that the unique pair of tree paths from any vertex of the graph
to a specified root vertex is disjoint. We examine the edge as well as the vertex
disjoint case, thus guaranteeing fault-tolerance in either one link or node, such
that the distance conditions are still maintained. The subgraph consisting of the
union of two independent tree t–spanners is also sparse and has good structural
properties. Thus this sort of subgraphs may serve for example as a reliable means
for doing message-efficient broadcast on a distributed network.

Previous work has concentrated on only one of the two aspects of fault-
tolerance and distance guarantee at a time. Independent spanning trees are
treated in [7,8,13,6], for example. For a general survey on tree t–spanners, see
[3]. Very recently, in [9], Levcopoulos et al. examined fault-tolerant spanners in
geometric graphs (i.e. complete graphs with Euclidean edge weights) using a
slightly different definition.

In this paper, we give a constructive, efficient characterization for graphs ad-
mitting a pair of independent tree 2–spanners. This results in a linear-time algo-
rithm. For t ≥ 4, however, the corresponding decision problem is NP–complete.
Both results hold for the edge and vertex disjoint case. Additionally, the first
result can be easily extended to more than two independent tree 2–spanners.
The case t = 3 remains open.

Unfortunately, the concept of independent tree t–spanners is very restric-
tive in the sense that the class of graphs admitting a pair of independent tree
t–spanners for a fixed t is quite small. In many settings in the design of sub-
networks, however, it is not strictly necessary that the distance guarantee holds
for all pairs of vertices, but only for the distances between each vertex and the
specified root vertex. This leads to the definition of t–root-spanners, and we are
interested in finding a pair of independent spanning trees such that the distance
between any vertex and the root in each tree is at most t times the distance in
the graph.

Annexstein et. al. [1,2] have considered related concepts, but the stretch
factors considered there may well be non-constant. Here, we show that the prob-
lem of deciding the existence of independent spanning trees with fixed constant
stretch factors is hard by showing its NP–completeness for all possible values
of t.

Motivated by the hardness of finding independent tree t–root-spanners, we
also consider restricted versions of the problem. For example, it is a natural
constraint that paths are not allowed to ’run uphill’. This means that on the
path from a vertex to the root, no deviations to vertices that have a longer
distance to the root are allowed. We call these spanners direct. For the decision
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problem of finding such a pair of independent direct tree t–root-spanners, the
situation for the edge and vertex disjoint case differs significantly: We can decide
the existence of a pair of edge independent direct tree t–root-spanners (and its
construction) in linear time for all t, whereas the problem of finding vertex
independent direct tree t–root-spanners remains NP–complete.

This extended abstract concentrates on the algorithmic aspects of the work.
We give only one exemplary NP–completeness proof, the details of the other
two can be found in the full paper [5].

2 Notation and Previous Results

In what follows, G = (V, E) denotes a simple, unweighted, undirected graph
with vertex set V and edge set E. The root is a specified vertex r ∈ V . V (G)
and E(G), respectively, is the vertex set and edge set, respectively, of a graph G.
G[R], where R ⊆ V , denotes the subgraph of G induced by R. Since spanners of
each connected component can be determined independently, we only consider
connected graphs. Thus, in the following, G denotes a connected, unweighted
graph and r is the specified root vertex.

The length of a path P is the number of its edges and is denoted by |P |. The
distance between two vertices u and v in G, i.e. the length of the shortest path,
is denoted by dG(u, v). For a vertex v, denote by N(v) the set of all neighbors of
v, i.e. vertices that are adjacent to v. A vertex v of a graph G is called universal
w.r.t. G if N(v) = V (G). Let v be universal w.r.t. G, then the star centered at
v is the graph consisting of all vertices of G and all edges incident to v.

Given a root vertex r, we partition V into disjoint levels L� := {v ∈ V :
dG(v, r) = �} for � ∈ {0, . . . , maxv{dG(v, r)}}. The level index of a vertex is
indicated by l(v) := dG(v, r). The level Ll(v)−1 is called parent level of vertex
v. A vertex in Ll(v)−1 ∩ N(v) is called a parent vertex of v, and a vertex in
Ll(v) ∩ N(v) is called a sibling vertex of v. Note that every vertex v �= r has at
least one parent vertex. For a tree T rooted at r, denote the unique path from
a vertex v to the root r (called root path) by rp(v, T ). Sometimes we abuse the
notation rp(v, T ) to indicate the set of internal vertices of the root path.

For a connected graph, a k–separator is a set of k vertices the deletion of
which disconnects the graph. A graph is biconnected (or 2–vertex–connected) if it
has no 1–separator, and k–vertex–connected if it has no (k−1)–separator. A block
of a graph is a maximal biconnected subgraph. A graph is 2–edge–connected if
no deletion of a single edge disconnects it.

Definition 1 For any integer t ≥ 1, a spanning subgraph T = (V, E′) with E′ ⊆
E is a t–spanner of a graph G = (V, E), if for all u, v ∈ V : dT (u, v) ≤ t·dG(u, v).

The parameter t is called stretch factor. We say that an edge e ∈ E is covered
if in T there exists a path of length at most t that connects the endpoints of
e. In order to prove that a given spanning subgraph is a t–spanner, we do not
have to consider all pairwise distances of the vertices. It is sufficient to only
check whether all edges of the original graph that are not part of the spanning
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subgraph are covered (cf. [3]). A graph always admits a t–spanner, since G itself
is a t–spanner.

Tree t–spanners are t–spanners that are trees. As opposed to t–spanners,
there are graphs that, for a fixed stretch factor t, do not admit a tree t–spanner
as a subgraph. In [3], Cai and Corneil show that the corresponding decision
problem, the Tree t–Spanner Problem, is NP–complete for all t ≥ 4. They also
give linear-time algorithms to find a tree t–spanner for t = 1 or 2 if it exists.
The case t = 3 is still open.

3 Independent Tree t–Spanners

3.1 Definitions and Results

Definition 2 Two spanning trees T1 and T2 of a graph G, both rooted at r,
are called edge independent (resp., vertex independent) w.r.t. r, if for every
vertex v ∈ V (G) the unique paths rp(v, T1) and rp(v, T2) are edge disjoint (resp.,
internally vertex disjoint).

In most cases considered here, the situation for vertex independence and edge
independence is similar. Thus in the following, if not stated explicitly, the terms
disjointness and independence always stand for both cases.

There is a strong relationship, though not equivalence, between the connec-
tivity of a graph and the existence of independent trees. As shown in [7], every
biconnected (resp., 2–edge–connected) graph admits a pair of vertex (resp., edge)
independent trees. On the other hand, a graph admitting a pair of edge inde-
pendent trees is certainly 2–edge–connected. But note that a graph admitting a
pair of vertex independent trees does not necessarily have to be biconnected: {r}
may be a 1–separator (but no other vertex than r). Observe that independent
trees do not necessarily have to be edge disjoint. The two trees may share an
edge as long as the root paths are disjoint.

In the rest of this section, we are interested in finding a pair of tree t–spanners
that are independent:

Problem 3 (Independent Tree t–Spanners Problem, ITSt)
Given: A graph G and a root vertex r.
Problem: Does G admit a pair of independent tree t–spanners w.r.t. r?

Figure 1 shows examples of graphs with different behavior concerning admis-
sibility of independent tree 2–spanners. Observe that the number of edges of a
pair of independent tree t–spanners cannot exceed 2 · |V |− 2. Clearly, for a fixed
t, the class of graphs admitting a pair of vertex independent tree t–spanners is a
proper subclass of the class of graphs admitting a pair of edge independent tree
t–spanners, which is itself a proper subclass of the class of graphs admitting one
tree t–spanner.

Considering either edge or vertex disjointness, the case for t = 1 is trivial: A
pair of independent tree 1–spanners cannot exist, since for a vertex v incident
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Fig. 1. (a) a graph admitting a pair of vertex (and edge) independent tree 2–spanners,

(b) a graph admitting a pair of edge (but not vertex) independent tree 2–spanners,

and (c) two graphs admitting one tree 2–spanner, but no pair of independent tree

2–spanners.

to the root r edge {v, r} has to be contained in both trees. For the other values
of t, in the following two subsections, we prove the following theorem:

Theorem 4
1. A pair of independent tree 2–spanners can be found in linear time (if it

exists), thus ITS2 ∈ P.
2. ITSt is NP–complete for t ≥ 4.

Since the main property of independent tree 2–spanners (Lemma 2) can be
extended in the obvious way to more than two independent tree 2–spanners,
part 1 of Theorem 4 also holds for k independent tree 2–spanners (k ≥ 2).

3.2 Finding Independent Tree 2–Spanners

In this subsection, we prove part 1 of Theorem 4. For this aim, we first consider
the edge independent case and describe the structure of the two tree 2–spanners.
The strict characterization of graphs that admit a pair of edge independent tree
2–spanners and the algorithm to find such a pair then follow directly. The case
for vertex independent tree 2–spanners is treated subsequently.

Edge independent tree 2–spanners. First, observe that if G is 2–edge–connected
then G is not necessarily biconnected. G may consist of several blocks. For each
block B of G there is a unique 1–separator {s} such that all root paths from
vertices in B have to include s. This vertex s (called root separator) takes over
the role of r in B. Let r be the root separator of the blocks containing r. The
first lemma describes the form that two edge independent tree 2–spanners may
have. This observation then leads to the characterization lemma 2.

Lemma 1. If G admits a pair T1 and T2 of edge independent tree 2–spanners
w.r.t. r then for each block B of G, Ti[B] is a star (i = 1, 2).

Proof. Let T1 and T2 be two edge independent tree 2–spanners of G and consider
a block B of G with root separator s. From [3] we know that either

1. B is 3–vertex–connected and Ti is a star centered at a vertex ui (i = 1, 2) or
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2. for every 2–separator {x, y} of G, edge {x, y} is in Ti(i = 1, 2).

In the first case, we are done. The second case can be seen by contradiction (see
[5] for details). ��

Lemma 2. G admits a pair of edge independent tree 2–spanners w.r.t. r if and
only if each block B of G contains two distinct universal vertices w.r.t. B that
are not root separators of B.

Proof. For the if-part, observe that if G fulfills the given conditions then we can
construct two edge independent tree 2–spanners by combining the stars centered
at the universal vertices. To show the opposite direction, assume that G admits
a pair of edge independent tree 2–spanners T1 and T2. Then by Lemma 1, for
each block B, Ti[B] is a star centered at a vertex u

(B)
i , i = 1, 2. Since T1 and

T2 are edge independent it follows that u
(B)
1 and u

(B)
2 are disjoint and not root

separators of B. ��

Using the characterization, an algorithm to decide the existence of a pair of
edge independent tree 2–spanners can then be implemented in linear time.

Vertex independent tree 2–spanners. The situation for the vertex independent
case is similar. We get the following characterization:

Lemma 3. G admits a pair of vertex independent tree 2–spanners w.r.t. r if
and only if G admits a pair of edge independent tree 2–spanners w.r.t. r and G
is either biconnected or G is 2–edge–connected and {r} is the only 1–separator.

Proof. As stated in Section 3.1, if G admits a pair of vertex independent trees
w.r.t. r then G is at least 2–edge–connected and {r} is the only 1–separator.
Thus, G consists only of blocks containing r. The proof is complete by observing
that the edge independent tree 2–spanners found in Lemma 2 for blocks con-
taining r are also vertex independent. ��

3.3 The Hardness of Finding Independent Tree t–Spanners

The membership of ITSt in NP is immediate. To prove part 2 of Theorem 4, we
use a reduction from the Not-All-Equal Satisfiability Problem with three literals
per clause (NAE-3SAT, cf. [4] (LO3)): Given a set U of variables, a collection
C of clauses over U such that each clause c ∈ C has |c| = 3, the problem is to
find a truth assignment for U such that each clause in C has at least one true
literal and at least one false literal. Given an instance (U, C) of NAE-3SAT, we
construct the graph G for ITSt as follows:

– For each variable x ∈ U , create a variable component Tx consisting of
• a root vertex rx and two literal vertices x and x,
• literal edges {rx, x} and {rx, x}, and
• a simple path P of length t − 3 connecting x and x, where all internal

vertices of P are new vertices.
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– Identify all root vertices rx to form one distinguished root vertex r.
– For each clause c ∈ C create a clause vertex c and connect it by a clause

edge to all its corresponding literal vertices.

G can be constructed in linear time. The following lemmas are immediate:

Lemma 4. Let P be the path of length t − 3 connecting x and x in an isolated
variable component Tx. Then T1 consisting of edges {r, x}∪P and T2 consisting
of edges {r, x} ∪ P are two unique independent tree t–spanners of Tx.

Lemma 5. Let G be the graph constructed from an instance of NAE-3SAT. If
T1 and T2 are independent tree t–spanners (w.r.t. r) of G then

1. for all x ∈ U , no literal edge belongs to both T1 and T2,
2. for all x ∈ U , at least one literal edge belongs to T1 or T2, and
3. dT1(c, r) = dT2(c, r) = 2.

It remains to show that given a not-all-equal truth assignment of (U, C) we
can in polynomial time construct a pair of independent tree t–spanners for G
and vice versa. Firstly, starting with a not-all-equal truth assignment θ of (U, C),
construct T1 and T2 according to the following rules:

– If θ(x) = true, put {r, x} ∈ T1 and {r, x} ∈ T2; otherwise put {r, x} ∈ T2

and {r, x} ∈ T1.
– For each variable x, put path {x, x} in both T1 and T2.
– For each clause vertex c, choose a clause edge for each T1 and T2 such that

dT1(c, r) = dT2(c, r) = 2. Such an edge exists since θ is a not-all-equal truth
assignment.

It can be easily seen that for t ≥ 4, T1 and T2 are trees, independent, and
t–spanners.

For the other direction, it follows from part 1 and 2 of Lemma 5 that we can
define θ in the following way: For every x ∈ U , if {r, x} ∈ T1 or {r, x} ∈ T2 then
θ(x) := true else θ(x) := false. As a corollary from part 3 of Lemma 5, θ is a
not-all-equal truth assignment. This completes the proof of part 2 of Theorem 4.

4 Independent Tree t–Root-Spanners

In many settings, it is sufficient for a subgraph that the distance guarantee
just holds for the distances between a vertex and a specified root. We therefore
introduce the concept of t–root-spanners :

Definition 5 For any integer t ≥ 1, a spanning subgraph T = (V, E′) with
E′ ⊆ E is a t–root-spanner of a graph G = (V, E) w.r.t. r, if for all v ∈ V :
dT (v, r) ≤ t · dG(v, r).
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Fig. 2. (a) A graph admitting a pair of vertex (and edge) independent tree 2–root-

spanners, (b) a graph admitting a pair of edge (but not vertex) independent tree

2–root-spanners, (c) a graph not admitting a pair of independent tree 2–root-spanners.

As above, a tree t–root-spanner is a t–root-spanner that is a tree. Observe
that the shortest path tree is a tree 1–root-spanner and thus every graph admits
a tree t–root-spanner for arbitrary t. We are interested in finding a pair of tree
t–root-spanners that are independent. The corresponding Independent Tree t–
Root-Spanners Problem ITRSt is defined analogously to Problem 3.

Figure 2 shows examples of graphs (not) admitting two independent tree t–
root-spanners. The vertices of the graphs are drawn in a way that reflects the
distance to the root, according to their levels. To check whether a given subgraph
is a t–root-spanner each vertex has to be considered separately. It is not possible
to just check edges. For example, edges within a level do not have to be covered.

It can be easily seen that, for every fixed t, the class of graphs admitting
a pair of vertex independent tree t–root-spanners is a proper subclass of the
class of graphs admitting a pair of edge independent tree t–root-spanners. On
the other hand, the class of graphs admitting a pair of independent tree t–root-
spanners is a superclass of the class of graphs admitting a pair of independent
tree t–spanners. As before, the case for t = 1 is trivial, since two independent
tree 1–root-spanners never exist. Thus the Independent Tree t–Root-Spanners
Problem is fully characterized by the following theorem:

Theorem 6 ITRSt is NP–complete for t ≥ 2.

Proof. The proof uses a reduction from NAE-3SAT similar to the one of the
preceding section using paths of length t − 1 to connect the literal vertices and
paths of length

⌈
t
2

⌉
+1 to connect clause vertices with their corresponding literal

vertices. Details can be found in [5]. ��

5 Independent Direct Tree t–Root-Spanners

As proved in the previous section, it is hard to decide the existence of a pair
of general independent tree t–root-spanners in a given graph. In this section,
we consider the case where the paths from a vertex to the root within the tree
t–root-spanner have to be direct. No deviations to vertices that have a longer
distance to the root are allowed.
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5.1 Definitions and Results

Definition 7 For any integer t ≥ 1, a tree t–root-spanner T of G (w.r.t. r)
is called direct if for each vertex v ∈ V the following holds:for every w ∈
rp(v, T ) dG(w, r) ≤ dG(v, r).

We are interested in finding two independent direct tree t–root-spanners. The
corresponding Edge (resp., Vertex ) Independent Direct Tree t–Root-Spanners
Problem EIDTRSt (resp., VIDTRSt) is defined analogously to Problem 3. For
a better handling of direct tree t–root-spanners, we treat the vertices of G ac-
cording to their level Ll(v). Thus, paths from a vertex to the root in a direct
tree t–root-spanner always stay in the same level or lead to a level with smaller
index.

For an example consider again Figure 2 of the previous section: The graph
in (a) admits a pair of independent tree 2–root-spanners, but not two direct
ones, whereas the trees in (b) are direct. It can be easily seen that, for every
fixed t, the class of graphs admitting a pair of vertex independent direct tree
t–root-spanners is a proper subclass of the class of graphs admitting a pair of
edge independent direct tree t–root-spanners, which itself is a proper subclass of
the class of graphs admitting a pair of edge independent tree t–root-spanners.

As opposed to the Independent Tree t–Root-Spanners Problem, the com-
plexity of the decision problem for the direct version significantly differs for the
vertex and edge independent case. We fully characterize the Independent Direct
Tree t–Root-Spanners Problem by the following theorem.

Theorem 8
1. A pair of edge independent direct tree t–root-spanners can be found in linear

time (if it exists), thus EIDTRSt ∈ P.
2. VIDTRSt is NP–complete for t ≥ 2.

The proof of part 2 again uses a reduction from NAE-3SAT. This time, the
variable components consist of three triangles whereas the clause components
consist of several stars. Details are deferred to the full paper [5]. The proof for
part 1 is given in the following subsection.

5.2 Finding Edge Independent Direct Tree t–Root-Spanners

In the following, assume that G admits a pair of edge independent direct tree
t–root-spanners. The first lemma establishes that there exists also a pair of edge
independent direct tree t–root-spanners such that every vertex is connected to
a parent vertex in at least one of the two trees. If a vertex has more than one
parent vertex it is always possible to choose a direct connection to the parent
level in both trees.

Lemma 6. If G admits a pair of edge independent direct tree t–root-spanners
then there exists a pair T1 and T2 of edge independent direct tree t–root-spanners
w.r.t. r such that
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Fig. 3. Illustrations for (a) part 1 of Lemma 6, (b) part 2 of Lemma 6, and (c) Lemma 7.

1. for all v ∈ V − {r} there is an i ∈ {1, 2} and a w ∈ Ll(v)−1 such that
{v, w} ∈ Ti.

2. for all v ∈ V − {r} with w1, w2 ∈ N(v) ∩ Ll(v)−1, w1 �= w2 : {v, wi} ∈ Ti.

Proof.
1. The proof of part 1 is by induction. Consider an arbitrary pair T ′

1 and T ′
2

of edge independent direct tree t–root-spanners. For vertices at level L1 the
statement is immediate. Now let v be a vertex with minimal level index
l(v) such that the constraint given in the lemma is not fulfilled. Let w be
a parent vertex of v, and vi, i ∈ {1, 2} be the sibling vertices of v on
rp(v, T ′

i ), respectively. See Figure 3(a) for an illustration. From the induction
hypothesis, we know that dT ′

i
(w, r) ≤ t · (l(v) − 1), and that the root paths

rp(w, T ′
i ) are direct and edge disjoint.

Now, obtain Ti from T ′
i for i ∈ {1, 2} as follows: w.l.o.g. delete {v, v1} from

T ′
1 and add {v, w}. For the other tree, let T2 := T ′

2.
Note that the distance and directness constraints keep trivially valid, and
both T1 and T2 are trees. To see that rp(v, T1) and rp(v, T2) are edge disjoint
observe the following: If rp(v, T ′

2) and rp(w, T ′
1) are vertex disjoint we are

done. Otherwise, take the first common vertex x in rp(v, T ′
2) and rp(w, T ′

1).
By induction, since l(x) < l(v), the root paths rp(x, T ′

1) and rp(x, T ′
2) are

edge disjoint and thus are rp(v, T1) and rp(v, T2).
2. Using part 1 of the lemma, suppose that T ′

1 and T ′
2 fulfill the constraint given

there. The proof for part 2 then follows along the same lines. Figure 3(b)
illustrates the situation. ��

The characterization can be further enhanced by examining the stretch factor
of the two edge independent direct tree t–root-spanners. As shown in the follow-
ing lemma, the directness constraint dominates the stretch factor, such that the
class of graphs admitting a pair of edge independent direct tree t–root-spanners
for arbitrary t and the class of graphs admitting a pair of edge independent
direct tree 2–root-spanners collapse.

Lemma 7. If G admits a pair of edge independent direct tree t–root-spanners
w.r.t. r then G also admits a pair of edge independent direct tree 2–root-spanners
w.r.t. r.
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Proof. To prove the lemma, observe that if G admits a pair T ′
1 and T ′

2 of edge
independent direct tree t–root-spanners then there exist also two edge indepen-
dent direct tree t–root-spanners T1 and T2 such that

|{w : w ∈ rp(v, Ti) ∩ Ll(v), w �= v}| = 1, (∗)
thus indicating that for each v the distance to the parent level in each Ti is at
most 2. This can be seen by similar arguments as in Lemma 6 starting with T ′

1

and T ′
2 as indicated in part 2 of that lemma. See Figure 3(c) for an illustration

of the situation. Accumulating this over all levels results in a pair of edge inde-
pendent direct tree 2–root-spanners. ��

As a corollary from the previous lemmas, we get the following characteriza-
tion of graphs that admit a pair of edge independent direct tree t–root-spanners:

Corollary 1. A graph G does not admit a pair of edge independent direct tree
t–root-spanners if and only if there is a vertex v such that |N(v) ∩ Ll(v)−1| = 1
and N(v) ∩ Ll(v) = ∅.

As a consequence of property (∗) of Lemma 7, the connection of a vertex to
its parent level in both tree 2–root-spanners is independent of the connections
in lower levels. Thus, using the given characterization, we obtain a top–down
algorithm as described in Figure 4. It starts from the top level vertices and
constructs the edge independent direct tree 2–root-spanners level by level, if
possible. We begin with level L1, the direct neighbors of the root. Once we have
fixed the tree edges for all vertices of a level L�−1, we continue with the vertices
of level L�.

The correctness of the algorithm follows directly from Corollary 1. Since
every vertex is treated exactly once it can be implemented in linear time. Thus,
part 1 of Theorem 8 is proved.

Since the main properties of edge independent direct tree t–root-spanners
(Lemma 6 and Corollary 1) can be extended to more than two edge independent
direct tree t–root-spanners in the obvious way, part 1 of Theorem 8 also holds
for k edge independent direct tree t–root-spanners (k ≥ 2).
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Procedure Process-Level(�)

Given: A graph G (all vertices of level L� unmarked) with root r, and
two trees T1 and T2 that are edge independent direct tree 2–root-
spanners for vertices of level L�−1 or lower.

Output: Two trees T1 and T2 that are edge independent direct tree 2–root-
spanners for vertices of level L� or lower, if they exist.

1. Arbitrarily choose an unmarked v ∈ L�, mark v, let N := N(v) ∩ L�−1.
(* N is the set of parent vertices of v. *)

2. If |N | ≥ 2: (* v can be connected to level L�−1 in both trees. *)
arbitrarily choose two vertices v′

1, v
′
2 ∈ N ,

add {v, v′
1} to T1 and {v, v′

2} to T2.

3. If N = {v′}: (* v has one distinguished parent vertex. *)
let M = N(v) ∩ L�. (* M is the set of sibling vertices of v. *)
(a) If M = ∅, then stop: G does not admit a pair of edge independent

direct tree 2–root-spanners.

(b) Else, if all wi ∈ M are unmarked, then arbitrarily choose a w, let
w′ be an arbitrary parent vertex of w, and add edges {v, v′} and
{v, w} to T1 and edges {w, w′} and {v, w} to T2; mark w.

(c) Else, arbitrarily choose a marked w; add {v, w} to the tree in which
w is connected to its parent level, and add {v, v′} to the other tree.

Fig. 4. The algorithm for EIDTRS2 for vertices of level L�
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Abstract. We study bottleneck constrained network upgrading problems.
We are given an edge weighted graph G = (V, E) where node v ∈ V can
be upgraded at a cost of c(v). This upgrade reduces the delay of each
link emanating from v. The goal is to find a minimum cost set of nodes
to be upgraded so that the resulting network has a good performance.
The performance is measured by the bottleneck weight of a constrained
forest defined by a proper function [GW95]. These problems are a gene-
ralization of the node weighted constrained forest problems studied by
Klein and Ravi [KR95].
The main result of the paper is a polynomial time approximation algo-
rithm for this problem with performance guarantee of 2 ln(

√
e/2 · |K|),

where K := { v : f({v}) = 1 } is the set of terminals given by the pro-
per function f . We also prove that the performance bound is tight up
to small constant factors by providing a lower bound of ln |K|. Our re-
sults are obtained by extending the elegant solution based decomposition
technique of [KR95] for approximating node weighted constrained forest
problems. The results presented here extend those in [KR95,KM+97].

1 Introduction

Several problems arising in the area of communication networks can be expressed
in the following general form: Given a network, enhance the performance of that
network by modifying parts of the network. Such network upgrade problems, as
opposed to network reconstruction problems, are convenient for investigating
cases where the cost of implementing a new network from scratch exceeds the
cost of modifying an already installed network.
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There are two main models for network upgrading problems: the edge upgra-
ding model [Ber92,Phi93,KN+96], where upgrading an edge reduces the delay on
the upgraded edge, and the node upgrading model [PS95,KM+97], where upgra-
ding a node reduces the delay on all the edges incident on the upgraded node.
In communication networks, upgrading a node corresponds to installing faster
communication equipment at an exchange point which results in a speedup of
all links leading through that node. In this paper, we concentrate on the node
upgrading problem Upgrading-CFP: Find a minimum cost set of vertices, such
that after upgrading those vertices, the resulting graph contains a constrained
forest (as specified by a proper function f) of bottleneck weight at most a gi-
ven threshold. The problem Upgrading-CFP generalizes a number of node
weighted network design problems, such as node weighted Steiner Trees.

In this paper, we provide the first approximation algorithm for the above
problem. The performance guarantee of the algorithm is 2 ln(

√
e/2 · |K|), where

K := { v : f({v}) = 1 } is the set of terminals given by the proper function f . We
also establish a lower bound of ln |K| that matches the upper bound to within
a constant factor. These results generalize the results in [KM+97], where similar
problems for the special case of spanning trees were investigated.

2 Preliminaries

The node based network upgrading model used in this paper generalizes the model
from [PS95] and was introduced in [KM+97]. It can be formally described as
follows. Let G = (V, E) be a connected undirected graph with n := |V | vertices
and m := |E| edges. For each edge e ∈ E, we are given three integers d0(e) ≥
d1(e) ≥ d2(e) ≥ 0. The value di(e) represents the weight or delay of the edge e
if exactly i of its endpoints are upgraded.

For each node v ∈ V , the value c(v) specifies how expensive it is to upgrade
the node. For a subset W of V , the cost of upgrading all the nodes in W ,
denoted by c(W ), is equal to

∑
v∈W c(v). The edge weight function resulting

from an upgrade of the node set W is denoted by dW . The bottleneck graph
Bottleneck(G, dW , D) contains all edges e ∈ E with dW (e) ≤ D.

Given a bound D, we partition the set of edges into four sets according to
how many of the endpoints must be upgraded in order to decrease the delay of
an edge below the threshold D. An edge of delay d0(e) ≤ D is called an uncritical
edge. An edge e is said to be 1-critical, if d0(e) > D ≥ d1(e), and 2-critical, if
d1(e) > D ≥ d2(e). Finally, if d2(e) > D, the edge e is called useless. Without
loss of generality, we can assume that the graph does not contain any useless
edges.

2.1 Constrained Forest Problems

Constrained forest problems were introduced by Goemans and Williamson (see
[GW95,GG+94]). For a certain family of cuts in a graph, one searches for a
subgraph intersecting all the cuts in the family. Fix a graph G. For any nonempty
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node subset U ⊂ V with U 6= V , there is a corresponding cut δ(U) in G, namely
the cut which contains those edges that have exactly one endpoint in U . Thus,
we can use a function f : 2V → {0, 1} to define a family of cuts: f(U) = 1 if and
only if δ(U) is in the family. Such a function f is termed proper if it satisfies the
following two conditions:

(i) Symmetry: f(U) = f(V \ U) for all U ⊆ V ; and
(ii) Disjointness: If A∩B = ∅, then f(A) = f(B) = 0 implies that f(A∪B) = 0.

Any subset F of the edges such that

|F ∩ δ(U)| ≥ f(U), for all ∅ 6= U ⊂ V

is termed a constrained forest with respect to f . Any vertex v ∈ V such that
f({v}) = 1 is called a terminal and K := { v : f(v) = 1 } is the set of terminals
given by the proper function f .

Many interesting families of problems can be formulated as constrained forest
problems with proper functions. For example, if we define a proper function by

f(U) = 1 for all ∅ 6= U ⊂ V , U 6= V ,

any constrained forest must contain at least one edge of each cut in the graph.
Therefore, the corresponding subgraph is connected and the inclusion-wise mi-
nimal constrained forests are the spanning trees of the input graph. As a second
example, let a set K ⊆ V of terminals be given and define f(U) = 1 if and
only if δ(U) separates the set K of terminals. Then any constrained forest must
span all terminals, and the minimal constrained forests are Steiner trees with
terminal set K.

Lemma 1 ([GW95]). Let f be a proper function. If f(U) = 0 and f(B) = 0
for some B ⊆ U , then f(U \ B) = 0.

2.2 Problem Formulation

We are now ready to formulate the problem Upgrading-CFP under study:
Given a graph G = (V, E) with edge weights d0 ≥ d1 ≥ d2, node weights c as
before, a bound D and a proper function f , find a minimum cost set W ⊆ V
of nodes such that the resulting graph with edges weights given by dW has a
constrained forest (with respect to f) of bottleneck delay at most D. Notice that
the condition just stated is equivalent to saying that after the upgrade the set
of all edges of weight at most D forms a constrained forest.

Given a vertex set W ⊆ V it can be easily checked in polynomial time
whether W is a valid upgrading set. This can be achieved by computing the
bottleneck graph G′ := Bottleneck(G, dW , D) and evaluating the proper function
for each connected component of G′. In fact, we claim that W is valid if and
only if f evaluates to zero on each component of G′. Clearly, if f(C) = 1 for
a connected component C of G′ then G′ cannot contain a constrained forest,
since any such forest must have an edge with exactly one endpoint in C. Assume
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conversely that f(C) = 0 for each connected component C of G′. If C ′ contained
no constrained forest, there would be a set ∅ 6= U ⊂ V with f(U) = 1 and
δ(U) ∩ H = ∅. But then U is the disjoint union of components of H and from
the disjointness property of f we obtain the contradiction that f(U) = 0.

The problem Upgrading-CFP generalizes the problem of finding a node-
weighted Steiner Tree of minimum cost. An instance of the node-weighted Steiner
Tree problem is given by a graph G = (V, E) with edge weights l and node
weights w. For a subset K ⊆ V of terminals, the problem consists of finding a
connected subgraph of G of minimum (edge- and node-) weight spanning all the
terminals. This problem was studied by Klein and Ravi [KR95] who obtained
an approximation with performance 2 ln |K|.

Let an instance of the Steiner Tree Problem be given. Notice that without
loss of generality we can assume that all edge weights are zero: If not, we can
replace each edge (u, v) by two new edges (u, x) and (x, v), where x is a new
vertex of weight l(u, v). We can now construct an instance of Upgrading-CFP
by taking the graph G specified in the Steiner Tree instance and defining edge
weights d0(e) := d1(e) := 2 and d2(e) := 1. We set the bottleneck threshold D
to be 1. The cost of upgrading a vertex v is set to c(v) := w(v). The proper
function f is defined as above to reflect Steiner Trees for the terminal set K.

For each solution of the Steiner Tree Problem the vertices in the tree induce
a feasible upgrading set whose cost equals that of the tree. Conversely, it is easy
to see that each upgrading set can be used to obtain a solution of the Steiner
Tree Problem of at most the same cost.

3 The Algorithm

We first give a brief overview of our algorithm. The set W of upgraded nodes is
initially empty. Our algorithm maintains the connected components of the edge
subgraph of G consisting of those edges whose delays do no longer exceed the
threshold D. Such a connected component C is called active, if f(C) = 1. In
each iteration the algorithm merges at least two active components by upgrading
nodes in the network. Notice that from the properties of f it is impossible that
there is only one active component remaining. The algorithm terminates when
no active components remain.

The basic rule for selecting the nodes to upgrade in an iteration is the follo-
wing: select a set that gives the best improvement ratio. This ratio is measured
by the quotient of the cost of the vertices and the decrease in the number of
active components. A formal definition of the quotient cost is given in Sect. 3.2.

We will need the following notation for stating our algorithm. Assume that
at some stage during the execution of the algorithm C = {C1 . . . , Cq} is the set
of active components. Then, for a vertex v ∈ V we define c−(v, Cj) to be the
minimum cost of an upgrading set that does not include v such that v and Cj

are connected by a path of bottleneck weight at most D in the upgraded graph.
If no such upgrading set exists, we define c−(v, Cj) := +∞. Moreover, if v ∈ Cj ,
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Algorithm 1 Node upgrading for constrained forests.

Input: A graph G = (V, E) with three edge weight functions d0, d1, d2, a node
weight function c, a threshold number D,
a proper function f : 2V → {0, 1}.

1 W ← ∅ and G′ ← Bottleneck(G, dW , D)
2 while G′ contains at least one active connected component do
3 Assume that C = {C1 . . . , Cq} is the set of active components.
4 for all v ∈ V , C ∈ C do
5 c−(v, C) ← minimum upgrading cost to obtain a path of bottleneck delay at

most D from v to C where v is not upgraded.
6 c+(v, C) ← minimum upgrading cost to obtain a path of bottleneck delay at

most D from v to C where v is upgraded. This cost does not include the
upgrading cost of v.

7 {Comment: If v ∈ C, then c+(v, C) = c−(v, C) = 0.}
8 end for
9 Find a node v ∈ V in the graph G with min. quotient cost q(v) as defined in (1).

10 Let C1, . . . , Cr be the components in C chosen in Step 9.
Let U be the upgraded vertices on the paths from v to the clusters C1, . . . , Cr.

11 W ←W ∪ U
12 Recompute the edge weights dW , the graph G′ = Bottleneck(G, dW , D) and its

connected components.
13 end while
14 return W

then c−(v, Cj) = 0. Similarly, we define c+(v, Cj) to be the minimum cost of an
upgrading set containing v but not counting the cost c(v) of v itself.

3.1 Computing the Best Upgrading Paths

In this section we show that for each vertex v and active component C we can
compute the values c−(v, C) and c+(v, C) in polynomial time. This is done by
two single source shortest path computations on an auxiliary graph H, where
the length of a path is defined to be the costs of the nodes on the path excluding
the source vertex.

For each vertex v ∈ V the auxiliary graph H contains two vertices v+ and
v− representing the upgraded and the untouched version of v. The vertex set is
augmented by one node for each active component.

For each edge (u, v) ∈ E, we insert the edge (u+, v+) into H. For each 1-
critical edge (u, v), H contains the edges (u+, v−), (u−, v+). Finally, for each
uncritical edge (u, v), the auxiliary graph H contains additionally the edges
(u+, v−), (u−, v+) and (u−, v−). The construction is illustrated in Fig. 1.

Each active cluster C is joined to all the vertices v+ and v− where v ∈ C.
Let W be the set of nodes already upgraded. For v ∈ W , we set the cost of

vertex v+ to zero and remove vertex v−. For v /∈ W , the cost of vertex v+ is set
to c(v) and the cost of vertex v− is zero. Also, the cluster nodes have zero cost.
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Fig. 1. The graph G (left) and the constructed auxiliary graph H (right).

For a vertex v and an active cluster C let c(v−, C) and c(v+, C) denote the
length of shortest paths with respect to node weights from v− and v+ to C in H,
respectively, not including the cost of the source vertex. Thus, the cost c(v+, C)
does not contain the cost of v.

The following two lemmas show how to compute c−(v, C) and c+(v, C) for a
node v and an active cluster C.

Lemma 2. For each vertex v ∈ V \ W and each active cluster C the minimum
cost c−(v, C) of an upgrading set not containing v such that the resulting graph
has a path of bottleneck delay at most D from v to a node in C equals the node
weighted distance c(v−, C) in the auxiliary graph H. ut

Lemma 3. For each v ∈ W and each active cluster C, c+(v, C) = c(v+, C). ut

3.2 Quotient Costs

Let v ∈ V be a vertex and C = {C1, . . . , Cp} the set of active components. Let

q+(v) := min
2≤r≤p

min
C′⊆C
|C′|=r

c(v) +
∑

C′∈C′ c+(v, C ′)
r

q−(v) := min
2≤r≤p

min
C′⊆C
|C′|=r

∑
C′∈C′ c−(v, C ′)

r
.

Then we define the quotient cost of v by

q(v) := min
{
q+(v), q−(v)

}
. (1)

Notice that for each node, its quotient cost can be computed in polynomial time:
By ordering the active components such that c+(v, C1) ≤ · · · ≤ c+(v, Cp), we can
compute q+(v) by considering only the p subsets of C of the form {C1, . . . , Cr},
r = 1, . . . , p. The value q−(v) can be computed similarly.

3.3 Running Time

We briefly argue that our algorithm can be implemented to run in polynomial
time. For a terminal set K the number of iterations is at most |K|, since we
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start with at most |K| active components. In each iteration we must solve
O(n) single-source shortest-path problems to compute the best upgrading pa-
ths. Each of these shortest-path trees can be computed by Dijkstra’s algorithm
in time O(n log n + m). The quotient cost of any node can then be determi-
ned in O(n log n) time. This leads to a total time of O(n2 log n) per iteration
neglecting the time needed to update the weights and the bottleneck graph. The
latter task needs total time O(m) over all iterations, since each edge weight is
updated at most twice. Thus, the algorithm can be implemented to run in time
O(|K|n2 log n).

4 Performance Guarantee

The proof of the performance guarantee uses the notion of a spider covering,
which extends the definitions given in [KR95].

4.1 Spider Decompositions and Coverings

We first recall the definition of a spider and a spider decomposition.

Definition 4 (Spider). A spider is a tree with at most one node of degree
greater than two. A center of a spider is a vertex from which there are edge-
disjoint paths to the leaves of the spider. If a spider has at least three leaves,
then its center is unique. A foot is a leaf, and the path from the center to a
non-center foot is called a leg of the spider. A nontrivial spider is a spider with
at least two leaves.

Notice that our notion of a foot is slightly different from the original definition
in [KR95].

Definition 5 (Spider Decomposition). Let G = (V, E) be a graph and M ⊆
V . A spider decomposition of M in G is a set of node-disjoint nontrivial spiders
in G such that the union of the feet and the centers of the spiders contains M .

Lemma 6 ([KR95]). Let G be a connected graph, and let M be a subset of its
nodes such that |M | ≥ 2. Then G contains a spider decomposition of M .

Definition 7 (Spider Covering). Let G be a connected graph, and suppose
there is a collection {M1, . . . , Mp} of disjoint node sets, where each Mi induces
a connected subgraph of G. A spider covering of {M1, . . . , Mp} in G is a collection
of node disjoint nontrivial spiders in G such that:

1. each set Mi contains a foot or a center of a spider, and
2. if a set Mi contains a foot, then Mi does not contain any other foot or center.

Lemma 8. Let G be a connected graph and {M1, . . . , Mp} be a collection of
disjoint node sets each inducing a connected subgraph in G. Then there is a
spider covering of {M1, . . . , Mp} in G.
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(a) (c)

S′

(b)

M

Fig. 2. Illustration on the proof of Lemma 8. (a) No super node appearing
as a body. (b) One super node as body. Solid lines represent second spider
decomposition. (c) Resulting set of spiders.

Proof. Let G̃ = (Ṽ , Ẽ) be the graph created from G by aggregating each node
set Mi to a super node Mi. By Lemma 6 there is a spider decomposition of the
set {M1, . . . , Mp} in G̃.

All super nodes appear as feet or centers in the spider decomposition. Let us
first assume that none of the super nodes is a center of a spider (see Fig. 2–a).
Then, unfold each super node Mi and choose a node mi ∈ Mi to connect as a foot
to the corresponding leg of the spider in G. The modified spider decomposition
then forms a collection of spiders with the desired properties.

Now we consider the case that there is a super node M which is the cen-
ter of a spider S in the decomposition. Unfold the super node M and replace
it by the corresponding subgraph. Denote by M ′ the set of nodes in the sub-
graph G[M ] in which the legs of spider S are rooted. Then, perform a second
spider decomposition of M ′ in G[M ] (see Fig. 2–b).

Let S′ be one of the spiders of that decomposition. For each foot m′ ∈ M ′

of S′ in which paths to two or more super nodes are rooted, disconnect m′

from S′, and declare m′ as the body of a new spider. After this procedure, we
are left over with the body of S′ and a set of feet each rooting the path to exactly
one super node.

If this remaining part of S′ connects zero or more than one super nodes, then
it can be discarded or it forms a nontrivial spider, respectively. Otherwise, the
single remaining super node can be connected through edges of S′ to any of the
just constructed new spiders (Fig. 2–c).

The given construction can be performed for each spider in M and again for
each super node appearing as a center of a spider in the first spider decomposi-
tion. The resulting set of spiders is then a spider covering as desired. ut

4.2 An Averaging Lemma

Lemma 9. Let v be a node chosen in Step 9 of Algorithm 1 and let c(U) denote
the total cost of the nodes added to the solution set W in this iteration. Suppose
there are p active clusters before v is chosen and assume that in this iteration r
clusters are merged. Let OPT be the total upgrade cost in an optimal solution.
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Then

c(U)
r

≤ OPT
p

.

Proof. Let W ∗ be an optimal upgrading set of cost OPT := c(W ∗) and F ∗ be
a constrained forest of bottleneck delay at most D after upgrading the vertices
in W ∗. Let C1, . . . , Cp be the active components at the beginning of the iteration.
From the symmetry of f it follows that p ≥ 2. Also, let W be the upgrading set
constructed by the algorithm so far and F ⊂ E be the set of edges whose delay
has already been decreased to be at most D.

Assume in the first case that the graph F ′ consisting of the edges of F ∪ F ∗

is connected.
We now apply Lemma 8 to the graph F ′ with M := {C1, . . . , Cp} to obtain a

spider covering of M in F ′. Let P1, . . . , Pk be the spiders in the decomposition.
We define the cost c(Pi) of spider Pi to be the sum of the cost of the vertices
from W ∗ \ W that are contained in Pi, i.e., the cost of the vertices from the
optimum solution that have not been upgraded yet. Since the spiders are node
disjoint we have

k∑

i=1

c(Pi) ≤ c(W ∗) − c(W ) ≤ OPT. (2)

Let M ′ ⊂ M denote those clusters which are not covered by the feet of the
spiders. Notice that for each such cluster C ∈ M ′ we have at least one spider
that contains a node from M ′ as a center. Denote the number of feet in spider
Pi by fi. Then by Lemma 8 we have

|M ′| +
k∑

i=1

fi ≥ p. (3)

We will now show the following: If vi is the center of spider Pi and is contained
in an active component C which is not covered by the feet of the spiders in the
cover, then the quotient cost of vi is at most c(Pi)/(fi + 1). Otherwise we show
the slightly weaker estimate that the quotient cost is bounded by c(Pi)/fi.

Let C1, . . . , Cfi be the active clusters covered by the feet of the spider cen-
tered at vi. In the first case we have vi /∈ W ∗ \ W . Then, the upgraded vertices
from W ∗ \ W on the path from vi to the foot covering Cj are an upgrading set
resulting in a bottleneck path of delay at most D from vi to some node in Cj .
Thus, their costs are at least c−(v, Cj). Since the legs are node disjoint (except
for the center vi which by assumption does not belong to W ∗ \ W ), we get that

fi∑

j=1

c−(vi, Cj) ≤ c(Pi). (4)

Since the quotient cost of vi is at most
∑fi

j=1 c(v−
i , Cj)/fi, it follows that the

quotient cost of vi is bounded from above by c(Pi)/fi. Moreover, if vi ∈ C and
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C is not covered by the feet of the spider in our collection, then in particular
C does not occur in the sum on the left hand side of (4). Since c−(vi, C) = 0 we
get

c−(vi, C) +
fi∑

j=1

c−(vi, Cj) ≤ c(Pi).

and, consequently, the quotient cost of vi is at most c(Pi)/(fi + 1).
In the second case the vertex vi is in W ∗ \ W . In this case, the upgrading

vertices from W ∗ \W on the leg to Cj excluding vi have cost at least c+(vi, Cj).
Again, by the node disjointness of the legs we get that

c(vi) +
fi∑

j=1

c+(vi, Cj) ≤ c(Pi).

Since the quotient cost of vi is also at most c(vi)+
∑fi

j=1 c+(vi, Cj) divided by fi,
we obtain again that the quotient cost of vi is at most c(Pi)/fi.

The same arguments as above show that if vi ∈ C and C is not covered by the
feet of the spiders then the quotient cost of vi can be bounded by c(Pi)/(fi +1).

Let v be the node chosen in Step 9 in the current iteration. Then the quotient
cost q(v) of v satisfies q(v) ≤ q(vi) for i = 1, . . . , k. Thus we get

q(v) · f ′
i ≤ c(Pi), for i = 1, . . . , k, (5)

where f ′
i ∈ {fi, fi + 1} is chosen as above such that the quotient cost of the

center vi of spider Pi is bounded by c(Pi)/f ′
i .

Summing up the inequalities in (5) and using (2) and (3) the claim of the
lemma follows in this case.

It remains to consider the case that the graph F ′ consisting of the edges
from F ∪ F ∗ is not connected. Notice that if we show that each connected com-
ponent of F ′ contains either none or at least two active clusters, we can apply
our arguments from above to each of the connected components and the claim
of the lemma will follow by summing up over those components that contain
active clusters.

Let C1, . . . , Cp be the active components and Z1, . . . , Zt be the inactive com-
ponents at the beginning of the iteration. Notice that each connected component
of F ′ is the disjoint union of some components Ci and Zj . Assume for the sake
of a contradiction that component Z of F ′ contains exactly one active cluster,
say C1. As noted above, F ′ can be written as the disjoint union of the connected
components at the beginning of the current iteration, so F ′ = C1 ∪Z1 ∪ · · · ∪Zt′

for some inactive components Zj .
Clearly f(Z) = 0, since otherwise one connected component of F ∗ (and

thus of F ′) would contain vertices from Z as well as from V \ Z which is not
possible. Moreover, f(Zj) = 0, by the definition of an inactive component. By
the disjointness of the Zj we have for B := Z1 ∪ · · · ∪ Zt′ that f(B) = 0. Now
applying Lemma 1 for U := Z and B as defined above yields that f(C) = 0
which contradicts the fact that C is an active component. ut
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4.3 Potential Function Argument

We are now ready to prove the main result on the performance of our approxi-
mation algorithm.

Theorem 10. Algorithm 1 is an approximation algorithm for Upgrading-
CFP with a performance guarantee of 2 ln(

√
e/2 · |K|). Here K := { v : f({v}) =

1 } is the set of terminals given by the proper function f .

Proof. Let the algorithm use l iterations. Notice that l ≤ n. We let the potential
function φj denote the number of active components at the end of iteration j.
Then φl−1 ≥ 2 since the algorithm does not terminate before iteration l and
φl = 0. Now we have

φj ≤ φj−1 − (rj − 1) ≤ φj−1 − 1
2
rj

Lemma 9≤ φj−1

(
1 − cj

2 OPT

)
,

where rj denotes the number of active components merged in iteration j, and
cj is the cost spent in that iteration. Consequently,

φl−1 ≤ φ0

l−1∏

i=1

(
1 − cj

2 OPT

)
.

Taking natural logarithms on both sides and using ln(1 − τ) ≤ −τ , we obtain

l−1∑

j=1

cj ≤ 2 OPT · ln
φ0

φl−1
≤ 2 OPT · ln

|K|
2

as a bound for the cost of the upgraded vertices in all but the last iteration.
Also, by Lemma 9 the cost of the vertices upgraded in the last iteration is at
most OPT/(φl−1 − φl) · φl−1 = OPT (since φl = 0). Thus, the total cost is
bounded by

OPT ·
(

2 ln
|K|
2

+ 1
)

= OPT · (
2 ln(

√
e/2 · |K|))

as claimed. ut

5 Hardness Result

This section contains our hardness result for the node upgrading problem under
study.

Theorem 11. Let ε > 0 be arbitrary and the proper function f specify Steiner
Trees. Unless NP ⊆ DTIME(NO(log log N)), there is no approximation algorithm
for Upgrading-CFP (with proper function f) with performance (1 − ε) ln |K|,
where K is the set of terminals. This result continues to hold even if c(v) = 1
for all vertices v ∈ V .
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Proof. We use a reduction from the Min Set Cover problem. Given an instance
with element set Q and subset collection R ⊆ 2Q, we set up a bipartite graph
with node set Q ∪ R. For each q ∈ Q, we add an edge e between node q and Q
of weight d0(e) := 2 and d1(e) := d2(e) := 1. We add a root node connected to
all set nodes through edges e of weight d0(e) := d1(e) := d2(e) := 1. The proper
function f is chosen to reflect a Steiner Tree with terminal set R. The bottleneck
constraint is chosen to be 1. All nodes have an upgrade cost of 1.

It is easy to see that a set cover of some size implies a valid upgrade set of the
same cost. For the converse, notice that it is of no use to prefer the root node or
element nodes over the adjacent set nodes for upgrading. Hence we can assume
that a minimum cost upgrade set consists only of set nodes. Consequently, we
obtain a set cover of size equal to the upgrade cost.

Since the reduction is approximation preserving, we can apply the non-
approximability result of Feige [Fei96] and the claim follows. ut

References

Ber92. O. Berman, Improving the location of minisum facilities through network mo-
dification, Annals of Operations Research 40 (1992), 1–16.

Fei96. U. Feige, A threshold of ln n for approximating set cover, Proceedings of the
28th Annual ACM Symposium on the Theory of Computing (STOC’96),
1996, pp. 314–318.

GG+94. M. X. Goemans, A. V. Goldberg, S. Plotkin, D. B. Shmoys, E. Tardos, and
D. P. Williamson, Improved approximation algorithms for network design pro-
blems, Proceedings of the 5th Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA’94), January 1994, pp. 223–232.

GW95. M. X. Goemans and D. P. Williamson, A general approximation technique for
constrained forest problems, SIAM Journal of Computing 24 (1995), 296–317.

KM+97. S. O. Krumke, M. V. Marathe, H. Noltemeier, R. Ravi, S. S. Ravi, R. Sund-
aram, and H. C. Wirth, Improving spanning trees by upgrading nodes, Pro-
ceedings of the 24th International Colloquium on Automata, Languages and
Programming (ICALP’97), Lecture Notes in Computer Science, vol. 1256,
1997, pp. 281–291.

KN+96. S. O. Krumke, H. Noltemeier, S. S. Ravi, M. V. Marathe, and K. U. Drang-
meister, Modifying networks to obtain low cost trees, Proceedings of the 22nd
International Workshop on Graph-Theoretic Concepts in Computer Science,
Cadenabbia, Italy, Lecture Notes in Computer Science, vol. 1197, June 1996,
pp. 293–307.

KR95. P. Klein and R.Ravi, A nearly best-possible approximation for node-weighted
Steiner trees, Journal of Algorithms 19 (1995), 104–115.

Phi93. C. Phillips, The network inhibition problem, Proceedings of the 25th An-
nual ACM Symposium on the Theory of Computing (STOC’93), May 1993,
pp. 288–293.

PS95. D. Paik and S. Sahni, Network upgrading problems, Networks 26 (1995), 45–
58.



Routing in Recursive Circulant Graphs:

Edge Forwarding Index and Hamiltonian
Decomposition

G. Gauyacq, C. Micheneau, and A. Raspaud �

LaBRI U.M.R. 5800, Université Bordeaux I,
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Abstract. The recursive circulant graphs G(2m, 4) were described in
[13] as a concurrent to the hypercube considered as topology for mul-
ticomputer networks. In this paper we give the exact value of the edge
forwarding index and bisection width of the generalize recursive circulant
graphs G(cdm, d) with d > c > 0. Moreover we prove that they admit a
Hamiltonian decomposition.

1 Introduction

In all the following we use the definitions and notation of [2]. The graph we deal
with here is the circulant graph G(cdm, d). This graph belongs to a family of
circulant graphs denoted by G(N, d) with N, d,∈ IN. Let us define G(N, d).
The set of vertices is V = {0, 1, . . . , N − 1}, and the set of edges is E =
{{v, w}, v ∈ V, w ∈ V / there exists i, 0 ≤ i ≤ �logdN� − 1, such that
v ± di ≡ w(modN)}.
By definition G(cdm, d) has cdm vertices (0 < c < d). V = {0, . . . , cdm−1} is the
set of vertices, and E = {{v, w}, v ∈ V, w ∈ V/∃i, 0 ≤ i ≤ �logdcd

m�−1, v±di ≡
w(mod cdm)}. An edge between v and w = v ± di will have the label di. It
is easy to see that G(cdm, d) is a Cayley graph defined on the abelian group
(ZZ/cdmZZ, +).

The circulant graphs G(cdm, d) were described in [13] as a new concurrent to
the hypercube. They have similar properties, and some of these graphs contains
binary and binomial trees which is important for communications.

A regular graph G is said to be Hamiltonian decomposable if it is possible
to find k edge-disjoint Hamiltonian cycles if the degree of G is equal to 2k, or
� This research was supported by ALTEC-KIT, Project no INCO-COP 96-0195 and
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k edge-disjoint hamiltonian cycles and a perfect matching if the degree of G is
equal to 2k + 1. In [1] Alspach asked the following question :Is-it the case that
every connected Cayley graph X(G; H) on an abelian group G admits a Hamil-
tonian decomposition. So we give the answer for the graphs G(cdm, d). Moreover
it is possible to use these cycles to make communication more efficient, or to be
fault tolerant. For the known results concerning this question of the Hamiltonian
decomposition, see for example [3,4,6,10]. The vertex and edge forwarding in-
dex, defined in [5] and [8], are two parameters characterizing the congestion of
routings in an interconnection network.

A Hamilton decomposition of the family of graphs G(2m, 4), and the edge
forwarding index of these graphs have already be found [7,11]. In this paper, we
give an exact value for the edge forwarding index of G(cdm, d), and in a second
part we give a Hamilton decomposition of this graph (see [7,12] for the version
in french).

2 Recursive Construction

We recall firts that a Hamiltonian cycle in a graph G is a cycle passing through
each vertex of G exactly one.

Proposition 1 ([13]) For m ≥ 1 and 1 ≤ c < d, the graph G(cdm, d) contains
d vertex-disjoint copies of the graph G(cdm−1, d). The unused edges, labeled 1,
form a Hamiltonian cycle.

Proof : The set of vertices in the graph G(cdm, d) is V = {0, 1, . . . , cdm −1}
Let’s denote Gi(cdm, d) the subgraph of G(cdm, d) induced by Vi = {v/v ≡
i(mod d)}. Gi(cdm, d) has the same number of vertices as G(cdm−1, d).
Consider now the application from G(cdm−1, d) to Gi(cdm, d) defined by u −→
du + i. It is easy to see that this application is an isomorphism, and we can find
d copies of the graph G(cdm−1, d) in the graph G(cdm, d).

Now, the set of unused edges is the set of edges labeled 1 which form a
hamiltonian cycle. We will call this Hamiltonian cycle the basic cycle of the
graph G(cdm, d). �

Remark : The edges which do not belong to a subgraph Gi(cdm, d) are labeled
1; such an edge has one end in Vi, the other in Vi+1 for some i, 0 ≤ i < cdm

(the subscripts are computed modulo cdm). In that way, G(cdm, d) is a cycle of
d copies of G(cdm−1, d); the edges linking the copies i and i + 1 constitute a
perfect matching between Vi and Vi+1. For example, see figure 1. If d = 2, we
have two disjoint perfect matchings between V0 and V1,see figure 2.
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Fig. 1. G(62, 6) is a cycle of 6 copies of G(6, 6)

3 Forwarding Indices

3.1 Definitions

Vertex-Forwarding Index. Chung, Coffman, Reiman, and Simon introduced
in [5] the notion of forwarding index. A routing R of a graph Γ of order n is a
set of n(n− 1) elementary paths R(u, v) specified for all (ordered) pairs (u, v) of
vertices of Γ . If all the paths R(u, v) are shortest paths from u to v the routing
R is said to be a routing of shortest paths.
Let us call the load of a vertex v in a given routing R of a graph Γ , denoted
by ξ(Γ, R, v), the number of paths of R going through v (where v is not an end
vertex). A routing for which the load of all vertices is the same will be called a
vertex-uniform routing. The vertex-forwarding index of a network (Γ, R), denoted
by ξ(Γ, R), is the maximum number of paths of R going through any vertex v
in Γ : ξ(Γ, R) = max

v∈V
ξ(Γ, R, v). The minimum vertex-forwarding index over all

possible routings of a graph Γ will be denoted by ξ(Γ ) and be called the vertex-
forwarding index of Γ : ξ(Γ ) = min

R
ξ(Γ, R). We recall the following result which

gives a lower bound for the vertex-forwarding index.
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Fig. 2. Construction of G(23, 2) with two copies of G(22, 2)

Proposition 2 ([5]) Let Γ be a simple connected graph of order n. Then
(i) ξ(Γ ) ≥ 1

n

∑

u∈V

∑

v �=u

(d(u, v) − 1)

(ii) ξ(Γ ) = 1
n

∑

u∈V

∑

v �=u

(d(u, v) − 1) if and only if there exists a vertex-uniform

routing of shortest paths in Γ .

M.C. Heydemann, J.C. Meyer and D. Sotteau have proved that in any Cay-
ley graph there exists a vertex-uniform routing of shortest paths ([8]). Since
G(cdm, d) is a Cayley graph, we can calculate its vertex-forwarding index.

Proposition 3 For m ≥ 3, the vertex-forwarding index of G(2m, 4) is given by

ξ(G(2m, 4)) =
{

2m( 9
20m − 0, 92) − 0, 08× (−1)

m
2 + 1 if m is even

2m( 9
20m − 0, 97) + 0, 04× (−1)

m−1
2 + 1 if m is odd

Proof : For any graph G(cdm, d), the total distance from vertex 0 to all other
vertices in G(cdm, d) is defined to be td(G(cdm, d)) =

∑

v∈V (G(cdm,d))

dG(0, v) where

dG(0, v) denotes the distance from 0 to v in G(cdm, d). Theorem 3 in [13] gives
the exact value of td(G(cdm, d)) in any graph G(cdm, d). For the graph G(2m, 4)
we have :

td(G(2m, 4)) =
{

2m( 9
20m + 0, 08) − 0, 08× (−1)

m
2 if m is even

2m( 9
20m + 0, 03) + 0, 04× (−1)

m−1
2 if m is odd
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Since G(2m, 4) is vertex-transitive, 1
|V |

∑

u∈V

∑

v �=u

(d(u, v) − 1) simplifies to

1
|V | |V |

∑

v �=0

(d(0, v) − 1). This number is equal to td(G(2m, 4)) − (2m − 1) and

the result follows.

Edge-Forwarding Index. M.C. Heydemann, J.C. Meyer and D. Sotteau in-
troduced in [8] the same concepts for the edges of a graph. The load of an edge
e in a given routing R of a graph Γ , denoted by Π(Γ, R, e), is the number of
paths of R going through e. A routing for which the load of all edges is the same
will be called an edge-uniform routing. The edge-forwarding index of (Γ, R),
denoted by Π(Γ, R), is the maximum number of paths of R going through any
edge of Γ : Π(Γ, R) = max

e∈E
Π(Γ, R, e) and the edge-forwarding index of Γ is

defined as Π(Γ ) = min
R

Π(Γ, R). The following result gives a lower bound for

the edge-forwarding index.

Proposition 4 ([8]) Let Γ = (V, E) be a simple connected graph of order n.
(i) Π(Γ ) ≥ 1

|E|
∑

(u,v)∈V ×V

d(u, v)

(ii) Π(Γ ) = 1
|E|

∑

(u,v)∈V ×V

d(u, v) if and only if there exists in Γ an edge-uniform

routing of shortest paths.

In the next section we shall give the edge-forwarding index of recursive circu-
lant graphs. Since it is different from the lower bound of proposition 4 we shall
conclude that there is no edge-uniform routing of shortest paths in recursive
circulant graphs.

3.2 Edge-Forwarding Index of Recursive Circulant Graphs

Let c and d be two positive integers with 1 ≤ c < d. We first give some notations
to be used throughout this section.
Let V be the vertex set of G(cdm, d), that is the set of integers between 0 and
cdm − 1. For any i, 0 ≤ i ≤ d − 1, let Vi = {v ∈ V/ v ≡ i (mod d)}.
If x is an integer modulo cdm, |x|d denotes the only integer between 0 and d/2
such that |x|d ≡ x (mod d) or |x|d ≡ −x (mod d).
If u ∈ Vi and v ∈ Vj let δmod d(u, v) = |i − j|d (i.e. the distance in a d-cycle
between vertices i and j).
Let πm denote the edge-forwarding index of G(cdm, d).
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Inequalities between πm and πm−1

Proposition 5 Let m ≥ 1 be an integer. We have

cdm−1

⌊
d2

4

⌋

≤ πm ≤ max
{

dπm−1, cd
m−1

⌊
d2

4

⌋}

.

Proof : Let R be an arbitrary routing of G(cdm, d). A path of R from a vertex
u to a vertex v contains at least δmod d(u, v) edges having the label 1. Thus the
sum of the loads induced on the edges of label 1 by all the paths of R is at least
σ =

∑

(u,v)∈V ×V

δmod d(u, v).

∑

v �=u

δmod d(u, v) is the same for each vertex u, so we have σ = cdm
∑

v �=0

δmod d(0, v).

Now we note that, if 1 ≤ i < d/2, there exist 2cdm−1 vertices such that
δmod d(0, v) = i : those in Vi and those in Vd−i. For d even, there exist cdm−1

vertices such that δmod d(0, v) = d/2 : those in Vd/2. Therefore,

σ =
{

cdm(2cdm−1 × 1 + 2cdm−1 × 2 + . . . + 2cdm−1	d
2
) if d is odd

cdm(2cdm−1 × 1 + 2cdm−1 × 2 + . . . + 2cdm−1(d
2 − 1) + cdm−1 d

2 ) if d is even

Combining these equalities yields

σ = cdm

(

cdm−1

⌊
d2

4

⌋)

.

In G(cdm, d) there are cdm edges carrying the label 1, and the maximum number
of paths passing through an edge is more than the average number, so we get
the lower bound :

πm ≥ σ

cdm
= cdm−1

⌊
d2

4

⌋

.

For the upper bound we are going to define a routing Rm of G(cdm, d) for
which the load of an edge is either less than dπm−1 or less than cdm−1

⌊
d2

4

⌋
.

Let Rm−1 be a routing of G(cdm−1, d) with a minimum edge-forwarding
index, that is Π(G(cdm−1, d), Rm−1) = πm−1.
Let u ∈ Vi and v ∈ Vj . If i = j, i.e u and v are in the same copy of G(cdm−1, d)
the path Rm(u, v) is simply the path Rm−1(u, v) in this copy.
If i �= j we choose a nearest vertex of v in Vi. If d is even and |i − j| = d/2 two
choices exist : v−d/2 and v+d/2; we take u′ = v−d/2. In the other cases there
is only one nearest vertex of v in Vi :

u′ =
{

v − |i − j| if |i − j| < d/2
v + d − |i − j| if |i − j| > d/2 .
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The path Rm(u, v) is defined as the path Rm−1(u, u′) in copy i of G(cdm−1, d),
which is followed by the shortest path from u′ to v, which consists only of edges
carrying the label 1.

Let us find the load of an edge e which is not labeled 1. Assume
the ends of e are in Vi. All the paths going through e begin in Vi. For
fixed j, the load of e induced by the paths Rm(u, v), u ∈ Vi, v ∈ Vj is
Π(G(cdm−1, d), Rm−1, e) which is less than πm−1. Since there exist d choices
for j we get Π(G(cdm, d), Rm, e) ≤ dπm−1.

Let us find the load of an edge e which is labeled 1. Let e = {x, x + 1} with
x ∈ Vi. The paths passing through e are :
- the paths going through e from x to x + 1, i.e. the paths Rm(u, x + k) for
any k, 1 ≤ k ≤ d/2 and any u in Vi−� for 0 ≤ � ≤ d/2 − k; their number is
cdm−1(1 + 2 + . . . + 	d/2
).
- the paths going through e from x + 1 to x, i.e. the paths Rm(u, x− k) for any
k, 0 ≤ k < d/2 − 1 and any u in Vi+� for 1 ≤ � < d/2 − k; their number is{

cdm−1(1 + 2 + . . . + 	d/2
) if d is odd
cdm−1(1 + 2 + . . . + d/2 − 1) if d is even

By combining these equalities we find the load of e : cdm−1
⌊

d2

4

⌋
.

In [7], this proof is generalized to find lower and upper bounds for the edge-
forwarding index of compound graphs.

The Case (c, d) �= (2, 3)

Theorem 1 If m ≥ 1 , d ≥ 2, (m, d) �= (1, 2) and (c, d) �= (2, 3) then the
edge-forwarding index of G(cdm, d) is cdm−1

⌊
d2

4

⌋
.

Proof : 1) If d = 2, then c = 1 since 1 ≤ c < d. The graph G(21, 2) is the
complete graph on 2 vertices thus π1 = 2 and G(22, 2) is the complete graph on
4 vertices thus π2 = 2. If we suppose πm−1 = 2m−2, by proposition 5 we get
πm = 2m−1.

2) Now, we assume d ≥ 3. The proof is also by induction on m. Since G(cd0, d)
is the c-cycle its edge-forwarding index is π0 =

⌊
c2

4

⌋
if c �= 2 and π0 = 2 if c = 2

([8]). By proposition 5, we get

c

⌊
d2

4

⌋

≤ π1 ≤ max
{

c

⌊
d2

4

⌋

, dπ0

}

.



234 G. Gauyacq, C. Micheneau, and A. Raspaud

By the definition, c ≤ d−1 thus, if c �= 2, dπ0 = d
⌊

c2

4

⌋
≤ c2d

4 ≤ cd(d−1)
4 < c

⌊
d2

4

⌋
.

If c = 2, we have dπ0 = 2d ≤ 2
⌊

d2

4

⌋
(Recall that (c, d) �= (2, 3) ). Therefore

c

⌊
d2

4

⌋

≤ π1 ≤ c

⌊
d2

4

⌋

and the theorem holds for m = 1.
Suppose, now, that πm−1 = cdm−2

⌊
d2

4

⌋
. By proposition 5, we get

cdm−1

⌊
d2

4

⌋

≤ πm ≤ max
{

dπm−1, cd
m−1

⌊
d2

4

⌋}

.

It follows from the induction hypothesis that πm = cdm−1
⌊

d2

4

⌋
.

Corollary 1 The edge-forwarding index of G(2m, 4) is 2m.

Proof : We apply theorem 1 for c = 1, d = 4 when m is even and for c = 2, d = 4
when m is odd.

Corollary 2 For m ≥ 3 there is no edge-uniform routing of shortest paths in
G(2m, 4).

Proof : By proposition 4, Π(G(2m, 4)) = 1
|E|

∑

(u,v)∈V ×V

d(u, v) if and only if there

exists in G(2m, 4) an edge-uniform routing of shortest paths. We are going to
compute 1

|E|
∑

(u,v)∈V ×V

d(u, v) in G(2m, 4). Let Σ be this number.

As said in the proof of proposition 3 td(G(cdm, d)) =
∑

v∈V (G(cdm,d))

dG(0, v) is

given by theorem 3 in [13]. We have :

td(G(2m, 4)) =
{

2m( 9
20m + 0, 08) − 0, 08× (−1)

m
2 if m is even

2m( 9
20m + 0, 03) + 0, 04× (−1)

m−1
2 if m is odd

Since G(2m, 4) is vertex-transitive,
∑

(u,v)∈V ×V

d(u, v) simplifies to

|V | td(G(2m, 4)).
Since G(2m, 4) has degree m, it has m

2 |V | edges and Σ = 2 td(G(2m,4))
m .

For m ≥ 3, Σ �= 2m; thus we can conclude. In figure 3, we compare �Σ� with
2m for 2 ≤ m ≤ 8.
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m 2 3 4 5 6 7 8

2m 4 8 16 32 64 128 256

�Σ� 4 8 15 30 60 117 236

Fig. 3. Comparison between 2m and Σ

Remark : In [13] the graph G(2m, 4) is compared with the hypercube Qm. We
can notice that they have the same edge-forwarding index 2m, but unlike in
G(2m, 4), the routing of Qm for which the edge-forwarding index is 2m is an
edge-uniform routing of shortest paths (for edge-forwarding index of Qm, see
[8]).

The Case c = 2, d = 3

Proposition 6 If m ≥ 1, then
⌈

8m + 6
2m + 1

3m−1

⌉

≤ Π(G(2 × 3m, 3)) ≤ 5 × 3m−1.

Proof : 1) By proposition 4, Π(G(2 × 3m, 3)) ≥ 1
|E|

∑

(u,v)∈V ×V

d(u, v). Let us

determine this lower bound.
By theorem 3 in [13] we know the exact value of td(G(cdm, d)) in any graph
G(cdm, d). For odd d, we have

td(G(cdm, d)) = cdm

(
d2 − 1

4d
m +

	c2/4

c

)

.

Applying this theorem to c = 2, d = 3 yields

td(G(2 × 3m, 3)) = (4m + 3)3m−1,

thus
∑

(u,v)∈V ×V

d(u, v) = |V | td(G(2 × 3m, 3)) = |V | (4m + 3)3m−1.

Since G(2×3m, 3) has degree 2m+1, it has |V |2m+1
2 edges and the lower bound

is
|V | td(G(cdm, d))

|V | 2m+1
2

=
2 td(G(cdm, d))

2m + 1
=

8m + 6
2m + 1

3m−1.

Hence
πm = Π(G(2 × 3m, 3)) ≥ 8m + 6

2m + 1
3m−1 > 4 × 3m−1. (1)

2) To find the upper bound we shall proceed by induction on m.
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π1 : The graph G(2×31, 3) is shown in figure 4. Let R(x, x+2) = (x, x+1, x+2)
and R(x, x + 4) = (x, x + 3, x + 4); the other paths are single edges. It is not
difficult to verify that the edge-forwarding index of this routing is 5, thus π1 ≤ 5.
On the other hand, by inequality (1), π1 ≥ 5 hence π1 = 5 and the proposition
is proved for m = 1.

3 4

5

2

10

Fig. 4. The graph G(2 × 31, 3)

Suppose now that πm−1 ≤ 5 × 3m−2. By proposition 5 :

πm ≤ max
{

3πm−1, 2 × 3m−1

⌊
32

4

⌋}

i.e. πm ≤ max
{
3πm−1, 4 × 3m−1

}
.

It follows from the induction hypothesis and the inequality (1) that
4 × 3m−1 < 3πm−1 ≤ 5 × 3m−1 and then πm ≤ 5 × 3m−1.

3.3 Bisection Width of G(cdm, d)

The bisection width of a graph Γ , denoted by Bisw(Γ ), is the minimum number
of edges that have to be removed in order to disconnect Γ into two subgraphs
with identical (within one) number of vertices. Let N be the order of Γ . It is
known that

Π(Γ )Bisw(Γ ) ≥
⌊

N2

2

⌋

(see [14] th. 3.9.6 p.119).

Theorem 2 If d ≥ 2 is even, the bisection width of G(cdm, d) is 2cdm−1.
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Proof : If d is even,
⌊

d2

4

⌋
= d2

4 . Since Π(G(cdm, d)) = cdm−1
⌊

d2

4

⌋
we have

Bisw(G(cdm, d)) ≥ (cdm)2

2cdm−1 d2

4

= 2cdm−1.

It is easy to see that the deletion of 2cdm−1 edges can disconnect G(cdm, d) into
two halves with identical number of vertices. Just remove the edges having one
end in V0 and one end in V1 and those having one end in Vd/2 and one end in
Vd/2+1. For example, see figure 5.
Thus Bisw(G(cdm, d)) ≤ 2cdm−1 and so Bisw(G(cdm, d)) = 2cdm−1.

V0

7

25

1

13

19

31

0

6

12

30

18

24

2

14

20

26

9

27

32

8

21

33

15

3

10

16

22

4

34

28

35

5

11

17

23

29

V

V

VV

V

1

2

34

5

Fig. 5. Minimum bisection of G(62, 6)

Corollary 3 The bisection width of G(2m, 4) is 2m−1.

4 Hamilton Decomposition

In the following, we will prove that the graphs G(cdm, d) are Hamiltonian de-
composable. This result is a generalization of the one obtained for the graphs
G(2m, 4) published in [11].
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4.1 Disjoint Hamiltonian Cycles

Definitions. If C = c1c2 . . . cpc1 is a cycle of a graph G, we let C[ci, cj] be the
subpath cici+1 . . . cj and C̄[cj, ci] the subpath cjcj−1 . . . ci, where the indices are
taken modulo p. We will say that a Hamiltonian cycle of G(cdm, d) contains a
3 − sequence, if there exist three consecutive vertices of the Hamiltonian cycle
labeled by three consecutive integers (the integers are taken modulo cdm).
By using the fact that G(cdm+1, d) contains d copies of G(cdm, d), we will con-
struct a Hamiltonian cycle of G(cdm+1, d) containing a 3-sequence from a Hamil-
tonian cycle of G(cdm, d) containing a 3-sequence. We will say that we have made
an extension of the Hamiltonian cycle of G(cdm, d). In the following paragraph
we assume that m ≥ 2 if c = 1 and d = 2, m ≥ 1 if c = 2 and if c = 1 and d ≥ 3,
m ≥ 0 if c ≥ 3.

Extension of a Hamiltonian Cycle. Let C = X1X2 . . . XcdmX1 be a
Hamiltonian cycle of G(cdm, d) with the 3-sequence {X1, X2, X3}. We denote
by Ci = X1,i . . .Xcdm,iX1,i the corresponding cycle in the copy Gi(cdm, d)
(0 ≤ i ≤ d − 1) contained in G(cdm+1, d). It means that Xl,i = dXl + i for
1 ≤ l ≤ cdm.
We consider first the case d ≥ 3.
d even. We construct the following Hamiltonian cycle:
X1,0C̄1[X1,1, X3,1]C2[X3,2, X1,2] . . . C̄2k−1[X1,2k−1, X3,2k−1]C2k[X3,2k, X1,2k] . . .
C̄d−1[X1,d−1, X3,d−1]X2,d−1X2,d−2 . . . X2,0C0[X2,0, X1,0].
d odd. We construct the following Hamiltonian cycle:
X1,0C̄1[X1,1, X3,1]C2[X3,2, X1,2] . . . C̄2k−1[X1,2k−1, X3,2k−1]C2k[X3,2k, X1,2k] . . .
Cd−1[X3,d−1, X1,d−1]X2,d−1X2,d−2 . . . X2,0C0[X2,0, X1,0].
It is easy to see that in each case the obtained Hamiltonian cycle contains the
3-sequence {X2,0, X2,1, X2,2}.
If d=2, G(2m+1, 2) contains only two copies of G(2m. We take the 2-sequence
{X1, X2} in G(2m.
Then the Hamiltonian cycle C0[X2,0, X1,0]C̄1[X1,1, X2,1]X2,0 contains the 2-
sequence {X2,0, X2,1}.
We leave the proof of the following proposition to the reader:

Proposition 7 The not used edges by the extension which belong to the basic
cycle in the subpath linking X1,0 to X3,d−1 and the not used edges of the Ci’s
form a path from X1,0 to X3,d−1 containing all the vertices Xi,j (1 ≤ i ≤ 3),
0 ≤ j ≤ d − 1.

In the figure 6 we have an example for d = 4 and 5 of an extended Hamiltonian
cycle. The dotted lines form the path linking X1,0 to X3,d−1 composed of the not
used edges of the Ci’s and the basic cycle. Now we can establish the following
easy proposition:
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d = 4
X1,0

X 2,0

X
3,0 X 3

X

X X

X

X

X

X

X
3

,1

2,1

1,1 1,2

2,2

,2

1,3

2,3

3,3

d = 5
X1,0

X 2,0

X
3,0 X 3

X

X X

X

X

X

X

X
3

,1

2,1

1,1 1,2

2,2

,2

1,3

2,3

3,3 X

X

X1,4

2,4

3,4

Fig. 6. Extension of a Hamiltonian cycle

Proposition 8 Let C = X1X2 . . .Xcdm and D = Y1Y2 . . . Ycdm be two
edge-disjoint Hamiltonian cyles of G(cdm, d), each of them contain-
ing respectively a 3-sequence {X1, X2, X3} and {Y1, Y2, Y3} such that
{X1, X2, X3}

⋂
{Y1, Y2, Y3} = ∅. Then the corresponding extended Hamil-

tonian cycles in G(cdm+1, d) are edge-disjoint and each of them contains
respectively the 3-sequence {X2,0, X2,1, X2,2} and {Y2,0, Y2,1, Y2,2} such that
{X2,0, X2,1, X2,2}

⋂
{Y2,0, Y2,1, Y2,2} = ∅.

Proof : The edges of Ci and Di (0 ≤ i ≤ d − 1) are distinct by hypothesis.
For the two extensions we use the edges labeled 1 having as extremities
{X1,i, X2,i, X3,i} for the cycle C and the ones that have as extremities
{Y1,i, Y2,i, Y3,i} for the cycle D. These vertices are different by hypothesis. It is
then clear that the used edges are different. This completes the proof. �

In the following, if 3-sequences have an empty intersection, we will say that
they are disjoint.

Hamiltonian Decomposition. We are now ready to prove the main theorem:

Theorem 3 G(cdm, d) is Hamiltonian decomposable (1 ≤ c < d).



240 G. Gauyacq, C. Micheneau, and A. Raspaud

Proof : We recall that G(cdm, d) is a regular graph, let ∆ be its degre.
If c = 1 and d = 2, then ∆ = 2m − 1. Let M = m − 1.
If c = 1 and d ≥ 3, then ∆ = 2m. Let M = m.
If c = 2 and d ≥ 3, then ∆ = 2m + 1. Let M = m.
If c ≥ 3, then ∆ = 2m + 2. Let M = m.
By induction on m, we will prove that G(cdm, d) contains M edge-disjoint
Hamiltonian cycles with disjoint 3-sequences (2-sequences, if d = 2) plus a
perfect matching if c = 1, d = 2, or c = 2. As a matter of fact we begin the
induction with m = 0 for c ≥ 3, and with m = 1 for c = 1 or 2, it is easy to
verify that the property holds in these cases. We recall that the basic cyle is
the Hamiltonian cycle, which has its edges labeled by 1. It is for us now the
Hamiltonian cycle linking the d copies of G(cdm, d) in G(cdm, d).
We assume that it is true for m and we prove it for m + 1. If we are in the case
where there is a perfect matcthing, the new perfect matching will be the union
of the d perfect matchings of the d copies of G(cdm, d) contained in G(cdm+1, d).
Hence we extend the M edge-disjoint Hamiltonian cycles of G(cdm, d) in
G(cdm+1, d). By Proposition 2 the extensions give M edge-disjoint Hamiltonian
cycles with disjoint 3-sequences (2-sequences, if d = 2). It remains to prove
that the not used edges by the matching and by the M edge-disjoint extended
Hamiltonian cycles form a Hamiltonian cycle with a 3-sequence different from
the others. We recall that, since the 3-sequences (2-sequences) are disjoint, the
edges of the basic cyle, which are used in the M extensions, are all different.
We have to consider two cases:
(i) d = 2.
It remains the edges labeled 1 of the basic cycle except for the edges of
type {X1,0, X1,1}, {X2,0, X2,1} and {X1,0, X2,0}, {X1,1, X2,1} for each cycle.
In he basic cycle we replace the subpath X1,0X1,1X2,0X2,1 by the path
X1,0X2,0X1,1X2,1. Since the 2-sequences are disjoint we get a Hamiltonian
cycle. There is at least one vertex S of V0 which is not in a 2-sequence of
G(2m, 2). Then {S, S + 1} is a 2-sequence of the new Hamilonian cycle disjoint
from the other 2-sequences.
(ii) d ≥ 3.
- d even. In the basic cyle we replace for each 3-sequence the subpath

X1,0X1,1 . . . X1,d−1X2,0X2,1 . . . X2,d−1X3,0X3,1 . . . X3,d−1 by the path
X1,0X2,0X1,d−1X2,d−1X3,0X3,1X2,1X1,1X1,2X2,2X3,2 . . .
. . . X1,d−2X2,d−2X3,d−2X3,d−1.
- d odd. In the basic cyle we replace for each sequence the subpath
X1,0X1,1 . . . X1,d−1X2,0X2,1 . . . X2,d−1X3,0X3,1 . . . X3,d−1 by the path
X1,0X2,0X1,d−1X1,d−2X2,d−2X3,d−2X3,d−3X2,d−3X1,d−3 . . .
. . . X1,1X2,1X3,1X3,0X2,d−1X3,d−1.
Since the 3-sequences are disjoint we get a Hamiltonian cycle formed by the not
used edges of the basic cycle and the M extended Hamiltonian cycles. Moreover
there is at least one vertex S of V0 which is not in a 3-sequence of G0(cdm, d).
Then {S, S +1, S +2} is a 3-sequence of the new Hamilonian cycle disjoint from
the others.
This completes the proof. �
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5 Conclusion

The study of the recusive circulant graphs G(cdm, d) and more particularly of
G(4m, 4) was motivated by the fact that these graphs have good structural prop-
erties inducing good routing capabilities. All these properties are of interest from
the interconnection networks point of view, for more informations see [9,14].
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Abstract. We present a new technique for the embedding of large cube-
connected cycles networks (CCC) into smaller ones, a problem that ari-
ses when algorithms designed for an architecture of an ideal size are to
be executed on an existing architecture of a fixed size. Using the new
embedding strategy, we show that the CCC of dimension l can be em-
bedded into the CCC of dimension k with dilation 1 and optimum load

for any k, l ∈ IN , k ≥ 8, such that
5
3

+ ck <
l

k
≤ 2, ck =

4k + 3
3 · 22/3k

,

thus improving known results. Our embedding technique also leads to

improved dilation 1 embeddings in the case
3
2

<
l

k
≤ 5

3
+ ck .

1 Introduction

Over the past few years, a lot of research has been done in the field of interconnec-
tion networks for parallel computer architectures (for an overview, cf. [19]). Much
of the work has been focused on the capability of certain networks to simulate
other network or algorithm structures, in order to execute parallel algorithms of
a special structure efficiently on different processor networks (see e.g. [5,17,25]).
One problem that is of specific interest in this context is that many existing algo-
rithms are designed for arbitrarily large networks (see e.g. [19]), whereas, in prac-
tice, the processor network will be fixed and of smaller size. Thus, the larger net-
work must be simulated in an efficient way on the smaller target network. There
is an enormous literature on this problem (see e.g. [3,8,14,15,21,23,24,26,30]).

Customarily, the simulation problem is formalized as the emdedding problem
of one graph in another (for a formal definition of the embedding problem, see
Section 2). The “quality” of an embedding is measured by the parameters load,
dilation, and congestion. The importance of the different parameters becomes
apparent through the following result.
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Proposition 1 [20]:

If there is an embedding of G into H with load `, dilation d, and conge-
stion c, then there is a simulation of G by H with slowdown O(`+d+c).

As a consequence, the load `, dilation d, and congestion c have been investi-
gated for embeddings between many common network structures like hypercu-
bes, binary trees, meshes, shuffle-exchange networks, deBruijn networks, cube-
connected cycles, butterfly networks, etc. Most of the work was done on one-to-
one embeddings (for an overview, see e.g. [25,29]), but results on many-to-one
embeddings can also be found (see e.g. [2,6,7,9,12,13,16,18,22,26,27]). In this
paper, we focus on many-to-one embeddings of the cube-connected cycles net-
work (CCC). The CCC was introduced as a network for parallel processing in
[28]. It has fixed degree, small diameter, and good routing capabilities [19]. It
can execute the important class of normal hypercube algorithms very efficiently
(see e.g. [19]). In addition, there is also a strong structural relationship to the
deBruijn, shuffle-exchange, and butterfly networks [1,10]. Hence, the efficient
implementation of algorithms on CCC networks (of fixed size) is of importance.
According to Proposition 1, one way of executing algorithms designed for a CCC
network of arbitrary size efficiently on a CCC network of realistic (fixed) size,
is to find embeddings of large CCC’s into small CCC’s minimizing the parame-
ters load, dilation, and congestion. In this paper, we focus on load and dilation.
Using our embedding strategy, many important algorithms for large CCC’s can
be implemented very efficiently on a CCC network of realistic size.

Many-to-one embeddings of the CCC network have been investigated in [2,6,12]
[16,27]. In [6,12,27], embeddings with optimum dilation and load are presented
in the case of embedding CCC’s of dimension l into k where k|l. The authors also
restrict themselves to special kinds of embeddings of a very regular structure, like
coverings [6], homogeneous emulations [12], and homomorphisms [27]. Because
of the very restricted nature, Bodlaender [6] and Peine [27] are also able to
classify their embeddings completely. In [2], a general procedure is described
for mapping parallel algorithms into parallel architectures. This procedure is
applied to the CCC network achieving dilation 1, but very high load. Also,
only special kinds of embeddings, so-called contractions, are considered. In [16],
the embedding problem for CCC’s is investigated taking into account general
embedding functions and any possible network dimension. More precisely, it is
proved that the cube-connected cycles network of dimension l, CCC(l), can be
embedded into CCC(k), l > k, with

1.) dilation 2 and optimum load

⌈
l

k
· 2l−k

⌉
.

2.) dilation 1 and load





⌈
l

k
· 2l−k

⌉
for

l

k
≥ 2,

⌈
2p − 1

p
· 2l−k

⌉
for p ∈ {2, 3, . . .} such that

2p − 3
p − 1

<
l

k
≤ 2p − 1

p
.
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In this paper, we present a new technique for the embedding of large cube-
connected cycles networks into smaller ones. Using the new embedding strategy,
we show:

Let k, l ∈ IN , k ≥ 8, such that
5
3

+ ck <
l

k
≤ 2, ck =

4k + 3
3 · 22/3k

.

Then, there is a dilation 1 embedding of CCC(l) into CCC(k) with load⌈
l

k
· 2l−k

⌉
.

This is optimal, and improves the results from [16]. Our embedding technique

also leads to improved dilation 1 embeddings in the case
3
2

<
l

k
≤ 5

3
+ ck .

The general strategy of the embeddings is the same as in [16], namely to map
2l−k cycles in CCC(l) of length l onto one cycle in CCC(k) of length k and
to allocate the nodes of the guest cycles as balancedly as possible on the host
cycle. But in order to improve the results from [16], a completely different way
of allocating the guest nodes on the host cycle is introduced.

The paper is organized as follows. Section 2 contains the definitions of the terms
used in the paper. Section 3 presents the new embedding strategy. Section 4
presents the derived results. The Conclusion gives an outlook on further conse-
quences of the new embedding technique.

2 Definitions

(Most of the terminology is taken from [19,25].) For any graph G = (V, E), let
V (G) = V denote the set of vertices of G, and E(G) = E denote the set of edges
of G. Let ā denote the binary complement of a ∈ {0, 1}. For α = a0a1...am−1 ∈
{0, 1}m, let α(i) = a0 . . . ai−1āiai+1 . . . am−1.

Cube-Connected Cycles Network. The (wrapped) cube-connected cycles net-
work of dimension m, denoted by CCC(m), has vertex-set Vm = {0, 1, ..., m −
1}×{0, 1}m, where {0, 1}m denotes the set of length-m binary strings. For each
vertex v = (i, α) ∈ Vm, i ∈ {0, 1, ..., m − 1}, α ∈ {0, 1}m, we call i the level and
α the position-within-level (PWL) string of v. The edges of CCC(m) are of two
types: For each i ∈ {0, 1, ..., m − 1} and each α = a0a1...am−1 ∈ {0, 1}m, the
vertex (i, α) on level i of CCC(m) is connected

– by a cycle-edge with vertex ((i + 1) mod m, α) on level (i + 1) mod m and
– by a cross-edge with vertex (i, α(i)) on level i.

For each α ∈ {0, 1}m, the cycle

(0, α) ↔ (1, α) ↔ . . . ↔ (m − 1, α) ↔ (0, α)

of length m will be denoted by Cα(m) or Cα.

CCC(m) has m2m nodes, 3m2m−1 edges and degree 3. An illustration of CCC(3)
is shown in Figure 1.
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Fig. 1. The cube-connected cycles CCC(3)

Graph Embeddings. Let G and H be finite undirected graphs. An embedding
of G into H is a mapping f from the nodes of G to the nodes of H. G is called
the guest graph and H is called the host graph of the embedding f . The load
of the embedding f is the maximum number of vertices of the guest graph G
that are mapped to the same host graph vertex. [The optimum load achievable
is the ratio d|V (G)|/|V (H)|e of the number of nodes in G and H.] The dilation
of the embedding f is the maximum distance in the host between the images
of adjacent guest nodes. A routing is a mapping r of G’s edges to paths in H,
r(v1, v2) = a path from f(v1) to f(v2) in H. The congestion of the embedding
f is the maximum number of edges that are routed through a single edge of H.

Lexicographic Orderings. Let Lex : {0, . . . , m−1}×{0, 1}n → IN0, Lex(i, a0 . . .
an−1) = i2n + a02n−1 + a12n−2 + . . . + an−120 . Then, the lexicographic order
on {0, 1, . . . , m − 1} × {0, 1}n is defined by

(i, α) < (j, β) ⇔ Lex(i, α) < Lex(j, β) ,

and the lexicographic distance between (i, α) and (j, β) is defined as |Lex(i, α) −
Lex(j, β)| .

Balanced Allocations. Let a1, b1, a2, b2 ∈ IN0 such that b1 ≥ a1, b2 ≥ a2,
b1 − a1 ≥ b2 − a2. Let r ∈ IN . A function

d : {a1, a1 + 1, . . . , b1} × {0, 1}r → {a2, a2 + 1, . . . , b2}

is called a balanced allocation of {a1, . . . , b1}×{0, 1}r among {a2, . . . , b2} accor-
ding to the lexicographic order on {a1, . . . , b1}×{0, 1}r if d satisfies the following
properties:

– d(a1, 0r) = a2, d(b1, 1r) = b2,

– d is monotonic nondecreasing in the lexicographic ordering of the arguments
[i.e., d(i, β) ≤ d(i′, β′), if (i, β) ≤ (i′, β′) according to the lexicographic order
on {a1, . . . , b1} × {0, 1}r],
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–
⌈

b1 − a1 + 1
b2 − a2 + 1

· 2r

⌉
− 1 ≤ |d−1(j)| ≤

⌈
b1 − a1 + 1
b2 − a2 + 1

· 2r

⌉

for all j ∈ {a2, . . . , b2} .

[Note that such an allocation function d can always be constructed for the pa-
rameters a1, b1, a2, b2, r as above.]

3 The General Embedding Strategy

The basic idea of the embeddings presented here is to map 2l−k cycles Cα1 , Cα2 ,
. . . , Cα2l−k

in CCC(l) of length l onto one cycle Cβ of length k in CCC(k) and
to allocate the l ·2l−k nodes of Cα1 , . . . , Cα2l−k

appropriately among the k nodes
of Cβ .

Formal Construction:

Consider numbers π(0), π(1), . . . , π(k − 1), where each π(i) ∈ {0, 1, . . . , l − 1},
and each π(i) < π(i + 1). Let π̄(0), π̄(1), . . . , π̄(l − k − 1) ∈ {0, 1, . . . , l − 1} \
{π(0), π(1), . . . , π(k − 1)} such that π̄(0) < π̄(1) < . . . < π̄(l − k − 1). [Note that
{π(0), π(1), . . . , π(k − 1)} ∪̇ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} = {0, 1, . . . , l − 1}.]

Let aπ(0), aπ(1), . . . , aπ(k−1) ∈ {0, 1}. The cycles {Ca0a1...al−1 | aπ̄(0), aπ̄(1), . . . ,
aπ̄(l−k−1) ∈ {0, 1}} of CCC(l) are mapped onto the cycle Ca�(0)a�(1)...a�(k−1)

in CCC(k) such that the nodes 0, 1, . . . , l − 1 of each Ca0a1...al−1 are allocated
appropriately among the nodes of Ca�(0)a�(1)...a�(k−1) .

The exact allocation of the nodes of {Ca0a1...al−1 | aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈
{0, 1}} on Ca�(0)a�(1)...a�(k−1) is determined by an allocation function

d : {0, 1, . . . , l − 1} × {0, 1}l−k → {0, 1, . . . , k − 1}
which specifies, for each node number ∈ {0, 1, . . . , l − 1} on the guest cycle
Ca0a1...al−1 and each cycle index aπ̄(0)aπ̄(1) . . . aπ̄(l−k−1), the position on the host
cycle Ca�(0)a�(1)...a�(k−1) . [On each host cycle Ca�(0)a�(1)...a�(k−1) , aπ(0), aπ(1), . . . ,
aπ(k−1) ∈ {0, 1}, the same allocation function is used.] Formally, the embedding
f : V (CCC(l)) → V (CCC(k)) is of the form

f(i, a0a1 . . . al−1) := (d(i, aπ̄(0) . . . aπ̄(l−k−1)), aπ(0) . . . aπ(k−1))

for all 0 ≤ i ≤ l − 1, a0a1 . . . al−1 ∈ {0, 1}l.

The load of f is determined by the allocation function d. Therefore, d should
allocate the guest nodes as balancedly as possible on each host cycle. In the
sequel, d will be chosen such that

d(π(i), β) = i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}l−k.

This guarantees that all the cross-edges

(i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)},
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of CCC(l) are mapped onto a corresponding cross-edge in CCC(k). All the other
edges of CCC(l) are mapped onto a path on a single cycle Cβ in CCC(k). So, in
this case the dilation is directly dependent on the allocation d of the guest nodes
on the host cycle and stands partly in contrast to the desired balancedness of
the allocation as explained above.

For low dilation, the values of π(0), π(1), . . . , π(k − 1) should be allocated re-
latively balancedly among 0, 1, . . . , l − 1, and the nodes (i, a0a1 . . . al−1) and
(j, b0b1 . . . bl−1) of the cycles Cα1 , Cα2 , . . . , Cα2l−k

of CCC(l) with a small le-
xicographical distance between (i, aπ̄(0) . . . aπ̄(l−k−1)) and (j, bπ̄(0) . . . bπ̄(l−k−1))
should be mapped close together on the cycle Cβ in CCC(k).

In [16], for 1 < l/k ≤ 2, it was shown that the values of π(0), π(1), . . . , π(k − 1)
can be specified such that the following holds:

1.) π(i + 1) − π(i) ≤ 2 for all 0 ≤ i < k − 1.

2.) The nodes {(π(i), a0a1 . . . al−1) | aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈ {0, 1}} are
mapped onto (i, aπ(0)aπ(1) . . . aπ(k−1)) for 0 ≤ i ≤ k − 1, aπ(0), aπ(1), . . . ,
aπ(k−1) ∈ {0, 1}.

3.) The nodes {(π̄(i), a0a1 . . . al−1) | 0 ≤ i ≤ l−k−1, aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈
{0, 1}} can be allocated balancedly in certain sections of the host cycle
Ca�(0)a�(1)...a�(k−1) , aπ(0), aπ(1), . . . , aπ(k−1) ∈ {0, 1}, while maintaining di-
lation 1 at the same time.

Here, for
5
3

+ ck <
l

k
≤ 2, ck =

4k + 3
3 · 22/3k

, we show that π(0), π(1), . . . , π(k − 1)

can be specified such that the following holds:

1.) π(i + 1) − π(i) ≤ 3 for all 0 ≤ i < k − 1.

2.) The nodes {(π(i), a0a1 . . . al−1) | aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈ {0, 1}} are
mapped onto (i, aπ(0)aπ(1) . . . aπ(k−1)) for 0 ≤ i ≤ k − 1, aπ(0), aπ(1), . . . ,
aπ(k−1) ∈ {0, 1}.

3.) The nodes {(π̄(i), a0a1 . . . al−1) | 0 ≤ i ≤ l−k−1, aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈
{0, 1}} can be allocated balancedly on the complete host cycle Ca�(0)a�(1)...

a�(k−1) , aπ(0), aπ(1), . . . , aπ(k−1) ∈ {0, 1}, while maintaining dilation 1 at the
same time.

The main new technical contribution will be to show that the guest nodes
{(π(i) + 1, a0a1 . . . al−1), (π(i) + 2, a0a1 . . . al−1) | aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈
{0, 1}} can be allocated in an appropriate way among the host nodes {(j, aπ(0)
aπ(1) . . . aπ(k−1)) | j ∈ {i − 1, i, i + 1, i + 2}} for 0 ≤ i < k − 1 such that
π(i + 1) − π(i) = 3, while maintaining dilation 1 at the same time.
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4 Improved Dilation 1 Embedding of the CCC

Theorem 1:

Let k, l ∈ IN , k ≥ 8, such that
5
3

+ ck <
l

k
≤ 2, ck =

4k + 3
3 · 22/3k

.

Then, there is a dilation 1 embedding of CCC(l) into CCC(k) with load⌈
l

k
· 2l−k

⌉
.

Proof :

(A) l − k even

We show that the construction of Section 3 can be adapted to yield an embedding

of CCC(l) into CCC(k) with dilation 1 and load
⌈

l

k
· 2l−k

⌉
.

For this, we specify the allocation d and the indices π(i) for the embedding f in
the construction of Section 3.

For 0 ≤ i ≤ l − k

2
− 1, let

h(i) :=
⌈

i · 2l

l − k
− 3k

2l−k

⌉
+ 1 .

[Then, h(0) = 1, h

(
l − k

2
− 1

)
= l − 3 .] For 0 ≤ i ≤ l − k − 1, let

π̄(i) :=






h

(
i

2

)
if i even,

h

(⌊
i

2

⌋)
+ 1 if i odd.

Let π(0), π(1), . . . , π(k − 1) ∈ {0, 1, . . . , l − 1} \ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}
such that π(0) < π(1) < . . . < π(k − 1). [Note that {π(0), π(1), . . . , π(k −
1)} ∪̇ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} = {0, 1, . . . , l − 1}.]

For the time being, we only construct the allocation d : {0, 1, . . . , l − 1} ×
{0, 1}l−k → {0, 1, . . . , k−1} partially, namely we specify d(i, β) for i ∈ {π(0), π(1),
. . . , π(k − 1)}. Let

d(π(i), β) := i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}l−k. (*)

[Later on, d(i, β) is specified for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. For the moment,
d(i, β) may have an arbitrary value for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}.]

Now, the embedding f of CCC(l) into CCC(k) is defined as in the construction
of Section 3:



Improved Compressions of Cube-Connected Cycles Networks 249

f(i, a0a1 . . . al−1) := (d(i, aπ̄(0) . . . aπ̄(l−k−1)), aπ(0) . . . aπ(k−1))

for all 0 ≤ i ≤ l − 1, a0a1 . . . al−1 ∈ {0, 1}l.

Note that (*) guarantees that all the cross-edges

(i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)},

of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [the proof is
omitted in this Extended Abstract].

Now, we construct d(i, β) for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. Let aπ(0), aπ(1), . . . ,
aπ(k−1) ∈ {0, 1}. For the time being, we allocate the guest nodes {(i, a0a1 . . .
al−1) | i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈ {0, 1}}
balancedly on the host cycle Ca�(0)a�(1)...a�(k−1) according to the lexicographi-
cal order on {0, 1, . . . , l − 1} × {0, 1}l−k, i.e. we use an allocation function
d̃ : {π̄(0), π̄(1), . . . , π̄(l − k − 1)} × {0, 1}l−k → {0, 1, . . . , k − 1} such that

– d̃(π̄(0), 0l−k) = 0, d̃(π̄(l − k − 1), 1l−k) = k − 1,

– d̃ is monotonic nondecreasing in the lexicographic ordering of the arguments
[i.e., d̃(i, β) ≤ d̃(i′, β′), if (i, β) ≤ (i′, β′) according to the lexicographical
order on {0, 1, . . . , l − 1} × {0, 1}l−k],

–
⌈

l − k

k
· 2l−k

⌉
− 1 ≤ |d̃−1(j)| ≤

⌈
l − k

k
· 2l−k

⌉
for all j = 0, 1, . . . , k − 1.

[At this point, we are not concerned with the obtained dilation. We will see later
on that the allocation d̃ can be changed into an allocation d : {π̄(0), π̄(1), . . . , π̄(l−
k − 1)} × {0, 1}l−k → {0, 1, . . . , k − 1} which guarantees dilation 1, while main-
taining the balancedness of the allocation.]

Let r(i) := h(i) − 2i − 1 for all 0 ≤ i ≤ l − k

2
− 1. Then,

1.) d̃(h(i) − 1, β) = r(i)

for all 0 ≤ i ≤ l − k

2
− 1, β ∈ {0, 1}l−k,

2.) d̃(h(i) + 2, β) = r(i) + 1

for all 0 ≤ i ≤ l − k

2
− 1, β ∈ {0, 1}l−k.

[the proof is omitted in this Extended Abstract]. Also,

1.) r(i) − 1 ≤ d̃(h(i), β) ≤ d̃(h(i) + 1, β) ≤ r(i) + 2

for all 0 ≤ i ≤ l − k

2
− 1, β ∈ {0, 1}l−k,

2.) |d̃−1(r(i)−1)∩{(h(i), β), (h(i)+1, β) | β ∈ {0, 1}l−k}| ≤
⌈

l − k

k
· 2l−k

⌉
−1

for all 0 ≤ i ≤ l − k

2
− 1,



250 R. Klasing

3.) |d̃−1(r(i)+2)∩{(h(i), β), (h(i)+1, β) | β ∈ {0, 1}l−k}| ≤
⌈

l − k

k
· 2l−k

⌉
−1

for all 0 ≤ i ≤ l − k

2
− 1.

[the proof is omitted in this Extended Abstract].

[As h(i)−1, h(i)+2 ∈ {π(0), π(1), . . . , π(k−1)}, h(i), h(i)+1 ∈ {π̄(0), π̄(1), . . . ,
π̄(l − k − 1)}, the dilation of the embedding f (using the allocation d̃ for d(i, β),
i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}) would be 2.]

Now, d̃ can be changed to an allocation d such that:

1.) Let 0 ≤ i ≤ l − k

2
− 1. For 1 ≤ j ≤ 4 , let

nj := |d−1(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}l−k}| ,

ñj := |d̃−1(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}l−k}| .
Then,

n1 = ñ1 ,
n2 ≤ max{ñ2, ñ1 + 1} if ñ1 > 0 ,
n2 = ñ2 if ñ1 = 0 ,
n3 ≤ max{ñ3, ñ4 + 1} if ñ4 > 0 ,
n3 = ñ3 if ñ4 = 0 ,
n4 = ñ4 .

2.) For 0 ≤ i ≤ l − k

2
− 1, β = bπ̄(0)bπ̄(1) . . . bπ̄(l−k−1) ∈ {0, 1}l−k :

r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1,
r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2,
|d(h(i) + 1, β) − d(h(i), β)| ≤ 1,
|d(h(i), bπ̄(0) . . . bπ̄(l−k−1))

−d(h(i), bπ̄(0) . . . bπ̄(2i−1)b̄π̄(2i)bπ̄(2i+1) . . . bπ̄(l−k−1))| ≤ 1,
|d(h(i) + 1, bπ̄(0) . . . bπ̄(l−k−1))

−d(h(i) + 1, bπ̄(0) . . . bπ̄(2i)b̄π̄(2i+1)bπ̄(2i+2) . . . bπ̄(l−k−1))| ≤ 1.

[the proof is omitted in this Extended Abstract]. It follows that the final embed-

ding f (using the allocation d) has dilation 1 and load
⌈

l

k
· 2l−k

⌉
. 2

(B) l − k odd

We show that the construction of Section 3 can be adapted to yield an embedding

of CCC(l) into CCC(k) with dilation 1 and load
⌈

l

k
· 2l−k

⌉
. For this, we specify

the allocation d and the indices π(i) for the embedding f in the construction of
Section 3.
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For 0 ≤ i ≤ l − k − 1
2

− 1, let

h(i) :=
⌈

i · 2l

l − k
− 3k

2l−k

⌉
+ 1 .

[Then, h(0) = 1, h

(
l − k − 1

2
− 1

)
∈ {l − 6, l − 5}.] For 0 ≤ i ≤ l − k − 2, let

π̄(i) :=






h

(
i

2

)
if i even,

h

(⌊
i

2

⌋)
+ 1 if i odd.

Let

π̄(l − k − 1) := l − 2 .

Let π(0), π(1), . . . , π(k − 1) ∈ {0, 1, . . . , l − 1} \ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}
such that π(0) < π(1) < . . . < π(k − 1). [Note that {π(0), π(1), . . . , π(k −
1)} ∪̇ {π̄(0), π̄(1), . . . , π̄(l − k − 1)} = {0, 1, . . . , l − 1}.]

For the time being, we only construct the allocation d : {0, 1, . . . , l − 1} ×
{0, 1}l−k → {0, 1, . . . , k−1} partially, namely we specify d(i, β) for i ∈ {π(0), π(1),
. . . , π(k − 1)}. Let

d(π(i), β) := i for all 0 ≤ i ≤ k − 1, β ∈ {0, 1}l−k. (*)

[Later on, d(i, β) is specified for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. For the moment,
d(i, β) may have an arbitrary value for i ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}.]

Now, the embedding f of CCC(l) into CCC(k) is defined as in the construction
of Section 3:

f(i, a0a1 . . . al−1) := (d(i, aπ̄(0) . . . aπ̄(l−k−1)), aπ(0) . . . aπ(k−1))

for all 0 ≤ i ≤ l − 1, a0a1 . . . al−1 ∈ {0, 1}l.

Note that (*) guarantees that all the cross-edges

(i, α) ↔ (i, α(i)), i ∈ {π(0), π(1), . . . , π(k − 1)},

of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [the proof is
omitted in this Extended Abstract].

Now, we construct d(i, β) for i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}. Let aπ(0), aπ(1), . . . ,
aπ(k−1) ∈ {0, 1}. For the time being, we allocate the guest nodes {(i, a0a1 . . . al−1)
| i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)}, aπ̄(0), aπ̄(1), . . . , aπ̄(l−k−1) ∈ {0, 1}} balancedly
on the host cycle Ca�(0)a�(1)...a�(k−1) according to the lexicographical order on
{0, 1, . . . , l − 1}×{0, 1}l−k, i.e. we use an allocation function d̃ : {π̄(0), π̄(1), . . . ,
π̄(l − k − 1)} × {0, 1}l−k → {0, 1, . . . , k − 1} such that



252 R. Klasing

– d̃(π̄(0), 0l−k) = 0, d̃(π̄(l − k − 1), 1l−k) = k − 1,

– d̃ is monotonic nondecreasing in the lexicographic ordering of the arguments
[i.e., d̃(i, β) ≤ d̃(i′, β′), if (i, β) ≤ (i′, β′) according to the lexicographical
order on {0, 1, . . . , l − 1} × {0, 1}l−k],

–
⌈

l − k

k
· 2l−k

⌉
− 1 ≤ |d̃−1(j)| ≤

⌈
l − k

k
· 2l−k

⌉
for all j = 0, 1, . . . , k − 1.

[At this point, we are not concerned with the obtained dilation. We will see later
on that the allocation d̃ can be changed into an allocation d : {π̄(0), π̄(1), . . . , π̄(l−
k − 1)} × {0, 1}l−k → {0, 1, . . . , k − 1} which guarantees dilation 1, while main-
taining the balancedness of the allocation.]

Let r(i) := h(i) − 2i − 1 for all 0 ≤ i ≤ l − k − 1
2

− 1. Then,

1.) d̃(h(i) − 1, β) = r(i)

for all 0 ≤ i ≤ l − k − 1
2

− 1, β ∈ {0, 1}l−k,

2.) d̃(h(i) + 2, β) = r(i) + 1

for all 0 ≤ i ≤ l − k − 1
2

− 1, β ∈ {0, 1}l−k,

3.) d̃(π̄(l − k − 1) − 1, β) = k − 2
for all β ∈ {0, 1}l−k,

4.) d̃(π̄(l − k − 1) + 1, β) = k − 1
for all β ∈ {0, 1}l−k.

[the proof is omitted in this Extended Abstract]. Also,

1.) r(i) − 1 ≤ d̃(h(i), β) ≤ d̃(h(i) + 1, β) ≤ r(i) + 2

for all 0 ≤ i ≤ l − k − 1
2

− 1, β ∈ {0, 1}l−k,

2.) |d̃−1(r(i)−1)∩{(h(i), β), (h(i)+1, β) | β ∈ {0, 1}l−k}| ≤
⌈

l − k

k
· 2l−k

⌉
−1

for all 0 ≤ i ≤ l − k − 1
2

− 1,

3.) |d̃−1(r(i)+2)∩{(h(i), β), (h(i)+1, β) | β ∈ {0, 1}l−k}| ≤
⌈

l − k

k
· 2l−k

⌉
−1

for all 0 ≤ i ≤ l − k − 1
2

− 1,

4.) k − 2 ≤ d̃(π̄(l − k − 1), β) ≤ k − 1
for all β ∈ {0, 1}l−k.

[the proof is omitted in this Extended Abstract].

[As h(i)−1, h(i)+2, π̄(l−k−1)−1, π̄(l−k−1)+1 ∈ {π(0), π(1), . . . , π(k−1)},
h(i), h(i) + 1, π̄(l − k − 1) ∈ {π̄(0), π̄(1), . . . , π̄(l − k − 1)}, the dilation of the
embedding f (using the allocation d̃ for d(i, β), i ∈ {π̄(0), π̄(1), . . . , π̄(l−k−1)})
would be 2.]
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Now, d̃ can be changed to an allocation d such that:

1.) Let 0 ≤ i ≤ l − k − 1
2

− 1. For 1 ≤ j ≤ 4 , let

nj := |d−1(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}l−k}| ,

ñj := |d̃−1(r(i) − 2 + j) ∩ {(h(i), β), (h(i) + 1, β) | β ∈ {0, 1}l−k}| .
Then,

n1 = ñ1 ,
n2 ≤ max{ñ2, ñ1 + 1} if ñ1 > 0 ,
n2 = ñ2 if ñ1 = 0 ,
n3 ≤ max{ñ3, ñ4 + 1} if ñ4 > 0 ,
n3 = ñ3 if ñ4 = 0 ,
n4 = ñ4 .

2.) For 0 ≤ i ≤ l − k − 1
2

− 1, β = bπ̄(0)bπ̄(1) . . . bπ̄(l−k−1) ∈ {0, 1}l−k :

r(i) − 1 ≤ d(h(i), β) ≤ r(i) + 1,
r(i) ≤ d(h(i) + 1, β) ≤ r(i) + 2,
|d(h(i) + 1, β) − d(h(i), β)| ≤ 1,
|d(h(i), bπ̄(0) . . . bπ̄(l−k−1))

−d(h(i), bπ̄(0) . . . bπ̄(2i−1)b̄π̄(2i)bπ̄(2i+1) . . . bπ̄(l−k−1))| ≤ 1,
|d(h(i) + 1, bπ̄(0) . . . bπ̄(l−k−1))

−d(h(i) + 1, bπ̄(0) . . . bπ̄(2i)b̄π̄(2i+1)bπ̄(2i+2) . . . bπ̄(l−k−1))| ≤ 1.

3.) For k − 2 ≤ j ≤ k − 1 :

|d−1(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}l−k}|
= |d̃−1(j) ∩ {(π̄(l − k − 1), β) | β ∈ {0, 1}l−k}| .
For β ∈ {0, 1}l−k :

k − 2 ≤ d(π̄(l − k − 1), β) ≤ k − 1.

[the proof is omitted in this Extended Abstract]. It follows that the final embed-

ding f (using the allocation d) has dilation 1 and load
⌈

l

k
· 2l−k

⌉
. 2

5 Conclusion

In this paper, we have presented a new technique for the embedding of large
cube-connected cycles networks into smaller ones. Using the new embedding
strategy, we showed:

Let k, l ∈ IN , k ≥ 8, such that
5
3

+ ck <
l

k
≤ 2, ck =

4k + 3
3 · 22/3k

.

Then, there is a dilation 1 embedding of CCC(l) into CCC(k) with load⌈
l

k
· 2l−k

⌉
.
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This is optimal, and improves the results from [16]. In the case that
l

k
·2l−k ∈ IN ,

the embedding technique can be adapted to yield an even stronger result:

Let k, l ∈ IN such that
5
3

<
l

k
≤ 2,

l

k
· 2l−k ∈ IN . Then, there is a

dilation 1 embedding of CCC(l) into CCC(k) with load
⌈

l

k
· 2l−k

⌉
.

The embedding technique can also be applied in the case
3
2

<
l

k
≤ 5

3
+ ck

yielding:

1. Let k, l ∈ IN , k ≥ 8, such that
5
3

<
l

k
≤ 5

3
+ck, ck =

4k + 3
3 · 22/3k

. Then, there is

a dilation 1 embedding of CCC(l) into CCC(k) with load
⌈(

5
3

+ ck

)
· 2l−k

⌉
.

2. Let k, l ∈ IN such that
3
2

<
l

k
<

5
3
. Let p ∈ {1, 2, . . .} such that

5p − 4
3p − 2

<

l

k
≤ 5p + 1

3p + 1
. Then, there is a dilation 1 embedding of CCC(l) into CCC(k)

with load
⌈

5p + 1
3p + 1

· 2l−k

⌉
.

This also improves results from [16].

Unfortunately, the new embedding technique does not lead to any improvement

in the case 1 <
l

k
≤ 3

2
. Hence, it is still of interest to improve the load of the

non-optimal dilation 1 embeddings when 1 <
l

k
≤ 5

3
+ ck (or to prove their

optimality). Finally, a further study should also consider the congestion of the
embeddings.
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Abstract. In this paper we explore one-to-one embeddings of 2-dimen-
sional grids into their ideal 2-dimensional grids. The presented results
are optimal or considerably close to the optimum.
For embedding grids into grids of smaller aspect ratio, we prove a new
lower bound on the dilation matching a known upper bound. The edge-
congestion provided by our matrix-based construction differs from the
here presented tight lower bound by at most one. For embedding grids
into grids of larger aspect ratio, we establish five as an upper bound on
the dilation and four as an upper bound on the edge-congestion, which
are improvements of previous results.

1 Introduction

Let G = (V, E) and H = (V ′, E′) be finite graphs. An embedding (φ, Rφ) of the
guest graph G into the host graph H is a function φ : V −→ V ′ together with
a routing scheme Rφ which assigns to each edge e = {v1, v2} ∈ E a path in H
from φ(v1) to φ(v2). If φ is an injective function, we call the embedding one-to-
one, otherwise many-to-one. The congestion of an edge e′ ∈ E′ is the number
of paths in {Rφ(e) | e ∈ E} containing e′ as an edge. The edge-congestion of
(φ, Rφ) is the maximum congestion of the edges of E′. The dilation of an edge
e ∈ E is the length of the path Rφ(e), the dilation of (φ, Rφ) is the maximum
length of the paths in {Rφ(e) | e ∈ E}. The expansion of (φ, Rφ) is defined as
|V ′|/|V |. The 2-dimensional grid of height h and width w, denoted by h× w, is
the graph (V, E) with node set V = {(a, b) | 0 ≤ a < h, 0 ≤ b < w} and edge set
E = {{(a, b), (a′, b′)} | (a, b), (a′, b′) ∈ V, |a − a′| + |b − b′| = 1}. The aspect ratio
of the h × w grid G is defined as the quantity min{h, w}/ max{h, w}.

Among others, embedding a guest graph into a host graph is used to model
area-efficient graph layouts for VLSI [13] or to model the problem of processor
allocation in a distributed system [15]. In the latter case the most important
cost-measures to rate the quality of embeddings are the edge-congestion, i.e. the
amount of possible contention in the system for the same link, and the dilation,
i.e. the distance between communicating processes in the system. Several other
applications, especially for embedding grids into grids, are listed in [2,7,14].
� This work was supported by the DFG-Sonderforschungsbereich 376 “Massive Paral-

lelität: Algorithmen, Entwurfsmethoden, Anwendungen” and the EC ESPRIT Long
Term Research Project 20244 “ALCOM-IT”.
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In this paper we consider one-to-one embeddings of h × w grids G = (V, E)
into h′ ×w′ grids H = (V ′, E′) where we assume without loss of generality (and
for the rest of the paper) that h ≤ w and h′ ≤ w′. We call H an ideal grid for G
if h′(w′ − 1) < hw ≤ h′w′ holds. Note that there may exist different ideal grids
H for the same grid G. Here, we will focus on embeddings where H is an ideal
grid for G, since these are the hardest instances of this (one-to-one) embedding
problem. Avoiding the trivial case (i.e., h = h′ and w = w′) we distinguish two
cases: h′ < h ≤ w < w′ or h < h′ ≤ w′ < w. In the first case the aspect ratio
of H is smaller than the aspect ratio of G, in the latter case vice versa. In the
following of this section we summarize previous results obtained in this area and
compare them with our new results.

Embedding into Grids of Smaller Aspect Ratio
The special case where the h × w grid G is embedded into a linear array, i.e.,
H is a 1 × (hw) grid, was studied successfully. Chvátalová [6] proved in 1975
that in this case h is a tight bound for the dilation. It can be derived from a
result proved in 1995 by Ahlswede and Bezrukov [1] that the h × w grid, with
h �= 2 and w �= 2, can be embedded with optimal edge-congestion h + 1 into
the 1 × (hw) grid. In 1988 Kosaraju and Atallah [12] showed that Θ(h/h′) is a
bound for the dilation of embedding G = h × w into H = h′ × w′, but they did
not specify the constants involved. Römke et al. [16] showed in 1995 that G can
be embedded into H with dilation �h/h′�+1. In 1996 Huang et al. [10] improved
this result. They constructed embeddings with dilation of at most �h/h′�. Shen
et al. [20] proved in 1997 for the special case that the guest grid and host grid
are of the same size, i.e., hw = h′w′, �h/h′� as a lower bound for the dilation and
the edge-congestion. Additionally, they proposed �h/h′� + 3 as an upper bound
for the edge-congestion.

In the following we will show that �h/h′� is the optimal value for the dilation
for any embedding of grids into grids of smaller aspect ratio. Additionally, we
prove �(h + 1)/h′� as tight lower bound for the edge-congestion and establish
�h/h′� + 1 as an upper bound.

Embedding into Grids of Larger Aspect Ratio
Most attempts to embed grids into grids of larger aspect ratio were restricted on
embedding grids into square grids, i.e., it was assumed that h′ = w′. Aleliunas
and Rosenberg [2] showed in 1982 that, if h ≥ 25, G can be embedded into H
with dilation 15 and expansion 1.2. Furthermore, they conjectured that there
may be an inherent expansion-dilation tradeoff. In 1991 Ellis [7] showed that
for small values of the compression ratio w/w′ there is no significant tradeoff
between dilation and expansion. He proved that, if w/w′ ≤ 3, each h × w grid
G can be embedded into each of its ideal h′ × w′ grids of larger aspect ratio
with dilation three. Additionally, it was shown by Ellis, that each grid G can be
embedded into its nearly ideal square grid H = (�

√
hw�+1)× (�

√
hw�+1) with

dilation three. Moreover, Melhem and Hwang [14] constructed embeddings of
each h×w grid into square grids with dilation two and expansion of at most 1.2.
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In 1996, Ellis [8] introduced a technique called folding with compression which
can be used to embed the h×w grid into each of its ideal h′ ×w′ grids of larger
aspect ratio with dilation two if w/w′ ≥ h > 7, i.e., if the compression ratio and
h are sufficiently large. Huang et al. [11] showed in 1997 that each h×w grid can
be embedded into each of its ideal h′×w′ grids with dilation six. Recently, Shen
et al. [20] constructed embeddings with edge-congestion four for some instances.

In the following we will prove that five is an upper bound for the dilation of
embedding grids into grids of larger aspect-ratio. Moreover, we will show that
each grid can be embedded into each of its ideal grids with edge-congestion four.

The paper is organized as follows. In Sect. 2 we present a general matrix-
based embedding technique which is fundamental for our upper bound results.
Then, we compute lower and upper bounds for the dilation and edge-congestion
where we at first consider embedding grids into grids of smaller aspect ratio
(Sect. 3), and then into grids of larger aspect ratio (Sect. 4).

2 Matrix-Based Embeddings

In the following we describe a general matrix-based technique to embed an h×w
grid G into an h′ × w′ grid H with hw ≤ h′w′, and w.l.o.g. w > w′. Aleliunas
and Rosenberg [2] were the first to use matrices to describe embeddings of grids.
More general matrix-based techniques were introduced in [5,10,11,16,18,19,20].
Now we will shortly repeat the most important facts, since we will use them
in the following sections of the paper. Additionally, a new upper bound for the
edge-congestion of such matrix-based embeddings is proposed.

To embed G into H we construct a so-called embedding matrix Mh×w′ which
entries mij , 0 ≤ i < h, 0 ≤ j < w′, are nonnegative integers. Let us explain the
correspondence of the matrix and the embedding by an example, the 5×31 grid
as the guest and the 12×13 grid as the host. We align the guest in the host grid
compressing 5 rows of length 31 to length 13. This is exemplified in Fig. 1.

Note that each row of the guest – called chain – can be described by a vector
of length 13 where the jth entry of the vector, 0 ≤ j < 13, determines how
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Fig. 1. Embedding the 5×31 grid into the 12×13 grid and the corresponding embedding

matrix. The white node is no image of a node of the guest.
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many nodes of the chain are placed in the column j of the host, e.g. the vector
(3, 2, 3, 2, 2, 3, 2, 3, 2, 2, 3, 2, 2) corresponds to the first chain. The definition of
such a vector for each chain leads to the embedding matrix shown in Fig. 1.

Additionally, we must define how the elements of each chain are connected.
We will choose the following interconnection scheme: Nodes of even columns
(0,2,. . . ) are connected from top to bottom, nodes of odd columns from bottom
to top. The bottom node of each even column is connected to the bottom node
of the next column. The top node of each odd column is connected to the top
node of the next column (cf. Fig. 1).

Following this scheme for each node (a, b) of the grid G we define its image
in H as (a′, b′) where

b′ = min{l :
l∑

j=0

maj ≥ b + 1}, (1)

a′ =
a−1∑

i=0

mib′ +

{
b −

∑b′−1
j=0 maj if b′ is even,(∑b′

j=0 maj

)
− b − 1 if b′ is odd.

(2)

Consider embedding the h×w grid G into the h′×w′ grid H (where w > w′)
by using a matrix Mh×w′ that satisfies the following conditions:

(C1) mij ∈ {	w/w′
, �w/w′�}, for 0 ≤ i < h, 0 ≤ j < w′,
(C2) mij = mi+1,j+1, for 0 ≤ i < h − 1, 0 ≤ j < w′ − 1,

(C3)
∑h−1

i=0 mij ≤ h′, for 0 ≤ j < w′,

(C4)
∑w′−1

j=0 mij ≥ w, for 0 ≤ i < h.

Theorem 1. Suppose w > w′. Any embedding matrix Mh×w′ that satisfies
(C1)–(C4) defines an embedding of an h × w grid into an h′ × w′ grid with
dilation and edge-congestion of at most �w/w′� + 1.

In the interest of brevity, we omit the very technical proof and refer to [17].
A simple set-up of an embedding matrix Mh×w′ satisfying (C1)–(C4) was

given by Römke et al. in [16], namely

mij =
⌈

w
j − i + 1

w′

⌉

−
⌈

w
j − i

w′

⌉

,

with 0 ≤ i < h, 0 ≤ j < w′. The embedding matrix shown in Fig. 1 is constructed
according to this definition. Note that we get the ith row by a cyclic right shift
of row i− 1, 1 ≤ i < h, and the embedding can be computed in constant parallel
time (see [16] for more details).

3 Embedding into Grids of Smaller Aspect Ratio

Throughout this section we consider embedding G = h × w into H = h′ × w′

where H is an ideal grid for G and h′ < h ≤ w < w′.
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3.1 Lower Bounds

Consider an arbitrary one-to-one embedding of G = h × w into H = h′ × w′,
and let dil(G : H) denote its dilation and let con(G : H) denote its edge-
congestion. To compute lower bounds for dil(G : H) and con(G : H) we consider
some discrete isoperimetric problems on grids (see [3,9] for an introduction on
isoperimetric problems). A numbering of the nodes of a grid Ḡ = (V̄ , Ē) is an
injective function η : V̄ �→ {1, 2, . . . , |V̄ |}. Given a grid Ḡ and a numbering η,
then for each l, 0 ≤ l ≤ |V̄ |, we define Sl(η) = η−1({1, . . . , l}). Sl(η) is the set
of the first l nodes of Ḡ corresponding to the numbering η.

Lower Bound for the Dilation
Let Ḡ = (V̄ , Ē) be an arbitrary h̄ × w̄ grid with h̄ ≤ w̄. For S ⊆ V̄ define

ΓḠ(S) = |{u ∈ V̄ \ S | ∃v ∈ S : (u, v) ∈ Ē}|,
ΓḠ(l) = min

η
ΓḠ(Sl(η)).

ΓḠ(S) is the number of nodes in the direct neighborhood of S and for a fixed
l the problem of minimizing ΓḠ(Sl(η)) over all numberings η is known as the
discrete vertex isoperimetric problem for grids.

For the above defined grid Ḡ we define an ordering F as follows: We say
that (a, b) ∈ V̄ is w.r.t. F greater than (a′, b′) ∈ V̄ , iff (a + b > a′ + b′) or
(a + b = a′ + b′ ∧ a < a′).

It can be derived from results presented by Chvátalová [6], that for any l with
0 ≤ l ≤ |V̄ | the set of nodes given by the first l nodes w.r.t. F has a minimal
number of nodes in distance one in the grid outside of the set itself (among all
subsets of V̄ of the same cardinality). In other words, the node set defined in
such a way solves the vertex isoperimetric problem on the h̄ × w̄ grid.

Theorem 2. The dilation dil(G : H) of any embedding of an h × w grid G =
(V, E) into each of its ideal h′×w′ grids H = (V ′, E′), with 2 ≤ h′ < h ≤ w < w′,
is at least �h/h′�.

Proof. Let l be an integer with 0 ≤ l ≤ |V ′| and let D ⊆ V ′ be the node set
of H given by the first l nodes w.r.t. F . Furthermore, let A ⊆ V be the node
set of G assigned to the nodes of D by an embedding (φ, Rφ) (see Fig. 2), i.e.
A = {u ∈ V | ∃v ∈ D : φ(u) = v} = φ−1(D). Note that since the considered
embedding is not necessarily surjective and we still assume that H is an ideal
grid for G, at most h′ − 1 nodes of H may be unused. Thus, it follows with
|A| = m that l − h′ < m ≤ l holds. If the set A minimizes ΓG(m), we get a
lower bound for dil(G : H) by estimating for all l, 0 ≤ l ≤ |V ′|, the width of the
smallest stripe W (l) in H that is large enough that at least ΓG(A) nodes can be
assigned to it (see Fig. 2). Therefore, we get

dil(G : H) ≥ max
0≤l≤|V ′|

W (l).
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Fig. 2. Illustrating the proof of the lower bound for the dilation.

Since in a stripe of width 1 it is possible to place at most h′ nodes, we get

max
0≤l≤|V ′|

W (l) =
⌈

max0≤m≤|V | ΓG(m)
h′

⌉

.

Obviously, w.r.t. the above defined ordering F it holds ΓG(m) ≤ h, with 0 ≤
m ≤ |V |. Furthermore, ΓG(m) equals h for all m with 1

2 (h − 1)(h − 2) < m <
|V | − 1

2h(h − 1). Let us choose l = �h′w′/2�. One can show that for all m, with
l − h′ < m ≤ l, it holds ΓG(m) = h. Thus, we get

⌈
max0≤m≤|V | ΓG(m)

h′

⌉

=
⌈

h

h′

⌉

.

��

Lower Bound for the Congestion
Let Ḡ = (V̄ , Ē) be an arbitrary h̄ × w̄ grid with h̄ ≤ w̄. For S ⊆ V̄ , define

θḠ(S) = |{(u, v) ∈ Ē | u ∈ S, v ∈ V̄ \ S}|,
θḠ(l) = min

η
θḠ(Sl(η)).

θḠ(S) is the number of edges separating S from V̄ \S. For a fixed l, the problem
of minimizing θḠ(Sl(η)) over all numberings η is known as the discrete edge
isoperimetric problem for grids.

For the above defined grid Ḡ we define an ordering L as follows: We say that
(a, b) ∈ V̄ is w.r.t. L greater than (a′, b′) ∈ V̄ iff (b > b′) or (b = b′ ∧ a > a′).

Ahlswede and Bezrukov [1] showed that for any l with 	(h̄/2)2
 < l ≤ h̄w̄ −
	(h̄/2)2
, the set of nodes given by the first l nodes w.r.t. L has a minimal
number of edges connecting these l nodes with the remaining nodes of Ḡ (among
all subsets of V̄ of cardinality l). In other words, the node set defined in such a
way solves the edge isoperimetric problem on the h̄ × w̄ grid for the mentioned
values l.

Theorem 3. The edge-congestion con(G : H) of any embedding of an h × w
grid G = (V, E) into each of its ideal h′ × w′ grids H = (V ′, E′), with 2 ≤ h′ <
h ≤ w < w′, is at least �(h + 1)/h′� .
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Proof. Let (φ, Rφ) be an embedding of G into H . Furthermore, suppose that D
is any subset of V ′. Then,

θH(D) · con(G : H) ≥ θG(φ−1(D)),

since each of the edges from φ−1(D) to φ−1(V ′ \D) must be assigned to a path
from D to V ′ \ D, which contains at least one edge counted by θH(D). Each
such edge e′ ∈ E′ can be contained in at most con(G : H) such paths. If the set
D minimizes θH(l) with |D| = l, and m = |φ−1(D)| with l − h′ < m ≤ l (with
the same argument as in the proof of Theorem 2), we get

θH(l) · con(G : H) = θH(D) · con(G : H) ≥ θG(φ−1(D)) ≥ θG(m).

Thus, we have

con(G : H) ≥ max
0<l<|V ′|

l−h′<m≤l

θG(m)
θH(l)

.

On the one hand it is obvious w.r.t. the above defined ordering L that for 1 ≤
h′ < h the fraction θG(m)/θH(l) is at most (h + 1)/h′. On the other hand one
can show that it is always possible to find an l and a corresponding m, with
0 < l < |V ′| and l − h′ < m ≤ l, such that θH(l) = h′ and θG(m) = h + 1.
See [17] for a detailed proof. ��

3.2 Upper Bounds

Following Theorem 1 (in which we exchange h and w, h′ and w′ respectively,
since we have here h > h′), each h × w grid G can be embedded into any ideal
h′ × w′ grid H of smaller aspect ratio with dilation and edge-congestion of at
most �h/h′� + 1. Note that the achieved edge-congestion is optimal or differs
from the lower bound by one (see Theorem 3). Huang et al. [10] improved the
dilation up to one, i.e., they showed that the dilation is at most �h/h′�, which
is optimal (cf. Theorem 2).

4 Embedding into Grids of Larger Aspect Ratio

Throughout this section we consider embedding G = h × w into H = h′ × w′

where H is an ideal grid for G and h < h′ ≤ w′ < w. Obviously, each embedding
of G into H needs at least a dilation of two and an edge-congestion of one.

In the following we combine three methods to embed G into H with dilation
of at most five. The first method is the well-known folding technique, introduced
by Aleliunas and Rosenberg [2]. The second method is new and called folding
with skipping. It is based on a technique called 90◦ folding with compression,
developed by Ellis [8]. Finally, the matrix-based approach as described in Sect. 2
is used.

Before presenting how the three methods are combined we describe 90◦ fold-
ing with compression and folding with skipping. In fact we develop two different
techniques called folding with skipping (i.e. part 1 and part 2). We choose one
of them depending on the size of the grids.



264 M. Röttger and U.-P. Schroeder

Lemma 1. 90◦ folding with compression (Ellis’96 [8])
For all h ≥ 1, there exists a dilation two embedding of the h× (h+1) grid G into
the h × (h + 1) grid H, such that the nodes in the left column of G are mapped
onto the left h nodes in the bottom row of H and the nodes in the right column
of G are mapped onto the right column of H.
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(c) The construction

7 6 4 5 3 2 1
1

3

2

4

5

7

6

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

(d) An example for h = 7

Fig. 3. Constructing 90◦ folds with compression.

Here we give a short sketch of the construction of 90◦ folds. Figure 3(a)
and (b) illustrate solutions for the base cases, h = 1 and h = 2. Figure 3(c)
illustrates a technique which constructs a solution for h + 2 from a solution
for h. The box containing the white nodes represents an h × (h + 1) solution.
The addition of black nodes around the entire periphery of the box represents a
solution for (h+2)× (h+3). Consequently, a solution can be built for any h. Let
the nodes from the leftmost column of G be named 1, 2, · · · from the bottom to
top. If h is odd, then their order in the bottom host row of H , right to left is 1,
2, 3, 5, 4, 6, 7, 9, 8, · · ·, i.e., starting with (4,5), every second pair is reversed.
If h is even, then their order in the bottom host row of H , right to left is 1, 2,
3, 4, 6, 5, 7, 8, 10, 9, · · ·, i.e., starting with (5,6), every second pair is reversed.
Figure 3(d) illustrates the 90◦ fold for h = 7. For a detailed proof see [8].

Lemma 2. Folding with skipping (part 1)
For all h, k ≥ 1 with �h/2� ≤ k < h, there exists an embedding with dilation four
of the h × (2h + k) grid G into the h × (2h + k) grid H, such that

(a) the nodes in the leftmost column of G (called start nodes) are mapped onto
the leftmost h nodes of the bottom row of H where the order of the images
of the start nodes is as specified in the remark to Lemma 1,

(b) the nodes in the rightmost column of G (called end nodes) are mapped onto
the rightmost h + k nodes of the bottom row of H where the order of the
images of the end nodes is the same as the order of the images of the start
nodes,
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(c) some end node is mapped onto the (h+1)st node from left of the bottom row
of H and no end node is mapped onto the rightmost node of the bottom row
of H,

(d) in the bottom row of H at most two end nodes are mapped onto any three
adjacent nodes of the rightmost h + k nodes, and

(e) the distance in H between the images of any two adjacent end nodes is at
most four.

Proof. Take a 90◦ fold with compression with parameter h as it is described in
Lemma 1 omitting the rightmost column of this fold. This construct corresponds
to the leftmost h columns of H . In Fig. 4, we have illustrated this by an example,
where the gray nodes and edges depict the 90◦ fold. Obviously, by this construct
(a) is fulfilled and the grid induced by the first h columns of G is embedded into
H providing dilation of at most two (see Lemma 1). Now create another 90◦

fold with compression with parameter h. The leftmost column of this construct
is mapped onto the (h + 1)st column of H and the rightmost column of this
construct is mapped onto the rightmost column of H . The remaining h − 1
columns of this construct are mapped onto certain columns of the remaining
h + k − 2 columns of H minding the properties (b), (d), and (e). This means
that we “stretch” the second construct in a certain way. This is exemplified in
Fig. 4, where the black nodes and edges correspond to this second 90◦ fold with
compression. Up to now there are k − 1 unused columns in H . We use these
columns to connect the two constructs defined so far. Figure 4 illustrates these
k − 1 unused columns with white nodes. In the following we call these columns
white columns and the columns of the second 90◦ fold with compression black
columns. Since �h/2� ≤ k holds, at least 1/3 columns of the rightmost h + k
columns are white columns. Thus, property (d) can be fulfilled, since it is always
possible to place at most two black columns between two white columns avoiding
the case that three adjacent columns of the rightmost h+k columns are black. As
a special case, the rightmost white column must be placed at a distance of at most
three from the rightmost column of H (which is black) and the leftmost white
column must be placed at a distance of at most three from the first fold. It follows
that the connection between the two folds can be accomplished with dilation of
at most four. An example is given by the dotted lines in Fig. 4. Additionally,

17 6 4 5 3 2

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��
��

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

��
��
��

��
��
��

7 5 16 4 3 2

Fig. 4. Folding with skipping, exemplified by embedding G = 7 × 19 into H = 7× 19.
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since k < h holds, at most 1/2 columns of the rightmost h+k columns are white
columns. Thus, property (e) can be fulfilled, since it is always possible to place
at most one white column between two black columns. According to Lemma 1
the grid induced by the rightmost h + 1 columns of G can be embedded into
the h × (h + 1) grid with dilation of at most two by using the 90◦ fold with
compression. By our construction we embed this 90◦ fold into the h × (2h + k)
grid. This increases the dilation by a factor of two, since each edge of the fold is
stretched by at most two. Thus, we have constructed a dilation four embedding
of G into H that satisfies the properties (a)–(e). ��

Lemma 3. Folding with skipping (part 2)
For all h, k ≥ 1 with 0 < k < �h/2�, there exists an embedding with dilation five
of the h × (3h + k) grid G into the h × (3h + k) grid H, such that

(a) the nodes in the leftmost column of G (called start nodes) are mapped onto
the leftmost h nodes of the bottom row of H where the order of the images
of the start nodes is as specified in the remark to Lemma 1,

(b) the nodes in the rightmost column of G (called end nodes) are mapped onto
the rightmost 2h + k nodes of the bottom row of H where the order of the
images of the end nodes is the same as the order of the images of the start
nodes,

(c) some end node is mapped onto the (h+1)st node from left of the bottom row
of H and no end node is mapped onto the rightmost node of the bottom row
of H,

(d) in the bottom row of H at most one end node is mapped onto any two adjacent
nodes of the rightmost 2h + k nodes, and

(e) the distance in H between the images of any two adjacent end nodes is at
most five.

Proof. The proof is similar to the one for Lemma 2. It can be found in [17].

Theorem 4. Suppose h < h′ ≤ w′ < w and hw ≤ h′w′. Any h × w grid G can
be embedded into the h′ × w′ grid H with dilation of at most five.

Proof. We will show the following facts:

1. If (w′ mod h) ≥ �h/2�, then the h × w grid G can be embedded into the
h′ × w′ grid H with dilation of at most four.

2. If (w′ mod h) < �h/2�, then the h × w grid G can be embedded into the
h′ × w′ grid H with dilation of at most five.

For brevity, we only consider case 1. The proof of case 2. is similar except that
folding with skipping part 2 is used instead of part 1. The full proof can be found
in [17]. We can assume that 2h ≤ h′. If 2h > h′, then 2 > h′/h = h′w′/hw′ ≥
hw/hw′ = w/w′ follows and we can use Theorem 1 to show that G can be
embedded into H with dilation of at most three.

Additionally to the above we assume that 3h ≤ w′. Note, that if 3h > w′,
then 3 > w′/h = w′h′/hh′ ≥ wh/hh′ = w/h′ and by using Theorem 1 it follows
that G can be embedded into H with dilation of at most four.
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Fig. 5. An embedding of the 7 × 70 into the 19 × 26 grid with dilation four. The four

white nodes correspond to the nodes that are no images of nodes of the guest.

To embed G into H we use a three step approach. We divide G into three
parts: Part A consists of the first h′(	w′/h
−1)−h columns of G, part B of the
next 2h + k columns of G, where k = (w′ mod h). The third part C consists of
the remaining r = 1

h ((h + k)(h′ − h)− (w′h′ −wh)) columns of G. The nodes of
A are mapped onto H by using the folding technique (see [2]), the nodes of B
by using folding with skipping (see Lemma 2), and the nodes of C by using the
matrix-based approach (see Theorem 1). This three step approach is illustrated
in Fig. 5.

Note that the folding with skipping according to Lemma 2 can be applied
since 3h ≤ w′ holds. The images of the nodes of A can be connected to images
of the nodes of B with dilation of at most two, since under folding with skipping
only adjacent rows are skewed, and since 2h ≤ h′ holds, the folding process
mapping part A is finished before the images of nodes of B are reached. It
remains to show that the nodes of part C can be mapped onto the remaining
nodes of H with dilation of at most four and that the connection between the
images of the nodes of B and the images of the nodes of C can be accomplished
with dilation four.

Let us now consider part C. The nodes that must be mapped onto the re-
maining rectangle of H are isomorphic to the h × r grid. Note, that we can
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assume without loss of generality that r > h′ − h holds. Otherwise we get an
embedding with dilation of at most four by vertically continuing where the end
nodes of part B are mapped.

Let us define l = min{s | s(h + k) ≥ hr}. Note that the (h + k) × l grid is
an ideal grid for the h × r grid, which remains to be embedded. Obviously, the
(h + k)× l grid is a subgraph of the remaining (h + k)× (h′ − h) rectangle of H ,
since l ≤ h′ − h. To embed the h × r grid into the (h + k) × l grid we compress
all rows from length r to length l. In doing so, we define an embedding matrix
Mh×l as follows:

mij =
⌈

h + k

h
(i − j + 1)

⌉

−
⌈

h + k

h
(i − j)

⌉

, (3)

with 0 ≤ i < h, 0 ≤ j < l. Note that we get column j by a cyclic down shift of
column j − 1, 1 ≤ j < l. If the embedding matrix satisfies the conditions (C1)–
(C4) of Theorem 1, the dilation of such an embedding is at most �r/l�+1. Note
that r/l ≤ l(h+k)

lh = h+k
h < 2. Thus, the dilation is at most three. Let us now

consider the conditions (C1)–(C4):

(C1) mij ∈ {	r/l
, �r/l�}, for 0 ≤ i < h, 0 ≤ j < l,
(C2) mij = mi+1,j+1, for 0 ≤ i < h − 1, 0 ≤ j < l − 1,

(C3)
∑h−1

i=0 mij ≤ h + k, for 0 ≤ j < l,

(C4)
∑l−1

j=0 mij ≥ r, for 0 ≤ i < h.

Ad (C1). Following the definition of l, r ≤ l(h+k)
h holds. Thus, r

l ≤ l(h+k)
lh =

h+k
h < 2. Additionally, r

l ≥ r
h′−h > 1. It follows that {	 r

l 
, �
r
l �} = {1, 2}.

Using �a+b
c � − � b

c� ∈ {	a
c 
, �

a
c �} for any integers a, b, and c, it follows that

mij = �h+k
h (i − j + 1)� − �h+k

h (i − j)� ∈ {	h+k
h 
, �h+k

h �} = {1, 2}, for
0 ≤ i < h, 0 ≤ j < l.

Ad (C2). mi+1,j+1 = �h+k
h ((i + 1) − (j + 1) + 1)� − �h+k

h ((i + 1) − (j + 1))� =
�h+k

h (i − j + 1)� − �h+k
h (i − j)� = mij , for 0 ≤ i < h − 1, 0 ≤ j < l − 1.

Ad (C3).
∑h−1

i=0 mij = �h+k
h (h− j)�−�−j(h+k)

h � = �−j(h+k)
h �−�−j(h+k)

h �+h+
k = h + k, for 0 ≤ j < l.

Ad (C4).
∑l−1

j=0 mij = �h+k
h (i+1)�−�h+k

h (i− l +1)� = � (h+k)l+(h+k)(i−l+1)
h �−

� (h+k)(i−l+1)
h � ∈ {	 l(h+k)

h 
, � l(h+k)
h �}, for 0 ≤ i < h. Thus,

∑l−1
j=0 mij ≥

	 l(h+k)
h 
 ≥ r, for 0 ≤ i < h.

It remains to show that the connections between the images of the nodes of
B and the images of the nodes of C can be accomplished with dilation four. An
example is shown in Fig. 5, where we have connected the construct shown in
Fig. 4 (mapping of part B) with the construct shown in Fig. 6 (mapping of part
C).

We will show the following: If we choose the distribution of the white and
black columns (see the proof of Lemma 2) in accordance with the distribution of
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Fig. 6. An embedding of the 7×20 into the 12×12 grid and the corresponding matrix

M7×12. The four white nodes depict the nodes that are no images of nodes of the

guest. The letters ”w” and ”b” show the distribution of white and black columns in

correspondence with Fig. 4.

the 1’s and 2’s in the first column of the embedding matrix Mh×l, then the nodes
of part B can be mapped with dilation four, satisfying the properties (a)–(e) of
Lemma 2. Additionally, the connections to the images of the nodes of C can
be accomplished with dilation four. For each 1 in the first column of Mh×l we
put a black column in the corresponding position of the folding with skipping
construct. For each 2 we put a white column followed by a black column in the
corresponding construct. A special case is the matrix entry m00 = �h+k

h � = 2,
that corresponds to two black columns. An example is shown in Fig. 6, where
the distribution of white and black columns is given by the letters “b” for black
column and “w” for white column. The corresponding folding with skipping is
shown in Fig. 4. In Fig. 5 the connection of these two constructs is shown.

Since there are no consecutive 1’s in the first column of the embedding matrix,
at least each third column of the rightmost h + k columns of the folding with
skipping is a white column. To see this, note that mi0 +mi+1,0 = �h+k

h (i+1)�−
�h+k

h i�+�h+k
h (i+2)�−�h+k

h (i+1)� = � 2(h+k)+i(h+k)
h �−� i(h+k)

h � ≥ 	 2(h+k)
h 
 ≥ 3,

for 0 ≤ i < h−1. Additionally, since at most all but one entry of the first column
of Mh×l are 2’s, at most each second column of the rightmost h + k columns
of the folding with skipping is a white column. Thus, the properties (a)–(e) of
Lemma 2 can be satisfied, i.e., a suitable distribution of the white and black
columns can be determined by the first column of the embedding matrix. Since
only adjacent rows of part B may be skewed (see Lemma 1), we can connect the
nodes of B with the nodes of C with dilation of at most four. ��

Unfortunately, using a shortest paths routing scheme, the edge-congestion
achieved by the above mentioned embeddings is five and cannot be reduced in
general. Therefore, we will shortly describe a much simpler embedding providing
edge-congestion of at most four. Note that, if w/w′ is at most 2, we can use the
technique described in Sect. 2 (cf. Theorem 1) to embed G into H with edge-
congestion of at most three. If w/w′ > 2, we use the following approach:
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1. Map the first h′(	w/h′
− 1) columns of G (one stripe of height h and width
h′ after the other) with edge-congestion two onto the first h(	w/h′
 − 1)
columns of the grid H . This is exemplified in Fig. 7.

2. Map the remaining w − h′(	w/h′
 − 1) columns of G with edge-congestion
three (using the matrix-based embedding given in Sect. 2) onto the remaining
w′ − h(	w/h′
 − 1) columns of the grid H (see Fig. 7).

3. Connect the two parts of G which results in an overall edge-congestion of at
most four (see Fig. 7).

Proposition 1. Suppose h < h′ ≤ w′ < w. Any h × w grid G can be embedded
into the h′ × w′ grid H with edge-congestion of at most four.

Fig. 7. Embedding G = 4× 67 into H = 15× 18 with edge-congestion of at most four.

The dashed lines represent the routing scheme for the edges connecting the stripes.

Note that the above mentioned technique is applicable, if 2h ≤ h′ holds. If
2h > h′, w/w′ < 2 follows and G can be embedded into H with edge-congestion
three (see Theorem 1). If h|h′ or h|w′, we only need the first step of the above
algorithm. Otherwise, we additionally execute the second step using the matrix-
based approach shown in Sect. 2 where the edge-congestion is bounded by �(w−
h′(	w/h′
− 1))/h′�+ 1 ≤ 3. Executing the third step increases the overall edge-
congestion to at most four.

5 Conclusion

The table 1 gives a complete overview about the results achieved in this paper
(except the result marked with the reference that is due to Huang et al. [10]).

The lower bound techniques proposed in this paper can be used to achieve
corresponding results for other embedding problems. For instance, in [4] we give
an exact solution for the congestion problem of embedding a hypercube into
d-dimensional grids of the same size.
Acknowledgments: The authors would like to thank Burkhard Monien and
Sergej L. Bezrukov for many insightful comments and suggestions.
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Table 1. Bounds for the dilation (dil.) and edge-congestion (cong.) of embedding h×w

into any of its ideal h′ × w′ grids.

cases low. bound dil. upp. bound dil. low. bound cong. upp. bound cong.

h = h′, w = w′ 1 1 1 1

h′ < h ≤ w < w′ �h/h′� �h/h′� see [10] �(h + 1)/h′� �h/h′� + 1

h < h′ ≤ w′ < w 2 5 1 4
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Abstract. We study the integral uniform (multicommodity) flow prob-
lem in a graph G and construct a fractional solution whose properties
are invariant under the action of the automorphism group Aut(G) of G.
The fractional solution is shown to be close to an integral solution (de-
pending on properties of Aut(G)), and in particular becomes an integral
solution for a class of graphs containing Cayley graphs. As an applica-
tion we estimate asymptotically (up to error terms) the edge congestion
of an optimal integral uniform flow (edge forwarding index) in the cube
connected cycles and the butterfly.

1 Introduction

The uniform concurrent multicommodity flow (uniform flow) problem [12,15]
is the problem of supplying one unit of (fractional) flow between all ordered
pairs of vertices in a graph; the objective is to minimize the largest flow through
any edge which is called the congestion. The integral version of this problem
has been studied under the name edge forwarding index [2,7,14], and calls for
the assignment of one path per each ordered pair of vertices to minimize the
congestion. The (fractional) uniform flow problem is known to be solvable in
polynomial time [15], and starting from the work of Shahrokhi and Matula [15],
there have been a series of papers on how to approximately solve this problem
faster [1], [9], [5], and [8]. The integral version is known to be NP-hard [3,14].

There is a need for estimating the value of the congestion, since many impor-
tant graph theoretical parameters are related to the congestion. For instance the
congestion of a uniform flow provides for lower bounds for the bisection width
[11,19], and expansion (isoperimetric) rates [18,19], whereas, the congestion of an
integral uniform flow, or the forwarding index, provides for lower bounds for the
the crossing number [11,19,20,21,22]. More over, the close connection between
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the integral multicommodity flow problems and packet routing was discovered
by Leighton, Maggs, and Rao [10], who showed the existence of a near optimal
offline schedule for routing the packets on a set of paths involving a near optimal
solution to the integral multicommodity flow problem.
In this paper (Section 3), we present an algorithm for constructing uniform
flows which exhibit invariance under the action of the automorphism group of
the graph (Theorem 1). The uniform flows constructed here are shown to be
”near integral”, in the sense that the number of paths hosting flow are bounded
as a function of the order of the stabilizer of a two-tuple of vertices in the auto-
morphism group. In particular, for a class of graphs containing Cayley graphs,
the constructed flow is integral. Previously, we have been able to construct in-
variant uniform flows [18,19]. Our previous methods, however, would construct
uniform flows which use too many paths, and hence were very far from being
an integral uniform flow. In [17] we were able to construct integral flows only
in Cayley graphs. Our simple construction in the present paper (Theorem 1)
implies all those previous ad-hoc results in Theorems 3.2, and 3.3 of [17] for off
line computation of packet routes. For the class of orbit proportional graphs,
defined in Section 3, the algorithm is shown to construct an optimal (fractional)
flow (Theorem 2). This approach also provides formulas for the congestion of
the optimal uniform flow.

Section 4 is a technical section and is dedicated to the structure of butterflies
(with wrap around) and cube connected cycles, which are among the popular
architectures in parallel computing. It is shown that the cube connected cycles
is orbit proportional, whereas the butterfly is not. Section 5 is the most impor-
tant part of the paper. In this section we construct optimal integral flows in a
cube connected cycle and a butterfly and use probabilistic methods to derive
asymptotic formulas (including the constants and error terms) for the optimal
congestion in these graphs. To be more precise we show that the edge forwarding
indices of n-dimensional cube connected cycles, and n-dimensional butterfly, are
5
4n22n(1 − o(1)), and 5

4n22n−1(1 + o(1)), respectively.
We close the introduction with an application of our formula for the edge

forwarding index of the butterfly. We derive the currently best lower bound for
the crossing number of the butterfly Bn, ( 16

125 +o(1))4n. One easily can apply the
randomized rounding technique from our paper [19] to obtain an embedding of
Kn2n into Bn (see definitions there!) with congestion µ which is (1/2+o(1)) times
the edge forwarding index. Using our other theorem from [19], cr(Bn) ≥ cr(Kn2n)

µ2

minus negligible error terms. Finally, use from [24] that cr(KN ) ≥ ( 1
80 −o(1))N4.

Merging all these results we obtain cr(Bn) ≥ ( 16
125 + o(1))4n.

This paper is based on the technical report [16], proofs not spelled out here
can be found there in details.

2 Definitions

Let G =< V, E > be a connected simple finite graph. Let L(p) denote the number
of edges in the path p and let L(i, j) denote the length of the shortest ij path. (We
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preserve the word distance for something else.) We set L =
∑

(i,j)∈V ×V L(i, j).
Let p be a path with end vertices a and b in the graph G =< V, E >. Then p
will give rise to an oriented path from a to b; and to another from b to a. For any
ordered pair of vertices (i, j) ∈ V × V , we denote by Pij the set of all oriented
paths from i to j; any p ∈ Pij is termed an ij path. Let P = ∪(i,j)∈V ×V Pij be the
set of all oriented paths. Throughout this paper the term path means oriented
path, unless stated otherwise. For e ∈ E, let Pe denote the collection of all paths
containing e. Finally, let R+ denote the set of non-negative real numbers.
A uniform concurrent multicommodity flow (shortly uniform flow) f is a function
f : P → R+, such that

∑
p∈Pij

f(p) = 1 for any (i, j) ∈ V × V, i �= j.

We call f(p) the flow on path p; if f(p) > 0, then p is called an active path. We
set f(e) =

∑
p∈Pe

f(p) for any edge e = xy, and call f(e) the flow on the edge e.
For a uniform flow f we denote maxe∈Ef(e) by µf and call µf the congestion of
f . A uniform flow f is called integral, if f(p) = 1 for any active path p. Let µG

denote the smallest congestion achieved by a uniform flow in G. A uniform flow
f in G =< V, E > is edge optimal, if µf = µG. An edge optimal uniform flow
can be computed using a node-arc form linear program [4] in polynomial time.
Computing the integral versions of the multicommodity flows and uniform flows
have been known to be NP-hard [3].
A distance function [13] on G =< V, E > is a function d : E → R+ such that
d(e) > 0 for at least one edge e. For any path p ∈ P , we define d(p) =

∑
e∈p d(e),

moreover for any (i, j) ∈ V × V , we define d(i, j) = d(j, i) = min{d(p) : p ∈
Pij} for all (i, j) ∈ V × V. We further assume that d(i, i) = 0, for any i ∈ V .
We term d(p) the distance of path p. We define the distance congestion µd for
the distance function d by

µd =

∑
(i,j)∈V ×V d(i, j)
∑

e∈E d(e)
.

3 Uniform Flows and Graph Symmetries

Our reference to algebraic graph theory is [23]. It is well known that the set of
all permutations on V constitute a group on V which is called the automorphism
group of G. Let Aut(G) denote the automorphism group of G, and let Γ be a
subgroup of Aut(G), then we write Γ < Aut(G). Note that the action of any
Γ < Aut(G) on E partitions E into equivalent classes. We call each class a
Γ -edge orbit.

A uniform flow f is called a Γ -invariant [18,19] if for any g ∈ Γ and any
p ∈ P , we have f(p) = f(g(p)). Next, we show how to construct an invariant
uniform flow in which the number of active paths depends on the structure of Γ ,
thus in certain desirable cases which includes Cayley graphs we will have integral
uniform flows. Let (a, b) ∈ V × V , we define the ab stabilizer of Γ , denoted by
Γab to be the set of all automorphisms which map a to a and b to b. Formally,
Γab = {γ ∈ Γ |γ(a) = a, γ(b) = b}. For p ∈ P , and (a, b) ∈ V × V , let Γ (p) and
Γ (a, b), denote {γ(p)|γ ∈ Γ}, and {(γ(a), γ(b))|γ ∈ Γ}.
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Theorem 1. A Γ -invariant uniform flow f∗ in G can be computed in a poly-
nomial time of |V | and |Γ | so that the number of active paths for any pair
(a, b) ∈ V ×V is at most |Γab|. Moreover, any active ab path p has L(p) = L(a, b),
and µf∗ ≤ L

|E1| , where E1 is the smallest Γ -edge orbit.

Proof. The action of Γ partitions V × V into equivalence classes R1, R2, ..., Rk;
thus (a, b) and (c, d) are in the same equivalent class, if c = γ(a), and d = γ(b),
for some γ ∈ Γ . Moreover, for any (a, b) ∈ V ×V , and any two shortest ab paths,
p1, p2 define

p1 Rab p2, iff p2 = γ(p1) for some γ ∈ Γ.

It is easily seen that, for any (a, b) ∈ V × V , Rab is an equivalence relation on
the set of shortest ab paths; let Rp

ab denote the equivalence class containing the
shortest ab path p and note that |Rp

ab| ≤ |Γab|.
We now describe the construction of f∗ in each Ri. For i = 1, 2, ..., k, select

a vertex pair (ai, bi) in Ri, and also select one shortest path pi from ai to bi.
Define for i = 1, 2, ..., k,

f∗(p) =
{

1
|Rpi

ab
| , p ∈ Γ (pi),

0, otherwise.

The claim regarding the time complexity is easy to verify. Moreover, the
invariance of f∗, and the claim regarding the number of active paths are direct
consequence of the construction. Now let (a, b) ∈ Ri, i = 1, 2, ..., k and note that∑

p∈Pab
f∗(p) =

∑
p∈Paibi

f∗(p) = |Rpi

aibi
| 1
|Rpi

aibi
| = 1. Finally, the upper bound

on the congestion follows by observing that any two edges in E1 must host the
same amount of flow, and applying a simple averaging argument same as in [19].

��

Note that in any edge transitive graph G, E = E1, and indeed in this case f∗

is edge optimal with µf∗ = L
|E| , since by the duality theory of linear programming

[13] L
|E| is a lower bound on the congestion of any uniform flow. Moreover, when

G is a Cayley graph, |Γab| = 1, hence f∗ is an integral uniform flow (it has
exactly one active path per vertex pair) and can be used for packet routing.
Indeed in this case the general construction in Theorem 1 implies our previous
ad-hoc results in Theorems 3.2, and 3.3 of [17] for off line computation of packet
routes.
For G =< V, E > and Γ < Aut(G), let {E1, E2, ..., Ek} be the set of Γ -orbits of
E. We say that G is Γ -orbit proportional (or orbit proportional when the context
is clear) if for all (i, j) ∈ V × V , any ij path p with L(p) = L(i, j) and any ij
path q, we have

|q ∩ Em| ≥ |p ∩ Em|, m = 1, 2, ..., k.

To see examples, note that any edge transitive graph is orbit proportional
with respect to its automorphism group and any tree is orbit proportional with
respect to the trivial group. We previously proved the following Theorem [18].
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Theorem 2. Assume that G =< V, E > is Γ -orbit proportional. Let f̂ be a Γ -
invariant uniform flow on G such that every ij active path p has L(p) = L(i, j).
Then we have:
(i) f̂ is edge optimal in G.
(ii) Assume that {E1, E2, ..., Et} is the set of Γ -orbits of E and for any i =
1, 2, ..., t, let di be a distance function with di(e) = 1, if e ∈ Ei, and di(e) = 0,
otherwise. Then µG = µf̂ = maxi µdi .

Observe that the flow f∗ constructed in Theorem 1, satisfies the condition of
Theorem 2, and hence when G is orbit proportional f∗ is edge optimal. Indeed,
the Theorems allow to estimate the optimal congestion of f∗ in an orbit propor-
tional graph. For instance for Qk (k-dimension cube), which is edge transitive
and hence orbit proportional, Theorems 1, 2 give µf∗ = 2k. Moreover, since Qk

is a Cayley graph [23], for any vertex pair a, b, Γab is the identity, and thus f∗

is an optimal integral uniform flow. Finally, as we have shown in [18] the class
of vertex transitive orbit proportional graphs is closed under Cartesian product.
Hence, the class of orbit proportional graphs for which f∗ is edge optimal is
fairly large.

4 The Structure of Cube Connected Cycles and Butterfly

It is well known that the cube connected cycles and the butterfly (with wrap-
around) are Cayley graphs with the same underlying group Γ which is the wreath
product of Zn and Z2 but with different generating sets. We exploit this structure
in the following. Let N = {0, 1, 2, ..., n − 1} and Θn = {gW,i : W ⊆ N, i ∈ N}.
For i, j ∈ N , let i⊕j denote i + j modulo n. For U ⊆ N and i ∈ N , let
U⊕i = {j⊕i : j ∈ U}. Set V � U = (V ∪ U) \ (V ∩ U). Now Θn is a group with
identity g∅,0 and operations

gW,tgU,i = gW�(U⊕t),i⊕t and g−1
W,t = gW⊕(n−t),n−t.

The n-dimensional cube-connected cycles CCn is a Cayley graph over Θn with
the generating set

H = {g∅,1, g{0},0}.
We term the edges produced by the first generator cyclic edges and the edges
produced by the second generator cubic edges. It is easy to see that CCn =<
V, E >, where

V = {(W, i) : W ⊆ N, i ∈ N}
and (W, i)(U, j) ∈ E if i = j = W�U (cubic edges in dimension i) or if |i−j| ≡ 1
mod n and U = V (cyclic edges).
Let BBn denote the n-dimensional butterfly with wrap-around. It is well known
that BBn is a Cayley graph over Θn with the generating set H = {g∅,1, g{0},n−1}.
We term the edges arising from the first generator cyclic edges and the edges
arising from the second generator cubic edges. It is easy to see that BBn =<
V, E >, where

V = {(X, i) : X ⊆ N, i ∈ N},
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and (X, i)(Y, j) ∈ E if X = Y and |i− j| ≡ 1 mod n (cyclic edges) or X �Y = i
and j ≡ i − 1 mod n (cubic edges in dimension i).
Let Cn be the cycle on the vertex set N = {0, 1, . . . , n − 1} with the edge set
{0, 1}, {1, 2}, ..., {n−1, 0}. Define C+

n be Cn with one loop added at every vertex.
For any walk w in CCn or BBn, let Cyclic(w) and Cubic(w) denote the multiset
of cyclic edges and the multiset of cubic edges, respectively, in w. Any i, j ∈ N
(i �= j) split Cn (C+

n ) into two edge disjoint ij paths. We refer to these paths
as left side and right side, where the vertices of the left side precede, and the
vertices of the right side follow i in the cyclic order of N . For convenience, we
assume that the right side is the short side and has length L(i, j).
Let i and j be two vertices of C+

n (Cn) and T ⊆ N . A gap induced by T is
any ab path p such that (i) a, b ∈ T ∪ {i, j}, (ii) no intermediate vertex of p is
in T ∪ {i, j}. The length of any gap is the number of edges in this gap. A gap
induced by F ⊆ E(Cn) is the gap induced by the set of vertices of edges of F ,
such that the gap does not use edges of F . For i �= j, it makes sense to speak
about gaps on the left side and gaps on the right side.

We analyze the structure of shortest paths in CCn first. Let X = (W, i) be a
vertex of CCn; the projection of X on C+

n is the vertex i. This projection can be
extended to the edges and therefore to the walks of CCn in the following fashion:
the cyclic edges of CCn are projected to the edges of C+

n , whereas the cubic edges
of CCn are projected to the loops of C+

n . Given two vertices X1 = (U, i) and
X2 = (W, j) in CCn, it is convenient to analyze the structure of any X1X2

walk p in CCn by projecting it on C+
n to get an ij walk q in C+

n . Notice that
L(p) = L(q), since each edge or loop contributes one to the length of the walk in
C+

n . Let X1 = (W, i) and X2 = (U, j) be two distinct vertices of CCn. Any loop
of an ij walk in C+

n at a vertex a ∈ N is called an essential loop if a ∈ W � U ,
otherwise the loop is non-essential. An ij walk w in C+

n is called an essential
walk, if w has the following properties : (i) every essential loop of C+

n is traversed
by w exactly once, and (ii) every non-essential loop of C+

n is traversed by w an
even number of times.

Lemma 1. Let X1 = (W, i) and X2 = (U, j) be two distinct vertices of CCn

and p be a shortest X1X2 path in CCn that is projecting to a walk q of C+
n . The

following hold:
(i) Any X1X2 walk in CCn contains an odd number of edges from each

dimension i ∈ W � U , and an even number of edges from any dimension j /∈
W � U .

(ii ) Any essential ij walk in C+
n is the projection of an X1X2 walk in CCn.

(iii) |Cubic(p)| = |U�W |, with one cubic edge in each dimension i ∈ U�W .
(iv) q contains any edge of C+

n at most twice.
(v) Assume that i �= j and let l1 and l2 be the lengths of the longest gaps

induced by U � W on the right side and the left side of C+
n , respectively, then,

|Cyclic(p)| = n + min{L(i, j)− 2l1, n − L(i, j) − 2l2}.
(vi) Assume that i = j and let l be the length of the longest gap induced by

U � W on C+
n . Then, |Cyclic(p)| = min{n, 2n− 2l}.

Proof. Proof omitted. ��
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Now we continue with the structure of shortest paths in the butterfly. A walk
w in Cn is called a labeled walk, if the edges in w are labeled cubic or cyclic. If
an edge is contained more than once in w, we allow different labels at different
occurrences of the edge. Let X = (W, i) be a vertex of BBn; the projection of
X on Cn is defined to be the vertex i of Cn. Given two vertices X1 = (U, i) and
X2 = (W, j) in BBn, it is convenient to analyze the structure of any X1X2 walk
p in BBn by projecting it on Cn to get a labeled ij walk q in Cn. Any edge of q
which is the projection of a cyclic edge of p is labeled cyclic, any edge of q which
projection of a cubic edge of p is labeled cubic. Let X1 = (W, i), X2 = (U, j)
be two distinct vertices in BBn; an edge (i, i⊕1) in Cn is called essential, if
i⊕1 ∈ W �U . A labeled ij walk w in Cn is called an essential walk, if it has the
following properties: (i) every essential edge is assigned the cubic label exactly
once in w, and (ii) the number of occurrences of any non-essential edge with
cubic label in w is even. Note that an essential walk w can use an essential edge
e several times with cyclic label, as long as e is labeled cubic in w only once.

Lemma 2. Let X1 = (W, i) and X2 = (U, j) be two distinct vertices of BBn.
Assume p is a shortest X1X2 path in BBn projecting to a walk q of Cn. The
following hold:

(i) Let w be the projection of any X1X2 walk in BBn to Cn, then, the number
of occurrences of any non-essential edge with cubic label in w is even.

(ii) Any ij essential walk w in Cn is the projection of an X1X2 walk in BBn.
(iii) q is a shortest ij essential walk in Cn.
(iv) q does not use any edge of Cn more than twice.
(v) Assume that i �= j and let l1 (l2) be the lengths of the longest gaps

induced by the set of edges {(m, m⊕1) : m⊕1 ∈ U �W} on the right (left) side.
Then, L(p) = L(q) = n + min(L(i, j) − 2l1, n − L(i, j) − 2l2).

(vi) Assume that i = j, and let l be the length of the longest gap induced by
the set of edges {(m, m⊕1) : m⊕1 ∈ U�W} on Cn, then L(p) = min{n, 2n−2l}.

Proof. Proof omitted. ��

Lemma 3. CCn is Θn-orbit proportional, while BBn is not.

Proof. Note that the edge orbits of CCn under Θn are the set of cyclic edges
and the set of cubic edges. Let X1 = (W, i) and X2 = (U, j) be two vertices
of CCn. By Lemma 1(iii) any X1X2 path p with L(p) = L(X1, X2) must have
|Cubic(p)| = |U �W |. Now assume that p′ is any X1X2 path in CCn; by Lemma
1(i) p′ must have an odd number of cubic edges from each dimension i, i ∈
U �W and even number of cubic edges from any dimension i, i /∈ U �W . Thus,
|Cubic(p′)| ≥ |Cubic(p)|. Assume to the contrary that, |Cyclic(p′)| < |Cyclic(p)|,
and consider q′ the projection of p′ on C+

n . Then, q′ can be converted to an
essential ij walk q̂ in C+

n by applying the method in Lemma 1(iii) to remove the
unnecessary essential and non-essential loops. For the path p̂ whose projection is
q̂ we have, |Cubic(p̂)| = |U � W | = |Cubic(p)|, and |Cyclic(p̂)| = |Cyclic(p′)| <
|Cyclic(p)|. It follows that L(p̂) < L(p), a contradiction.
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To show that BBn is not orbit proportional, take BB4, X1 = ({2, 4}, 1), X2 =
(∅, 2). Consider two shortest X1X2 paths p1 and p2,

p1 : ({2, 4}, 1)cubic({4}, 2)cyclic({4}, 3)cubic(∅, 4)cyclic(∅, 3)cyclic(∅, 2)

p2 : ({2, 4}, 1)cubic({4}, 2)cubic({3, 4}, 3)cubic({3}, 4)cyclic({3}, 3)cubic(∅, 2).

Observe that p1 has 2 cubic and 3 cyclic edges, while p2 has 1 cyclic and 4 cubic
edges; thus BB4 is not Θn-orbit proportional. ��

Lemma 4. Assume U ⊆ N is chosen randomly with uniform distribution. Then,
(i) Prob

(∣∣
∣|U | − n

2

∣
∣
∣ ≤ n2/3

)
= 1 − o(1).

(ii) Prob
(

length of the longest gap induced by Uon Cn < log2 n
)

= 1 − o(1).
(iii) Let E′ be a random subset of edges of Cn chosen with the probability 2−n.
Then

Prob
(

length of the longest gap induced by E′ on Cn < log2 n
)

= 1 − o(1).

(iv) Assume that p is any ij path in Cn. Then

Prob
(∣
∣|p ∩ U | − L(p)

2

∣
∣ ≤ n2/3

)
= 1 − o(1).

Proof. Proof omitted. ��

5 Optimal Integral Uniform Flows in CCn and BBn

To estimate the congestion of an optimal integral flow in CCn and BBn, we will
use probabilistic methods. It should be noted that although the tools involve
usage of probability, the final outcome is completely deterministic and does not
involve probability.

Theorem 3. For CCn =< V, E >, there exists an edge optimal integral uniform
flow f , such that µf = 5

4n22n(1 − o(1)).

Proof. Since CCc is a Cayley graph, our construction in Theorem 1 gives an
integral uniform flow. By Lemma 3 CCn is orbit proportional, hence by Theorem
2(i) the flow f is edge optimal. To evaluate µf we use Theorem 2(ii). Define,
d1(e) = 0, if e is cyclic and d1(e) = 1, if e is cubic. Similarly, define d2(e) = 0, if
e is cubic, and d2(e) = 1, if e is cyclic.
By Theorem 2(ii) we have, µf = max(µd1 , µd2). Note that, for X1 = (U, i) ∈ V
and X2 = (W, j) ∈ V , by of Lemma 1(iii) we have, d1(X1, X2) = U � W . It is
easy to see that

∑
U⊆N

∑
W⊆N |U � W | = n

2 4n and hence that

∑

(X1,X2)∈V ×V

d1(X1, X2) =
n3

2
4n, (1)
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thus, µd1 =
�

(X1,X2)∈V ×V d1(X1,X2)
�

e∈E d1(e)
= n24nn/2

n2n−1 = n22n. Let X0 = (∅, 0) ∈ V and
X = (U, i) ∈ V , and assume that p is a shortest X0X path. Orbit proportionality
implies d2(X0, X) = |Cyclic(p)|. By Lemma 1(v)-(vi),

d2(X0, X) = |Cyclic(p)| ≤ n + L(0, i). (2)

In order to study the distribution of distances dj(X0, X), we think about X as a
random variable and use facts from probability theory (the normal convergence)
to estimate the distribution. Next consider any vertex X = (U, i), such that U is
selected randomly with the probability 2−n; we refer to X as a random vertex.
For any random vertex X = (U, i), by Lemma 4(i), ||U | − n/2| = o(n) with
probability 1 − o(1). It follows from Lemma 4(ii), that U does not induce any
gaps longer than log2n on C+

n with probability 1 − o(1). Therefore by Lemma
1(v)-(vi) we have,

d2(X0, X) = |Cyclic(X0, X)| = (n + L(0, i))(1 − o(1)) (3)

with the probability 1 − o(1). It follows from (2) and (3) that,
∑

X=(W,i)∈V

d2(X0, X) =
(
1 − o(1)

) ∑

X=(W,i)∈V

(n + L(0, i)). (4)

(The sums in (4) are taken over all vertices!) It is easy to verify that,∑
X=(W,i)∈V (n + L(0, i)) = 5

4n22n(1 − o(1)), therefore,
∑

X∈V d2(X0, X) =
5
4n22n

(
1 − o(1)

)
. It easily follows from the vertex transitivity of CCn that

∑

(X1,X2)∈V ×V

d2(X1, X2) = n2n
∑

X∈V

d2(X0, X) =
5
4
n34n

(
(1 − o(1)

)
. (5)

However, µd2 =
∑

(X1,X2)∈V ×V d2(X1, X2)/(n2n) = 5
4n22n(1 − o(1)) ≥ µd1 , for

large n. Therefore, µf = 5
4n22n(1 − o(1)). ��

Since BBn is not Θn-orbit proportional, the construction of Theorem 1 only gives
an integral approximate solution. (Our results in [17] can be used to show that
the congestion is within a multiplicative factor of 2 from the optimal.) We will
now present an algorithm which computes an integral flow with asymptotically
optimal congestion. The key point behind our near-optimal uniform flow for BBn

is a collection of shortest paths, which uses each cyclic edge and each cubic edge
about the same times. We note that the complexity of the algorithm is O(n34n)
.

Butterfly Flow Algorithm
INPUT: < V, E >= BBn

OUTPUT: An integral uniform flow f .
Let X0 ← (∅, 0) and compute a shortest X0X path qX0X for every X �= X0.
For all X = (A, i) ∈ V , X �= X0 Do
Denote by WX0X the 0i walk in Cn which is the projection of qX0X . (Recall that
L(0, i) is the length of a shortest 0i path on Cn.)
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Case
L(0, i) < n√

8
: Consider any non-essential edge e which appears in WX0X with

cubic label. Notice that e must appear twice with cubic label in WX0X and
change the label of both occurrences of e in WX0X to cyclic. Denote this new
labeled walk in Cn by W ′

X0X . By Lemma 2(i), W ′
X0X is a 0i essential walk and

let hX0X be an X0X path in BBn which projects to W ′
X0X .

L(0, i) > n√
8

: Consider any non-essential edge e which appears twice in WX0X

with cyclic label; change the label of both occurrences of e in WX0X to cubic.
Denote this new walk in Cn by W ′

X0X . By Lemma 2(i), W ′
X0X is a 0i essential

walk and let hX0X be an X0X path in BBn which projects to W ′
X0X .

EndCase
EndFor
Extend the set of paths S =

{
hX0X : X ∈ V, X �= X0

}
to a Θn-invariant

integral flow using the action of Θn. That is, compute Θn(S).
End.

Theorem 4. The Butterfly Flow Algorithm constructs an integral uniform flow
f in BBn =< V, E > with µf = 5

4n22n−1(1 + o(1)), which is asymptotically
optimal for large n.

Proof. It is easy to verify that the last step of the algorithm produces a flow f
which is integral Θn-invariant using shortest paths. Assume that X = (U, i) is a
random vertex of BBn, that is, U is selected randomly with the probability 2−n,
when i is arbitrary. Let X0 = (∅, 0). Consider the X0X path qX0X computed at
the initial step of the algorithm. Let WX0X be the projection of qX0X on Cn,
then by Lemma 2(iv)-(v) the portion of Cn which is not traversed by WX0X must
be a (longest) gap. Since U is selected randomly, by Lemma 4(iv) the length of
this gap is at most log2 n with probability 1− o(1). Therefore this gap is located
with probability 1 − o(1) on the shorter side of Cn. By Lemma 2, any edge e,
which is located on the shorter side of Cn and is contained in WX0X will appear
in WX0X exactly twice. Also, any edge e located on the long side will appear in
WX0X exactly once. Next we estimate (with probability 1 − o(1)) the number
of essential edges labeled cubic, the number of essential edges labeled cyclic,
and the total number of non-essential edges in WX0X . These values are easily
estimated using Lemma 2, Lemma 4, and the topological properties of WX0X

are recorded in the following Table.

long side of Cn short side of Cn

Number of essential edges
labeled cubic in WX0X

1
2 (n − L(0, i)) − o(n) 1

2L(0, i) − o(n)
Number of essential edges
labeled cyclic in WX0X 0 1

2L(0, i) − o(n)
Total number of non-essential
edges in WX0X

1
2 (n − L(0, i)) − o(n) 1

2L(0, i) − o(n)
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If L(0, i) < n/
√

8, the Case statement in the algorithm guarantees that any
non-essential edge of WX0X which is located on the short side will be labeled
cyclic in W ′

X0X . (Notice that any non-essential edge e of WX0X which is located
in the left side appears exactly once in WX0X . Thus, by Lemma 2(i), e must
have been labeled cyclic in WX0X . Consequently the label of e does not change.)
Therefore, employing the last two rows of Table , we will get

|Cyclic(hX0X)| = |Cyclic(WX0X)| = ((n/2 + L(0, i))(1 − o(1)), (6)

with probability 1 − o(1). Similarly, using the first row of Table , we have

|Cubic(hX0X)| = |Cubic(WX0X)| = n/2 − o(n) (7)

with probability 1 − o(1). Now assume that L(0, i) > n/
√

8, then, the Case
statement in the algorithm guarantees that any non-essential edge of WX0X

which is located on the short side of Cn will have a cubic label in W ′
X0X . Using

rows one and three in Table , it is easily shown that with probability 1 − o(1)

|Cubic(hX0X)| = |Cubic(W ′
X0X)| = n/2 + L(0, i)− o(n),

whereas using rows two and three,

|Cyclic(hX0X)| = |Cyclic(W ′
X0X)| = n/2 − o(n), (8)

with probability 1 − o(1). Next, we claim that

∑

X∈V

|Cyclic(hX0X)| = (2−o(1))2n{

 n√

8
�

∑

l=0

(
n

2
+l)+


n
2 �∑

l=� n√
8



n

2
} =

5
4
n22n−1(1+o(1)),

(9)

∑

X∈V

|Cubic(hX0X)| = (2−o(1))2n{

 n√

8
�

∑

l=0

n

2
+


n
2 �∑

l=� n√
8


(
n

2
+l)} =

5
4
n22n−1(1+o(1)).

(10)
We now justify (9) and leave (10) to the reader. Consider a random vertex
X = (U, i) and let l = L(0, i). If l < n/

√
8, we can count with high accuracy

|Cyclic(hX0X)| using (6); likewise, if l > n/
√

8, we can count with high accuracy
|Cyclic(hX0X)| using (8). Now observe that there are 2n choices for the random
U , and typically 2 choices for a vertex at distance l from the vertex 0 on Cn.
This justifies the existence of two sums and in (9). The evaluation of the sums
is just algebra. Our estimates in (9) went through for random vertices. However,
the number of cyclic and cubic edges for atypical vertices is not too large either,
since the diameter of the butterfly is O(n). The contribution of the neglected
case i = 0 is negligible. Denote pXY the unique active XY path in f , use the
fact that the orbits of Θn are the set of cyclic edges and the set of cubic edges
to obtain

CU =
∑

(X,Y )

|Cubic(pXY )| = n2n
∑

X∈V

|Cubic(hX0X)| =
5
2
n34n−1(1 + o(1)),
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CY =
∑

(X,Y )

|Cyclic(pXY )| = n2n
∑

X∈V

|Cyclic(hX0X)| =
5
2
n34n−1(1 + o(1)).

Since f is Θn-invariant by construction, the value of f on any cyclic or cubic
edge is

CY

n2n
=

5
4
n22n−1(1 + o(1)), and

CU

n2n
=

5
4
n22n−1(1 + o(1)),

and µf = 5
4n22n−1(1 + o(1)). The identically one distance function d yields

∑

(X1,X2)∈V ×V

d(X1, X2) =
∑

(X1,X2)∈V ×V

L(X1, X2) = CY + CU. (11)

Consequently, µd =
�

(X1,X2)∈V ×V d(X1,X2)
�

e∈E d(e) = CU+CY
2n2n = 5

4n22n−1(1 + o(1)). This
verifies the asymptotic edge optimality of f , since by duality theory of linear
programming [13] µd is a lower bound on the congestion of an optimal flow. ��
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19. Shahrokhi, F., Székely, L. A., Canonical concurrent flows, crossing number and
graph expansion, Combinatorics, Probability, and Computing 3 (1994), 523–543.
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Abstract. We consider two graph invariants that are used as a mea-
sure of nonplanarity: the splitting number of a graph and the size of a
maximum planar subgraph. The splitting number of a graph G is the
smallest integer k ≥ 0, such that a planar graph can be obtained from G
by k splitting operations. Such operation replaces a vertex v by two
nonadjacent vertices v1 and v2, and attaches the neighbors of v either
to v1 or to v2. We prove that the splitting number decision problem is
NP-complete, even when restricted to cubic graphs. We obtain as a con-
sequence that planar subgraph remains NP-complete when restricted
to cubic graphs. Note that NP-completeness for cubic graphs also im-
plies NP-completeness for graphs not containing a subdivision of K5 as
a subgraph.

1 Introduction

Applications in Computer Science are frequently modeled with nonplanar graphs.
Graph visualization and VLSI projects many times require strategies of layout
techniques. Layout algorithms are limited to special classes of graphs. For in-
stance, there is a wealth of layout algorithms for planar graphs; however, these
algorithms are useless for nonplanar graphs. One approach to handling nonpla-
narity in layout algorithms is to consider another topological invariant of the
graph, the splitting number. The splitting number is a graph invariant that is
used as a measure of nonplanarity in many applications such as graph drawing.

The splitting number σ(G) of a graph G is the smallest integer k ≥ 0 such
that a planar graph can be obtained from G by k vertex splitting operations. A
vertex splitting operation, or simply splitting, of a vertex v ∈ V (G) partitions the
set of neighbors of v into two nonempty sets P1 and P2 and adds to G \ v two
new and nonadjacent vertices v1 and v2, such that P1 is the set of neighbors of v1

and P2 is the set of neighbors of v2. If a graph H is obtained from G by a set of
k splittings, we say that H is the resulting graph of this set of k splittings in G.
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Note that the resulting graph H can be obtained either by splitting only vertices
of G, or by splitting vertices of G and vertices created by former splittings.

Two aspects of the study of splitting numbers have been considered recently
by Eades and Mendonça [2,3,12]: they established the NP-completeness of a
related problem — eligible split set —, and they successfully used splitting
numbers in layout algorithm design. The splitting number has been computed for
the class of complete graphs [6] and for the class of complete bipartite graphs [8].
For a recent survey on splitting numbers, see [10].

The knowledge of the value of nonplanarity invariants for the smallest non-
planar member in a class of graphs can help to find the values or bounds for
this invariant for every member in the class. For instance, we have recently es-
tablished [4] that the splitting number of the 4-cube is 4. We also showed that
this result implies that the splitting number of the n-cube is in fact Θ(2n).

Liu and Geldmacher [11] proved that the planar subgraph decision prob-
lem is NP-complete. Note that, for a fixed value of k, planar subgraph is
easily seen to be polynomial whereas the number of all possible splittings for
a vertex in a graph G being of order Ω(2|V (G)|) may indicate that splitting

number, even for a fixed value of k, is not a polynomial problem.
In this paper we prove that splitting number is NP-complete. We obtain as

a consequence that splitting number remains NP-complete when restricted to
graphs with maximum degree 3 or to graphs with no subdivision of K5. We also
prove that splitting number remains NP-complete when restricted to cubic
graphs. This result is used in turn to prove that planar subgraph remains
NP-complete when restricted to cubic graphs. We obtain as a consequence that
planar subgraph remains NP-complete when restricted to graphs with no
subdivision of K5. These variants of planar subgraph had been open since
1979 [11].

2 Preliminaries

A graph G is an ordered triple G = (V (G), E(G), ψ(G)) consisting of a nonempty
set V (G) of vertices, a set of edges E(G) disjoint from V (G) and an incidence
function ψ(G) that associates to each edge of E(G) an unordered pair of distinct
vertices of V (G). A graph with multiple edges is a graph that admits two edges
associated to the same pair of vertices. We shall omit the incidence function
of a graph by writing only G = (V (G), E(G)). We say that a graph G′ =
(V (G′), E(G′)) is a subgraph of G if V (G′) ⊆ V (G) and E(G′) ⊆ E(G).

A graph is planar when it admits a plane drawing, that is, a drawing in the
plane such that no edges cross. There are efficient, linear-time algorithms for
testing whether a graph G has σ(G) = 0, that is, for testing whether a graph
is planar [7]. We use strongly the characterization of Kuratowski [9]: a graph
is planar if and only if it does not contain a subdivision of K5 or of K3,3 as a
subgraph, in particular the nonplanarity of the subdivisions of K3,3.

In this way, for a better understanding of our proof it is important that the
reader familiarizes himself with the special drawing of K3,3 defined in Fig. 1a.
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We say that a graph G is a K3,3\{e} linked to the vertices v and w if G is defined
by the drawing in Fig. 1b. This graph is an important tool in our proof, and the
main property used is that a graph is not planar, if it contains as subgraph a
K3,3 \ {e} linked to vertices v and w and a path P joining v to w, where P is
disjoint in vertices of this K3,3 \ {e}, because this is a subdivision of K3,3.

w

v(a) (b)

Fig. 1. K3,3 and K3,3 \ {e} linked to the vertices v and w.

A simple drawing D(G) is a drawing of the graph G on the plane such that no
edge crosses itself, adjacent edges do not cross, crossing edges do so only once,
edges do not cross vertices, and no more than two edges cross at a common
point. In what follows all drawings are assumed to be simple. Let D(G) be a
simple drawing of G and v be a vertex in V (G), with degree d(v). Because D(G)
is simple and in a simple drawing edges incident to the same vertex cannot
share crossings, D(G) defines for each vertex v an ordered adjacency list in the
clockwise direction �Adj(v) = (v1, v2, . . . , vd(v)), where {v1, v2, . . . , vd(v)} is the
neighborhood of v. Thus, each such ordered adjacency list �Adj(v) is a circular
permutation of the set of edges incident to v. An example of the set of ordered
adjacency lists with respect to a drawing D(G) is shown in Fig. 2. Note that we
may have multiple edges.

y

D(G)
u

t

r

Adj(u)=(t,v,v)

Adj(v)=(u,u,x,r)

Adj(s)=(y,t,r,x)

Adj(t)=(u,s,r,x,x)

Adj(x)=(t,y,s,v,t)

Adj(y)=(s,x)

Adj(r)=(v,t,s)

v

s

x

Fig. 2. The ordered adjacency lists of G with respect to D(G).
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3 The NP-Completeness of Splitting Number

In this section we prove that splitting number is NP-complete, by reducing
the NP-complete problem 3–satisfiability [1] to splitting number. These
problems are defined as follows:
3–satisfiability (3sat)
instance: Set U of variables, collection C of clauses over U such that each clause
c ∈ C has |c| = 3 literals.
question: Is there a truth assignment for U such that each clause in C has at
least one true literal?

splitting number (sn)
instance: Graph G = (V (G), E(G)) and an integer k ≥ 0.
question: Is σ(G) ≤ k?

The strategy to reduce 3sat to sn is to construct an integer k ≥ 0 and a
graph G from a generic instance (U, C) of 3sat, such that C is satisfiable if and
only if σ(G) ≤ k. The graph G is composed of two types of subgraphs: Truth–
Setting subgraphs corresponding to the variables of U and Satisfaction–Testing
subgraphs corresponding to the clauses of C. The definition of the Satisfaction–
Testing subgraphs requires some topological properties of a certain class A of
graphs that we are about to define and study.

A graph G is a member of the class A if G has two subgraphs PG and QG, such
that V (PG)∪V (QG) = V (G) and V (PG)∩V (QG) = {f1, f2, . . . , f6, g1, g2, . . . , g6}
with PG and QG satisfying:

– The subgraph PG is defined by the drawing in Fig. 3. In this figure the subset
Σ = {a1, a2, . . . , a6, d1, d2, . . . , d6} is depicted with black vertices. There are
exactly q ≥ 2 edges linking two adjacent vertices of PG \ Σ, and a single
edge linking a white vertex of PG \ Σ to a vertex of Σ. Note that we draw
between two adjacent vertices in PG \ Σ only two edges: one drawn with a
continuous line, and one drawn with a dashed line, the other (q − 2) edges
are omitted, but considered drawn in the region without vertices bounded
by those two edges.

– The subgraph QG is a connected planar graph not drawn in Fig. 3, such
that QG admits a plane drawing within the exterior region defined by the
drawing of PG depicted in Fig. 3.

The following four lemmas consider how a planar graph can be obtained from
G ∈ A by a set Z of splittings only in vertices of Σ. The full details and proofs
are in the technical report [5].

Lemma 1. Let G be a graph in A. If H is a planar graph obtained from G by
a set Z of splittings in vertices of Σ, then |Z| ≥ 6. ��

Lemma 2. Let G be a graph in A. Let i ∈ {1, 2, 3} be a fixed index and let
Mi = {a1, a2, a3, a4, a5, a6, d2i−1, d2i}. If H is obtained from G by a set Z of
splittings, with |Z| = 8, such that there is one splitting of Z in each vertex in
the set Mi, then H is nonplanar. ��
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Fig. 3. A drawing for the subgraph PG of G in class A.

Lemma 3. Let G be a graph in A. Let Z be a nonempty set of splittings in the
set {a1, a2, . . . , a6}, such that at most one splitting is done in each set {a1, a2},
{a3, a4} and {a5, a6} yielding a resulting graph G′ from G. If H is a planar graph
obtained in turn from G′ by a set Z ′ of splittings in vertices of Σ, then |Z ′| ≥ 5
and there is such a set Z ′ satisfying |Z ′| = 5. In addition, a drawing D(H) can
be constructed such that, the nonsplit vertices of G in H have the same ordered
adjacency lists with respect to D(H) and with respect to the drawing in Fig. 3.

��

Lemma 4. Let G be a graph in A. Let l ∈ {1, 2, 3} be a fixed index. Let G′ be
the graph obtained from G by a set Z of splittings in vertices of {a1, a2, . . . , a6},
with |Z| ≥ 2l, such that 2l splittings are in vertices of l of the pairs: {a1, a2},
{a3, a4}, {a5, a6}, and such that 3 − l of the pairs: {a1, a2}, {a3, a4}, {a5, a6}
have each one at most one splitting of Z. If H is a planar graph obtained in turn
from G′ by a set Z ′ of splittings in vertices of Σ, then |Z ′| ≥ 5 − l. ��

Theorem 1. sn is NP-Complete.

Proof. It is easy to see that sn is in NP, because once a non–deterministic
algorithm guesses a set of splittings, we need only to check in linear time [7]
whether the resulting graph is planar. We reduce 3sat to sn as follows. Let
U = {u1, u2, . . . , un} and C = {c1, c2, . . . , cm} be an instance of 3sat. We
construct in polynomial time a graph G and an integer k ≥ 0, such that σ(G) ≤ k
if and only if C is satisfiable. In order to define G we construct first an auxiliary
graph G∗.
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Construction of G∗. The graph G∗ is made up of two types of subgraphs:
Truth–Setting subgraphs and Satisfaction–Testing subgraphs, and of a set of
edges used to connect these subgraphs. We shall define G∗ by ordered adjacency
lists. We need to give drawings corresponding to each one of the two types of
subgraphs in order to define their corresponding ordered adjacency lists. The
two drawings we are about to describe, have the following common strategy:
First, we use the drawings in Fig. 4c and 5 respectively to define each one of the
subgraphs. Second, in Fig. 4c and 5 we partition the vertices of the subgraphs
of G∗ into white, black and striped vertices, such that every black vertex has
degree 2 and every white vertex has degree 3. The striped vertices are linking
vertices between subgraphs and may have degree 2 or 3. The vertices ei[1], ei[2]
in Fig. 4c and the vertices fj [1], fj[6], bj [1], bj[2], bj[3] in Fig. 5, have an incident
edge with a missing endpoint. These edges will be used later and indicate striped
vertices that necessarily have degree 3 in G∗. Third, the edges of G∗ in each one
of the subgraphs are defined by continuous lines. Observe that in Fig. 4c and 5,
for each continuous edge linking two vertices of degree 3 there is also a dashed
edge. This dashed edge is not used in the construction of G∗, it should be ignored
in the construction of G∗, because it will be used later only in the construction
of G. Now we describe the two types of subgraphs used to construct G∗.

– Truth–Setting Subgraph. For each variable ui ∈ U , there is a Truth–
Setting subgraph Ti defined by the drawing in Fig. 4c. The subgraph Ti is
obtained from a K3,3 (Fig. 4a) by replacing two edges and subdividing a
third one as shown in Fig. 4b. Note that we have two additional vertices
ei[1] and ei[2] (Fig. 4b and 4c). The two replaced edges give place to two
graphs called Rui and Rūi . Let p be the positive integer that satisfies 2p >
5m > 2p−1. Graphs Rui and Rūi are complete binary trees, respectively with
roots rui[1], rui[2], and rūi[1], rūi[2], linked by their leaves through vertices
ūi[1], ūi[2], . . . , ūi[2p], ui[1], ui[2], . . . , ui[2p] as shown in Fig. 4c. Note that
the greatest level in each one of these trees has O(m) vertices:

– Satisfaction–Testing Subgraph. For each clause cj ∈ C, there is a Satis-
faction–Testing subgraph Sj consisting of the graph defined by Fig. 5.

There is a set of edges connecting Truth–Setting subgraphs to Satisfaction–
Testing subgraphs:

E′ =
n−1⋃

i=1

{(ei[2], ei+1[1])}∪{(en[2], f1[1])}∪
m−1⋃

j=1

{(fj[6], fj+1[1])}∪{(fm[6], e1[1])}.

The only part in the construction of G∗ that depends on which literals occur
in which clauses is the following collection of edges produced sequentially when j
grows from 1 until m. Let xi1 , xi2 and xi3 , with i1, i2, i3 ∈ {1, 2, . . . , n} be the
three literals in clause cj . We have the following sets of edges emanating of the
subgraphs Ti and Sj : E′′

j = {(bj [1], xi1 [l1]), (bj [2], xi2 [l2]), (bj [3], xi3 [l3])}, where
ls(s = 1, 2, 3) is the minimum number in the set {1, 2, . . . , 2p} such that there is
no vertex bj′ [h], h ∈ {1, 2, 3} linked to xis [ls] with j′ ≤ j.
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Fig. 4. The Truth–Setting Subgraph Ti.

The construction of G∗ is completed by setting: G∗ = (V (G∗), E(G∗)), where:

V (G∗) = (
n⋃

i=1

V (Ti)) ∪ (
m⋃

j=1

V (Sj)),

E(G∗) = (
n⋃

i=1

E(Ti)) ∪ (
m⋃

j=1

E(Sj)) ∪ E′ ∪ (
m⋃

j=1

E′′
j ).

Complexity of the construction of G∗. The size of Ti is in Θ(m) and there-
fore the size of G∗ is in Θ(mn). The construction of the ordered adjacency lists
for each subgraph Sj depends only on its drawing given in Fig. 5 and it is not de-
pendent on the size of the instance of 3sat. On the other hand, we can construct
the ordered adjacency lists for each Ti in time O(m) as follows. We obtain a total
order of the vertices in a complete binary tree by using a Breadth First Search
(BFS) from the root to the leaves and from the left side to the right side. The
ordered adjacency lists are constructed in linear time by considering this total
order restricted to the neighborhood of each vertex. Thus we can construct the
ordered adjacency lists for a complete binary tree with 2p vertices in the greatest
level in time O(m). Because of the tests for connecting the subgraphs Sj ’s and
Ti’s, we have total time of order O(m2n). Hence, it is possible to construct G∗

in polynomial time in the size of the instance of 3sat.
We shall see next that the graph G∗ satisfies that C is satisfiable if and only

if there exists a set of splittings in the black vertices of G∗ of size 2pn+5m that
obtains from G∗ a planar graph. In order to conclude our reduction from 3sat
to sn, we want a graph G, such that C is satisfiable if and only if σ(G) ≤
2pn + 5m. We show how to modify G∗ in order to obtain a graph G, quite close
to G∗, where the fact that a planar graph is obtained from G with at most
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Fig. 5. The Satisfaction–Testing Subgraph Sj .

2pn + 5m splittings forces in G that these splittings occur close to the black
vertices of G which in turn defines a truth assignment that satisfies C. Our
strategy to define G is to modify the subgraph of G∗ induced by vertices of
degree 3 by replacing these vertices and corresponding edges by supervertices as
we define next.

Construction of G. Let B be the subgraph of G∗ induced by the vertices of
degree 3. We shall exhibit a partition V1(B), V2(B) for V (B), showing that B is
a bipartite graph and we shall use this partition to define G from G∗. To prove
that B is in fact a bipartite graph it is enough to prove that each connected
component of B is a bipartite graph.

Observe first that there are exactly 3m + 1 connected components in B, 3m
of them are each isomorphic to K3,3 \ {e} linked to two vertices, and the other
one contains all edges of E′.

We define the partition of B into V1(B), V2(B) in three steps:

– For each h ∈ {1, 2, 3} and j ∈ {1, 2, . . . , m} take a Breadth First Search
(BFS) from bj[h] in the connected component of B containing bj [h].

– For each i ∈ {1, 2, . . . , n}, take a BFS from ei[1] in the subgraph of G∗

induced by the set V (Ti)∩V (B). And, for each j ∈ {1, 2, . . . , m} take a BFS
from fj[1] in the connected component of the subgraph of G∗ containing
fj [1] induced by the set V (Sj) ∩ V (B).

– For each one of the n + 4m produced BFS–trees, add to V1(B) the vertices
in the even level and add to V2(B) the vertices in the odd level.

The 3m components of B isomorphic each to K3,3 \{e} linked to two vertices
are trivially bipartite graphs. To show that there is no conflict in the definition
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of the bipartition of B, it remains to analize the connected component of B
containing the edges in E′. For note that ei[2] ∈ V2(B) and ei+1[1] ∈ V1(B),
for i ∈ {1, 2, . . . , (n − 1)}; en[2] ∈ V2(B) and f1[1] ∈ V1(B). And note that
fj[6] ∈ V2(B) and fj+1[1] ∈ V1(B) for j ∈ {1, 2, . . . , (m−1)}; fm[6] ∈ V2(B) and
e1[1] ∈ V1(B).

Now we are ready to define the supervertices of G corresponding to the
degree 3 vertices in G∗. For each such vertex v of G∗ with ordered adjacency
list �Adj(v) = (w, t, s), we add to G one Clockwise supervertex Nv (Fig. 6a),
if v is a vertex in partition V1(B) and one Counterclockwise supervertex Nv

(Fig. 6b), if v is a vertex in partition V2(B). The 3(2pn + 5m + 1) labeled
vertices in each supervertex will be used later as endpoints of edges linking
adjacent supervertices.

v
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(a)          ClockwisevN (b)          CounterclockwisevN

Fig. 6. Non-Splitting subgraph Nv , with �Adj(v) = (w, t, s).

Finally, we end the construction of the simple graph G as follows. For each
edge (v, w) ∈ E(B), let Evw = {(vw,s, wv,s)|s ∈ {1, 2, . . . , 2pn + 5m + 1}}. For
each edge (v, w) ∈ E(G∗) where v has degree 2 in G∗, let Evw = {(v, wv,1)}, if
w has degree 3; and Evw = {(v, w)}, if w has degree 2.

The construction of the instance (G, k) of sn is completed by setting k =
2pn+5m and V (G) = (

⋃
v∈V (B) V (Nv))∪(V (G∗)\V (B)) and E(G) = (

⋃
v∈V (B)

E(Nv)) ∪ (
⋃

(u,v)∈E(G∗) Euv). Note that the simple graph G has a large number
of vertices and edges. For Nv has 3× 4(k + 1)2 = 12(k + 1)2 vertices and 3[(k +
1)2 + 4(k + 1)2 + k(k + 1)] = 3(k + 1)(6k + 5) edges. In the set of Ti’s there are
[(12(k + 1)2(10 + 4(2p − 1)))+ (6× 2p)]n− 3m vertices and [((k + 1)(16 + 4(2p−
2)))+(3(k+1)(6k+5)(10+4(2p−1)))+(8×2p)]n edges. In the set of Sj ’s there
are [(12(k+1)254)+(6)]m vertices and [((k+1)71)+3(k+1)(6k+5)54+(12)]m
edges. And in the set of communication edges there are (k + 1)(m + n) edges.
Figure 7 shows an example of the construction of an instance (G, k) of sn.
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Fig. 7. sn instance obtained from 3sat in which U = {u1, u2, . . . , u8} and C = {(ū2 ∨
ū6∨u8), (ū2 ∨u6∨u1)}. Here, graph G has 154.877.910 vertices, 232.139.388 edges and

k = 2pn + 5m = 138.

Complexity of the construction of G. As G∗ can be constructed in polyno-
mial time in the size of the instance of 3sat and the size of G∗ is O((m2n)2), we
have that G can be constructed in time O((2pn)2.(m2n)2) = O((mn)2.(m2n)2),
which is polynomial in the size of the instance of 3sat.

It remains to prove that C is satisfiable if and only if σ(G) ≤ k. See the
technical report [5] for the proofs of Claims 1, 2 and 3.

Claim 1 There is a drawing D(G) for G such that:
(i) For every v ∈ V (B), every edge of the corresponding Nv is in no crossing;
(ii) For every (u, v) ∈ E(B), there are no crossings between two edges linking

vertices of Nu to vertices of Nv. ��
Consider the drawing for a subgraph Nv of G depicted in Fig. 6. We define the

1–meridian of Nv to be the cycle contained in the exterior face of this drawing
of Nv. Recursively, for i = 1, 2, . . . , k we remove the vertices of the exterior face
(vertices of the i–meridian plus pendant vertices) obtaining a new drawing and
define the (i+1)–meridian to be the current cycle contained in the exterior face of
this drawing. Observe that by construction, if i < j, with i, j ∈ {1, 2, . . . , k + 1},
then the i–meridian and the j–meridian are disjoint in vertices.
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Claim 2 If G′ is obtained from G by a set Z of splittings, where |Z| ≤ k, then
there is a subgraph Bc of G′ contractible to B, such that Bc contains a meridian
of Nv as subgraph, for all v ∈ B. ��

From now on we refer to the subgraphs of G corresponding to the subgraphs
Ti, Sj , Rūi and Rui of G∗ by saying, respectively, Ti, Sj , Rūi and Rui .

– If σ(G) ≤ k, then C is satisfiable.
Suppose there is a planar graph H obtained from G by a set Z, with |Z| ≤ k
splittings. By Claim 2, H has a subgraph contractible to B. In order to
make each Ti planar Z must admit a subset with 2p splittings in the black
or striped vertices of Ti, or in the supervertices Nv with vertices adjacent
to some black vertex of Ti. Note that there can be no Ti in which Z has
simultaneously 2p splittings in Rui and 2p splittings in Rūi because: there
are n disjoint subgraphs Ti’s in G; each one of the Ti’s requires at least 2p

splittings in Z; and H is obtained from G by the set Z of splittings with
|Z| ≤ 2pn + 5m, where 5m < 2p. Let i ∈ {1, 2, . . . , n} be an index. Let Li

be the subgraph in the pair Rui , Rūi of subgraphs of Ti, that contains at
least 2p splittings of Z. We denote by Zi the subset of Z consisting of all
splittings of Z in Li. A truth assignment for U can be obtained by setting
the variable ui = T , if Li = Rui . On the other hand we set the variable
ui = F , if Li = Rūi . Note that this truth assignment can be obtained in
polynomial time in the size of G, that is, in the size of the instance of 3sat.

Claim 3 The following truth assignment satisfies C: set ui = T , if Li =
Rui ; set ui = F , if Li = Rūi . ��

– If C is satisfiable, then σ(G) ≤ k.
We shall define a set of size k of splittings that obtains a planar graph
from G. Consider a truth assignment for U that satisfies C. If the literal ui

has value T , then split in G, the 2p leaves of one of the two trees of Rui . If
the literal ui has value F , then split in G, the 2p leaves of one of the two
trees of Rūi . Let G′ be the resulting graph obtained from G by this set of
2pn splittings. Now consider D(G), the drawing for G defined in Claim 1.
Consider D(G′) a drawing for G′ obtained from D(G), such that all corre-
sponding drawings for Truth–Setting subgraphs are plane. Thus in D(G′)
the remaining crossings occur in edges linking vertices of some Nv in Sj to
vertices not in this same Nv. As there is at least one literal with the value T
for each clause in C, by applying Lemma 3 we define in polynomial time, for
each graph Sj , a corresponding set of five splittings, such that we have no
crossings in the edges of the resulting graph from Sj . Let G′′ be the resulting
graph obtained from G′ by this set of 5m splittings. A plane drawing D(G′′)
for G′′ is obtained from D(G′), where each one of the three K3,3 \ {e}’s of
each Sj , is located either inside a region of the plane drawing corresponding
to Sj , or inside a region of the plane drawing corresponding to some Ti.
Therefore, we obtain a planar graph from G with exactly 2pn + 5m split-
tings. ��
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Corollary 1. sn is NP-complete when restricted to cubic graphs.

Proof. We use the strategy of Theorem 1 by modifying locally the graph G in
Theorem 1 as follows. Consider the auxiliary graph Cv depicted in Fig. 8(a). For
each vertex v of degree 2 in G, we add to G a copy of Cv, such that wv is the
vertex of Cv adjacent to v, as show in Fig. 8(b). ��

wv

v
wv

( )a ( )b

Fig. 8. Auxiliary graph for the proof of Corollary 1.

Corollary 2. sn is NP-complete when restricted to graphs not containing a sub-
division of K5 as a subgraph.

Proof. It follows from Corollary 1 because a cubic graph does not have vertices
of degree 4. ��

As an application of the NP-completeness of splitting number, consider
another nonplanarity measure of a graph: the size of its maximum planar sub-
graph, and the decision problem:
planar subgraph (ps)
instance: Graph G = (V (G), E(G)) and an integer 0 ≤ p ≤ |E(G)|.
question: Is there a subset E′ ⊆ E(G) with |E′| ≥ p such that G′ = (V (G), E′)
is planar?

Liu and Geldmacher [11] proved that planar subgraph is NP-complete, but
it was not known until now whether this problem remains NP-complete when
restricted to cubic graphs. Our final result shows how to use that splitting

number for cubic graphs (sn∆3) is NP-complete to prove that planar

subgraph for cubic graphs (ps∆3) is NP-complete.

Corollary 3. ps∆3 is NP-complete.

Proof. ps∆3 is in NP because ps is in NP. Let G, k be an instance for sn∆3. We
may assume k ≤ |E(G)|. Consider the instance of ps∆3 consisting of G and the
integer (|E(G)| − k). Note that any splitting in a graph of maximum degree 3
yields one or two leaves. In addition, a crossing in an edge incident to a leaf can
always be removed by considering a different drawing in the plane. Thus, if L is
the set of the leaves of G, then G has the same splitting number as G \ L.
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Assume there exists a set Z of splittings, |Z| ≤ k, obtaining a planar graph H
from G. Define a subset L of V (H), |L| = |Z|, such that L is obtained from Z
by adding to L one leaf obtained in each splitting of Z. By construction, the
graph H \L is isomorphic to a subgraph of G with |E(H \L)| ≥ |E(G)|−k, i.e.,
we have the answer yes to ps∆3. Now suppose that G has a planar subgraph
G′ = (V (G), E′), with |E′| ≥ |E(G)| − k. Consider the subset Z = (E(G) \ E′)
of E(G). A planar graph H is obtained from G by splitting, for each edge (u, v)
of Z one of its endpoints, say v, with degree greater than 1, into v1 and v2, such
that {u} is the neighborhood of v1. Thus, a set of splittings of size k or less is
produced obtaining a planar graph H from G, as required. ��
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Abstract. A tree t-spanner of a graph G is a spanning subtree T of G in
which the distance between every pair of vertices is at most t times their
distance in G. Spanner problems have received some attention, mostly
in the context of communication networks. It is known that for general
unweighted graphs, the problem of deciding the existence of a tree t-
spanner can be solved in polynomial time for t = 2, while it is NP-hard
for any t ≥ 4; the case t = 3 is open, but has been conjectured to be
hard.
In this paper, we consider tree spanners in planar graphs. We show that
even for planar unweighted graphs, it is NP-hard to determine the mi-
nimum t for which a tree t-spanner exists. On the other hand, we give a
polynomial algorithm for any fixed t that decides for planar unweighted
graphs with bounded face length whether there is a tree t-spanner. Fur-
thermore, we prove that it can be decided in polynomial time whether a
planar unweighted graph has a tree t-spanner for t = 3.

1 Introduction

A t-spanner of a graph G is a spanning subgraph H of G in which the distance
between every pair of vertices is at most t times their distance in G. We can think
of the “stretch factor” t as the relative price increase that may incur for individual
connections after replacing the network G by a cheaper subnetwork H. Spanners
were first considered in the context of practical motivations from communication
networks (see Peleg and Ullman [20], who introduced spanners to synchronize
asynchronous networks). They have also been used for simplifying geometric data
structures – see Chew [11], Dobkin, Friedman, and Supowit [12], and Arikati et
al. [2]. Surveys of results on the existence and efficient constructibility can be
found in [19] and [23].

Depending on the objective for choosing a subnetwork, various kinds of span-
ners have been considered – see the list of references for a selection of variants.
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Since the main motivation is to obtain a network of small total weight, particu-
lar attention has focused on tree spanners, where the subnetwork H is minimal
with respect to edge removal. As Cai [8], and Cai and Corneil [10] showed, the
problem of deciding the existence of a tree t-spanner in an unweighted graph G
can be solved in polynomial time for t = 2; on the other hand, the problem is
NP-complete for any t ≥ 4. The case t = 3 is still open, but it was conjectured
in [10] to be NP-complete.

As noted above, spanners have been considered in the context of geometric
distance queries – see [11,12,2]. Since planar graphs form a particularly well-
understood class of sparse graphs with a number of structural and algorithmic
properties that make them interesting as spanners, the focus of those works has
been on planar spanners, where the spanning graph H is required to be planar.
Also, see Brandes and Handke [7] for a proof that it is NP-hard to determine a
minimum weight planar t-spanner in a graph. They also showed that determining
a minimum weight t-spanner in a planar graph is an NP-hard problem.

Between considering tree spanners in general graphs and planar spanners in
general graphs, it is natural to consider tree spanners in planar graphs. Not
only does this allow a better understanding of the properties of graph spanners,
but results on the stretch factors of tree spanners in planar graphs combine
with bounds on the stretch factors of planar spanners in general graphs to yield
estimates on tree spanners in general graphs.

In this paper, we show that deciding the existence of a tree t-spanner in a
graph G is NP-complete, if t is part of the input, even when restricted to the
situation where G is planar and unweighted. On the other hand, we prove that
this problem can be solved in polynomial time for planar unweighted graphs
with bounded face length and fixed t.

For some purposes, not all pairs of connections have the same importance.
This motivates the concept of s, t-spanners: For a partition of E(G) into two
given sets of edges E1 and E2, a tree s, t-spanner consists of edges in E1, and
it replaces any edge (v1, v2) ∈ E1 by a path of at most s times its length, and
any edge (v1, v2) ∈ E2 by a path of at most t times its length. We show that for
fixed s and t, the existence of a tree s, t-spanner in planar unweighted graphs
with bounded face length can be checked in polynomial time. By a detailed
analysis of the neighborhood structures of planar graphs with tree 3-spanners,
we are able to show that a planar graph has a tree 3-spanner, iff it is a subgraph
of a planar graph with bounded face length that has a tree 3,12-spanner. This
implies a polynomial algorithm for deciding whether a planar graph G has a tree
3-spanner.

The rest of this paper is organized as follows: In Section 2, we introduce some
basic concepts. Section 3 sketches the NP-completeness of deciding the existence
of a tree t-spanner in a planar graph. In Section 4, we describe the polynomial
algorithm for deciding whether a planar graph with bounded face length has a
tree s, t-spanner. Section 5 gives an overview of the polynomial algorithm for
deciding whether a planar graph has a tree 3-spanner. In Section 6 we conclude
with some open problems.
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2 Preliminaries

Throughout this paper, we use the terminology of Bondy and Murty [5]. A graph
G has edge set E(G) and vertex set V (G); we may simply write E and V when
the meaning is clear. If H is a subgraph of G, then G − H denotes the graph
obtained by deleting from G all edges of H. For a pair of vertices v1 and v2 in
a connected graph G, we denote the length of a shortest path from v1 to v2 by
dG(v1, v2). We will concentrate on the case of unweighted graphs without loops,
so for any edge (v1, v2) ∈ E(G), we have dG(v1, v2) = 1. For a planar graph G,
we write G∗ for the dual graph. For S ⊂ V , the number of the edges leaving
S in the graph G is denoted by δG(S). For S ⊂ V , we denote by N(S) the set
of neighbors of S, i. e., the set of vertices v ∈ V \ S with a w ∈ S, such that
(v, w) ∈ E. For a set of vertices S ⊆ V , the subgraph induced by S is denoted
by G[S].

For a real number t ≥ 1, a subgraph H of a connected graph G is a t-spanner
if dH(v1, v2) ≤ t · dG(v1, v2) for all v1, v2 ∈ E(G). A tree t-spanner is a t-spanner
that is a tree. The parameter t is called the stretch factor; the smallest value t
for which a graph G has a tree t-spanner is called the tree stretch index of G,
denoted by σT (G). It was shown in [10] that the following holds:

Lemma 1 A subgraph H of a connected graph G is a t-spanner, iff for all edges
(v1, v2) ∈ E(G) − E(H), we have dH(v1, v2) ≤ t

This allows us to consider only integer stretch factors for unweighted graphs.
If the condition dH(v1, v2) ≤ t is satisfied for a particular edge e = (v1, v2) ∈
E(G)−E(H), we say that e has a short detour in H; for the case of tree spanners
T , there is a unique corresponding shortest path, denoted by pT (e).

3 An NP-Completeness Result

It was shown in [10] that it is NP-complete to decide whether σT (G) ≤ t for a
general unweighted graph, as long as t ≥ 4. In this section, we sketch our proof
that it is NP-complete to decide σT (G) ≤ t for a planar unweighted graph, where
t is part of the input. Our reduction is from a special subclass of 3-SAT instances,
called Planar 3SAT, which was shown to be NP-complete by Lichtenstein [16].

A 3SAT instance I is said to be an instance of Planar 3SAT, if the following
bipartite graph GI is planar: Every variable and every clause in I is represented
by a vertex in GI ; two vertices are connected, if and only if one of them represents
a variable that appears in the clause that is represented by the other vertex. See
Figure 1 (a) for an example.

In the following, we sketch the necessary gadgets for our hardness proof.
Details are contained in the full version of the paper, see also [15].

3.1 The Basic Setup

In a first step, the graph GI is transformed into a graph G′
I . As shown in Figure 1,

each set of three edges adjacent to the same clause vertex is replaced by three
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Fig. 1. (a) The graph GI representing the Planar 3SAT instance (x1 ∨ x3 ∨
x4) ∧ (x̄1 ∨ x̄2 ∨ x4) ∧ (x̄3 ∨ x4 ∨ x̄5); (b) The transformed graph G′

I

paths of length 4. From this graph G′
I , any spanning tree T ′ is chosen. This

spanning tree has a certain stretch factor t′, which is polynomially bounded by
the size of I.

For the second step, we add edges and vertices to G′
I to get a graph G′′

I . In
particular, we use the gadgets shown in Figure 2 to make sure that for t = t′ +1,
all the edges of T ′ must be contained in a potential tree t-spanner of G′′

I , if there
is one.

The gadget shown in (a) has been used extensively in the proofs of [10]
and [7]. It is easy to see that any tree 5-spanner of the graph G shown in the
figure must contain the edge e. In the following, edges forced in this way are
indicated by bold drawing.

e1

e

e2

(b)(a)

e

Fig. 2. (a) A forced edge; (b) a forced pair
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Figure 2 (b) shows another gadget that can be used for forcing one out of
two edges: Any tree 3-spanner must contain e and precisely one of the two edges
e1 and e2.

In a third step, components for clauses and variables are added to G′′
I . The

following two subsections give a rough description of their design and properties.

3.2 Gadgets for Variables

Figure 3 shows the gadget Gvar for representing variables. It consists of a central
“variable” vertex v, connected to “literal” vertices v1, v1, . . ., vs, vs. vi and vi

are connected by an edge w(i) that is forced by two paths of length t. vi and
vi+1 (indices modulo s) are connected by a path of length t − 2, containing the
vertices vi, w

(i,i+1)
1 , . . . , w

(i,i+1)
t−3 , vi+1. The edge fi = (vi, w

(i,i+1)
1 ) is not forced,

all other edges of the path are. Connections to the outside, i. e., to the rest of
the graph, are at the literal vertices.

Furthermore, no two literal vertices are adjacent and there is no outside
vertex that is connected for all 1 ≤ i ≤ s to at least one af the vertices vi, v̄i.

1

v
2

v

v

v
1
f

v

t-3
(1,2)

e

w

e
1

1

v

v

2

3

3 1

w
1
(1,2)

w(1)

Fig. 3. Variable component Gvar

Using straightforward induction, it is not hard to prove the following:

Lemma 2 A tree t-spanner of a graph containing Gvar cannot contain any of
the edges fi and must contain precisely one of the edges ei, ei. Furthermore, e1
is contained iff all ei are contained.

Containment of ei or ei corresponds to a truth assignment of the represented
variable.
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3.3 Gadgets for Clauses

Due to space limitations, we cannot give full technical details of the clause gad-
gets, but the basic idea is shown in Figure 4 (a). Figure 4 (b) shows the general
layout for combining clauses and variables.

c

d

e

P
1

P

3

2

1

v2

x2

x1

x x

x 2

x

v
3

P

3v
c

31

(b)(a)

Fig. 4. (a) Idea of the clause component, shown for (x1∨x2∨x3); (b) combination
of clause gadgets (triangles) with variable gadgets (circles)

Around a central node c, we group three forced paths of appropriate length,
starting with edges (c, u1), (c, u2), (c, u3). These paths connect to literal nodes
of the corresponding variables. The choice of path lengths, forced edges, forced
pairs and connections to variable components is done in a way that forces c to
be a leaf of a tree t-spanner, if there is one. Furthermore, the existence of a tree
t-spanner hinges on the existence of short detours pT (c, ui), pT (c, uj) for the two
edges (c, ui), (c, uj) adjacent to c that are not contained in a spanner T .

Each non-true literal forces an extra edge into a potential short detour
pT (c, ui). The path lengths are set up in a way that allows one extra edge,
but not two of them. This forces at least one satisfying literal to be in each
clause. Conversely, if there is a truth assignment, we can keep c connected to
the path that leads directly to the satisfying literal, making sure that there can
be at most one extra edge for the detours pT (c, ui), pT (c, uj).

We summarize:

Theorem 3. It is NP-complete to decide σT (G) ≤ t for planar unweighted gra-
phs G and integers t.
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4 Planar Graphs with Bounded Face Length

In this section, we show that deciding the existence of a tree t-spanner in a
planar graph with all faces of bounded length can be performed in polynomial
time.

For this purpose, we introduce the notion of a c-cut tree in a graph:

Definition 4 Let T be a spanning tree in a graph G. Removing any edge e ∈ T
splits T into two connected components, inducing a partition of the vertex set
into PT (e) = (VT (e), V ′

T (e)). We say that T is a c-cut tree in G, if for all e ∈ T ,
|δG(VT (e))| ≤ c.

It is straightforward to show that the following holds:

Lemma 5 A planar graph G has a tree t-spanner, iff G∗ has a (t + 1)-cut tree.

Furthermore, we can establish the following constructive characterization of
c-cut trees:

Lemma 6 A planar graph G has a c-cut tree, iff there is a “rooted nested family”
F ⊆ 2V × V with the following properties:

1. (V, r) ∈ F for an r ∈ V
2. r ∈ S for all (S, r) ∈ F ,
3. |δG(S)| ≤ c for all (S, r) ∈ F ,
4. for all (S1, r1), (S2, r2) ∈ F we have S1 ⊆ S2 or S1 ⊆ V \ S2,
5. for all (S, r) ∈ F there are l ≥ 1 and (Si, ri) ∈ F , 1 ≤ i ≤ l, with S \ {r} =

∪̇Si and (r, ri) ∈ E.

The vertex sets S correspond to the subsets of a partition induced by the
removal of an edge e ∈ T from T , while r ∈ S is the vertex adjacent to e. The
proof is straightforward and omitted.

Using the characterization from Lemma 6, we get the following result:

Theorem 7. For fixed t, it can be decided in polynomial time for planar un-
weighted graphs G with bounded face length whether σT (G) ≤ t.

Sketch: Consider the existence of a rooted nested family F of G∗ as descri-
bed in Lemma 6. Since t is fixed, there are only polynomially many possible cuts
in G∗ of size not larger than t + 1, implying we only have to consider polynomi-
ally many sets (S, r) that can be used for F . Since all faces in G have bounded
length, the dual graph G∗ has bounded degree, so there is a polynomial number
of possible partitions for any (S, r). Using dynamic programming and proceeding
by increasing size of S, we can decide the existence of a rooted nested family as
described in Lemma 6 in polynomial time.

ut
As described in the introduction, the concept of tree t-spanners can be gene-

ralized:
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Definition 8 Let G be a graph with E(G) = E1∪̇E2. Then a spanning tree T
of G is a tree s, t-spanner for G = (V, E1∪̇E2), iff T is a subgraph of (V, E1),
and for all edges (v1, v2) ∈ E1 − T , we have dT (v1, v2) ≤ s, and for all edges
(v1, v2) ∈ E2 − T , we have dT (v1, v2) ≤ t.

With an analogous approach to the one for tree t-spanners, we can establish
the following result for tree s, t-spanners:

Theorem 9. For fixed s and t, it can be decided in polynomial time for planar
unweighted graphs G = (V, E1∪̇E2) of bounded face length, possibly with multi-
edges, whether there is a tree s, t-spanner.

5 Deciding the Existence of Tree 3-Spanners in Planar
Graphs

In this section, we sketch the polynomial algorithm for deciding whether a planar
unweighted graph G has a 3-spanner. The key idea is to add a set of edges E′ to
obtain a graph G≤4 with face length bounded by 4, such that G≤4 = (V, E∪̇E′)
has a tree 3, 12-spanner, iff G has a tree 3-spanner. The existence of a 3, 12-
spanner in G≤4 can be decided in polynomial time by the algorithm from the
previous section.

If there is no face of length more than 4, we are done, so consider a face
bounded by the chordless cycle C = v1, . . . , vs with |C| ≥ 5. Now assume there
is a tree 3-spanner in G. Since |C| ≥ 5, for any edge e = (vi, vi+1) in C − T ,
there must be a path in T that is not longer than 3 and not fully contained in
C. The different possibilities for such a path are shown in Figure 5.

vi+1

vi-1 vi+2

v
i vi+1

v
i

vi+1

v
i

C C C

Fig. 5. Different possibilities for a short detour pT (vi, vi+1) of an edge (vi, vi+1)
in C − T

Now we can analyze the structure of T in the neighborhood of C: consider
the edges in pT (vi, vi+1) − C. It is not hard to see that each of these edges must
be contained in pT (vj , vj+1) for an edge (vj , vj+1) ∈ ((C − T ) − (vi, vi+1)), since
T cannot contain a cycle. Because pT (vj , vj+1) contains at most three edges,
(vj , vj+1) is adjacent to (vi, vi+1) or both are adjacent to the same edge in C.

From this, we can derive the following lemma:
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Lemma 10 Let G be a planar graph with a tree 3-spanner T . If C is a chordless
cycle in G, |C| ≥ 5, then there is a “semi-dominating” tree TC in T , such that

1. C is “weakly dominated” by V (TC), i. e., for any vertex vi ∈ C, vi is adjacent
to TC , or both its neighbors vi−1 and vi+1 are.

2. If a vertex v ∈ C is not adjacent to TC , then both of its neighbors are adjacent
to the same vertex of TC .

Furthermore, for a given cycle C that bounds a face F of G, the semi-dominating
tree is uniquely determined.

An example is shown in Figure 6. Bold lines show the semi-dominating tree.

u

F

Fig. 6. A long chordless cycle C in G and a semi-dominating tree TC

Now consider a vertex u ∈ TC as shown in Figure 7. If u does not weakly
dominate C (which would imply u = T ), then it induces a subdivision (called
the u-subdivision) of C as follows. Let Di be a maximal path weakly dominated
by u. The first vertex of Di is denoted by dh

i , the last by dt
i. Between any two

Di and Di+1, there is a path Pi, consisting of vertices that are non-adjacent to
u. Clearly, any Pi must contain at least two vertices. For any i, let P 1

i be the
path (dt

i, Pi, d
h
i+1), while P 2

i is the path (Di+1, Pi+1, . . . , Pi−1, Di).
Now we insert a set E′(u) of new edges as follows. For any i, insert the edge

(dt
i, d

h
i+1) – shown by broken lines in Figure 7. This yields a face F (u) that is

dominated by u. This face is then triangulated by further new edges. Using the
structure of the semi-dominating tree, we can show that the face bounded by C
is subdivided into faces of length at most 4. Furthermore, the end vertices of the
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Fig. 7. A vertex u in a semi-dominating tree TC , its u-partition, and the subface
F (u)

new edges are connected by paths with at most 12 edges in a tree 3-spanner T of
G. Note that in the process of introducing new edges, we may create multi-edges.

After inserting a new chord for any chord of a face, this subdivision is carried
out for every face that is bounded by a chordless cycle C with more than four
edges and for all vertices of the semi-dominating tree TC of C. Eventually we
get the planar supergraph G≤4 with the desired properties.

Conversely, any tree 3, 12-spanner in the expanded graph (V, E(G)∪̇E′) in-
duces a tree 3-spanner in G. (Full details can be found in [15].)

The following definition and Lemma 12 show how to find a semi-dominating
tree of a cycle in polynomial time. Once the semi-dominating trees are found,
the procedure of inserting the edges, and testing for the existence of a tree 3, 12-
spanner yields a polynomial algorithm – recall Theorem 9.

Definition 11 Let u ∈ N(C) be a vertex that does not weakly dominate the
cycle C. Let D1, P1, . . . , Dr, Pr be the u-subdivision of C.

A vertex w ∈ N(C) is an independent C-neighbor of u, if it is adjacent to u
in G and if there is an index 1 ≤ i ≤ r such that the following conditions hold:

1. There is a path of at most two edges in G that connects w with a vertex of
Pi, and

2. there are vertices wh
i , wt

i from P 1
i that are adjacent to w in G and vertices

uh
i , ut

i from P 2
i that are adjacent to u in G, such that wh

i , wt
i , uh

i , and ut
i

are pairwise disjoint and uh
i wt

i , wh
i ut

i ∈ E(C) holds.

(Note that the path does not contain vertex u, since u is not adjacent to any
vertex in Pi.)
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The set of all independent C-neighbors is denoted by N(C, u). A vertex w ∈
N(C) is a C-successor of u, if there is a path (w0, w1, . . . , wk with w0 = u,
wk = w, such that for any 1 ≤ i ≤ k, the vertex wi is an independent C-neighbor
of wi−1. The set of all C-successors is denoted by D(C, u).

Lemma 12 Let C be a cycle in a planar graph G, and let u be adjacent to a
vertex in C.

If C has a semi-dominating tree TC containing u, then

TC = G[D(C, u)] − {(v, w) : w 6∈ N(C, v)}.

Summarizing, we get

Theorem 13. We can decide in polynomial time whether a planar unweighted
graph G has a tree 3-spanner.

6 Conclusion

In this paper, we have shown that for planar graphs, it is possible to decide
the existence of a tree 3-spanner in polynomial time. Our method makes strong
use of planarity, yet the resulting algorithm is rather complicated. It has been
conjectured that deciding the existence of a tree 3-spanner is an NP-complete
problem, and our impression from the experience with planar graphs seems to
support this belief.

On the other hand, we could prove that deciding the existence of a tree
t-spanner is NP-complete, as long as t is part of the input. The complexity
for fixed t is unclear, but there may be a polynomial method of deciding the
question, possibly using a combination of dynamic programming and an analysis
of neighborhood structures, as we did for the case t = 3. Unfortunately, this
analysis appears to become rather tedious even for t = 4.
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Abstract. Given a graph G, a designated vertex r and a natural number
k, we wish to find k “independent” spanning trees of G rooted at r, that
is, k spanning trees such that, for any vertex v, the k paths connecting
r and v in the k trees are internally disjoint in G. In this paper we
give a linear-time algorithm to find four independent spanning trees in
a 4-connected planar graph rooted at any vertex.

1 Introduction

Given a graph G = (V, E), a designated vertex r ∈ V and a
natural number k, we wish to find k spanning trees T1, T2, · · · , Tk

of G such that, for any vertex v, the k paths connecting r and
v in T1, T2, · · · , Tk are internally disjoint in G, that is, any two of
them have no common intermediate vertices. Such k trees are cal-
led k independent spanning trees of G rooted at r. Four independent
spanning trees are drawn in Fig. 1 by thick lines. Independent span-
ning trees have applications to fault-tolerant protocols in networks
[BI96,DHSS84,IR88,OIBI96].

Given a graph G = (V, E) of n vertices and m edges, and a desig-
nated vertex r ∈ V , one can find two independent spanning trees of G
rooted at any vertex in linear time if G is biconnected [BTV96,IR88],
and find three independent spanning trees of G rooted at any vertex
in O(mn) and O(n2) time if G is triconnected [BTV96,CM88]. It is
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Fig. 1. Four independent spanning trees T1, T2, T3 and T4 of a graph
G rooted at r.
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conjectured that, for any k ≥ 1, every k-connected graph has k inde-
pendent spanning trees rooted at any vertex [KS92,ZI89]. Recently
Huck has proved that every 4-connected planar graph has four in-
dependent spanning trees rooted at any vertex [H94]. The proof in
[H94] yields an algorithm to actually find four independent spanning
trees, but it takes time O(n3).

In this paper we give a simple linear-time algorithm to find four
independent spanning trees of a 4-connected planar graph rooted
at any designated vertex. Our algorithm is based on a “4-canonical
decomposition” of a 4-connected planar graph [NRN97], which is a
generalization of an st-numbering [E79], a canonical ordering [CK93]
and a canonical 4-ordering [KH94].

The remainder of the paper is organized as follows. In Section 2
we introduce some definitions. In Section 3 we present our algorithm
to find four independent spanning trees. Finally we put conclusion
in Section 4.

2 Preliminaries

In this section we introduce some definitions.
Let G = (V, E) be a connected graph with vertex set V and edge

set E. Throughout the paper we denote by n the number of vertices
in G, and we always assume that n > 4. An edge joining vertices u
and v is denoted by (u, v). The degree of a vertex v in G, denoted by
d(v, G) or simply by d(v), is the number of neighbors of v in G. The
connectivity κ(G) of a graph G is the minimum number of vertices
whose removal results in a disconnected graph or a single-vertex
graph K1. A graph G is k-connected if κ(G) ≥ k. A path in a graph
is an ordered list of distinct vertices v1, v2, · · · , vl such that vi−1vi is
an edge for all i, 2 ≤ i ≤ l. We say that two paths having common
start and end vertices are internally disjoint if their intermediate
vertices are disjoint. We also say that a set of paths having common
start and end vertices are internally disjoint if every pair of paths in
the set are internally disjoint.

A graph is planar if it can be embedded in the plane so that
no two edges intersect geometrically except at a vertex to which
they are both incident. A plane graph is a planar graph with a fixed
embedding. The contour Co(G) of a biconnected plane graph G is
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the clockwise (simple) cycle on the outer face. We write Co(G) =
(w1, w2, · · · , wh) if the vertices w1, w2, · · · , wh on Co(G) appear in
this order.

3 Algorithm

In this section we give our algorithm to find four independent span-
ning trees of a 4-connected planar graph rooted at any designated
vertex.

Given a 4-connected planar graph G = (V, E) and a designated
vertex r ∈ V , we first find a planar embedding of G in which r is
located on Co(G). Let G

′ = G − {r} be the subgraph of the plane
graph G induced by V − {r}. In Fig. 2 (a) G is drawn by solid and
dotted lines, and G

′ by solid lines. Since G is 4-connected, d(r) ≥ 4.
We may assume that all the neighbors r1, r2, · · · , rd(r) of r in G appear
on Co(G

′) clockwise in this order. Let Co(G
′) = (w1, w2, · · · , wh),

r1 = w1, r2 = wa, r3 = wb and r4 = wc, where 1 < a < b < c ≤ d(r).
We add to G

′ two new vertices rb and rt, join rb with r1 and r2,
and join rt with r3, r4, · · · , rd(r). Let G

′′ be the resulting plane graph,
where vertices r1, rb, r2, r3, rt and rd(r) appear on Co(G

′′) clockwise
in this order. Fig. 2 (b) illustrates G

′′ .
Let Π = (W1, W2, · · · , Wm) be a partition of the vertex set V −

{r} of G
′ . We denote by Gk, 1 ≤ k ≤ m, the plane subgraph of G

′′ in-
duced by {rb} ⋃

W1
⋃

W2
⋃ · · · ⋃

Wk. We denote by Gk, 0 ≤ k ≤ m−
1, the plane subgraph of G

′′ induced by Wk+1
⋃

Wk+2
⋃ · · · ⋃

Wm
⋃{rt}.

We assume that if 1 ≤ k ≤ m and Wk = {u1, u2, · · · , ul} then vertices
u1, u2, · · · , ul consecutively appear on Co(Gk) clockwise in this order.
A partition Π = (W1, W2, · · · , Wm) of V −{r} is called a 4-canonical
decomposition of G

′ if the following three conditions (co1)–(co3) are
satisfied.

(co1)W1 = {wa, wa−1, · · · , w1} and Wm = {wb, wb+1, · · · , wc};
(co2) For each k, 1 ≤ k ≤ m−1, both Gk and Gk−1 are biconnected

(See Fig. 3.); and
(co3) For each k, 1 < k < m, one of the following three conditions

holds (See Fig. 3.):
(a) |Wk| ≥ 2, and each vertex u ∈ Wk satisfies d(u, Gk) = 2 and
d(u, Gk−1) ≥ 3;
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(b) |Wk| = 1, and the vertex u ∈ Wk satisfies d(u, Gk) ≥ 2 and
d(u, Gk−1) ≥ 2; and
(c) |Wk| ≥ 2, and each vertex u ∈ Wk satisfies d(u, Gk) ≥ 3 and
d(u,Gk−1) = 2.

Fig. 2 (b) illustrates a 4-canonical decomposition of G
′ = G−{r},

where G
′ are drawn in solid lines and each set Wi is indicated by an

oval drawn in a dotted line. A 4-canonical decomposition is a gene-
ralization of an “st-numbering” [E79], a “canonical decomposition”
[CK93] and a “canonical 4-ordering” [KH94]. Although the defini-
tion of a 4-canonical decomposition above is slightly different from
one in [NRN97], they are effectively equivalent each other.
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Fig. 2. (a) Four-connected plane graph G and (b) plane graph G
′′ .

We have the following lemma.

Lemma 1. Let G = (V, E) be a 4-connected plane graph, and let
r be a designated vertex on Co(G). Then G

′ = G − {r} has a 4-
canonical decomposition Π. Furthermore Π can be found in linear
time.

Proof. Similar to the proof of Lemma 3 in [NRN97]. Q.E .D.
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Fig. 3. Three conditions for (co3).

We need a few more definitions to describe our algorithm. For a
vertex v ∈ V −{r} we write N(v) = {v1, v2, · · · , vd(v)} if v1, v2, · · · , vd(v)

are the neighbors of vertex v in G
′′ and appear around v clockwise in

this order. To each vertex v ∈ V − {r} we assign four edges incident
to v in G

′′as the left hand lh(v), the right hand rh(v), the left leg
ll(v) and the right leg rl(v) as follows. We will show later that such
an assignment immediately yields four independent spanning trees
of G. Let v ∈ Wk for some k, 1 ≤ k ≤ m, then there are the following
three cases to consider.

Case 1: either (i) 1 < k < m and Wk satisfies Condition (a) of
(co3) or (ii) k = 1. (See Fig. 4.)
Let Wk = {u1, u2, · · · , ul}. Let u0 be the vertex on Co(Gk) pre-
ceding u1, and let ul+1 be the vertex on Co(Gk) succeeding ul.
For each ui ∈ Wk we define rl(ui) = (ui, ui+1), ll(ui) = (ui, ui−1),
lh(ui) = (ui, v1), and rh(ui) = (ui, vd(ui)−2) where we assume
N(ui) = {ui−1, v1, v2, · · · , vd(ui)−2, ui+1}.

Case 2: Wk satisfies Condition (b) of (co3). (See Fig. 5.)
Let Wk = {u}, let u

′ be the vertex on Co(Gk) preceding u,
and let u

′′ be the vertex on Co(Gk) succeeding u. Let N(u) =
{u

′
, v1, v2, · · · , vd(u)−1}, and let u

′′ = vx for some x, 3 ≤ x ≤
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d(u) − 1. Then rl(u) = (u, u
′′), ll(u) = (u, u

′), lh(u) = (u, v1),
and rh(u) = (u, vx−1).

Case 3: either (i) 1 < k < m and Wk satisfies Condition (c) of
(co3) or (ii) k = m. (See Fig. 6.)
Let Wk = {u1, u2, · · · , ul}. Let u0 be the vertex on Co(Gk−1)
succeeding u1, and let ul+1 be the vertex on Co(Gk−1) preceding
ul. For each ui ∈ Wk we define rl(ui) = (ui, v1), ll(ui) = (ui,
vd(ui)−2), lh(ui) = (ui, ui−1), and rh(ui) = (ui, ui+1) where we
assume N(ui) = {ui+1, v1, v2, · · · , vd(ui)−2, ui−1}.

(ii)
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Fig. 4. Assignment for Case 1.

AAAAAAAA
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w1wa

u u' "

Fig. 5. Assignment for Case 2.

We are now ready to give our algorithm.

Procedure FourTrees(G, r)
begin

1 Find a planar embedding of G such that r ∈ Co(G);
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Fig. 6. Assignment for Case 3.

2 Find a 4-canonical decomposition Π = (W1, W2, · · · , Wm) of
G − {r};

3 For each vertex v ∈ V − {r} find rl(v), ll(v), rh(v) and lh(v);
4 Let Trl be a graph induced by the right legs of all vertices in

V − {r};
5 Let Tll be a graph induced by the left legs of all vertices in

V − {r};
6 Let Tlh be a graph induced by the left hands of all vertices in

V − {r};
7 Let Trh be a graph induced by the right hands of all vertices in

V − {r};
8 Regard vertex rb in trees Trl and Tll as vertex r;
9 Regard vertex rt in trees Tlh and Trh as vertex r;

10 return Trl, Tll, Tlh and Trh as four independent spanning trees
of G.
end

We then verify the correctness of our algorithm. Assume that G =
(V, E) is a 4-connected planar graph with a designated vertex r ∈
V , and that Algorithm FourTrees finds a 4-canonical decomposition
Π = (W1, W2, · · · , Wm) of G − {r} and outputs Trl, Tll, Tlh and Trh.
We first have the following lemma.

Lemma 2. Let 1 ≤ k ≤ m, and let T k
rl be a graph induced by the

right legs of all vertices in Gk − {rb}. Then T k
rl is a spanning tree of

Gk.

Proof. We prove the claim by induction on k.
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Clearly the claim holds for k = 1.
We assume that 1 ≤ k ≤ m − 1 and T k

rl is a spanning tree of Gk,
and we shall prove that T k+1

rl is a spanning tree of Gk+1. There are
the following four cases to consider.

Case 1: k ≤ m − 2 and Wk+1 satisfies Condition (a) of (co3).
Case 2: k ≤ m − 2 and Wk+1 satisfies Condition (b) of (co3).
Case 3: k ≤ m − 2 and Wk+1 satisfies Condition (c) of (co3).
Case 4: k = m − 1.

For each case T k+1
rl is a spanning tree of Gk+1 as shown in Fig. 7; (a)

for Case 1; (b) for Case 2; (c) for Case 3; and (d) for Case 4. Q.E .D.

We then have the following lemma.

Lemma 3. Trl, Tll, Tlh and Trh are spanning trees of G.

Proof. By Lemma 3.2 Tm
rl is a spanning tree of Gm, and hence Trl in

which rb is regarded as r is a spanning tree of G.
Similarly Tll, Tlh and Trh are spanning trees of G. Q.E .D.

Let v be any vertex in V − {r}, and let Prl, Pll, Plh and Prh be
the paths connecting r and v in Trl, Tll, Tlh and Trh, respectively.
For any vertex u in V − {r} we write rank(u) = k if u ∈ Wk;
rank(r) is undefined. If an edge (v, u) of G

′ is a leg of vertex v, and
(v, w) of G

′ is a hand of v, then rank(u) ≤ rank(v) ≤ rank(w) and
rank(u) < rank(w).

Lemma 4. Each of the four pairs of paths, Prl and Plh, Prl and Prh,
Pll and Plh, Pll and Prh, are internally disjoint.

Proof. We prove only that Prl and Plh are internally disjoint. Pro-
ofs for the other pairs are similar. If v = r1 then Prl = (v, r). If
v = r3 then Plh = (v, r). Therefor Prl and Plh are internally disjoint
if v is r1 or r3. Thus we may assume that v 6= r1, r3. Let Prl =
(v, v1, v2, · · · , vl, r), then vl = r1. Let Plh = (v, u1, u2, · · · , ul′ , r),
then ul′ = r3. The definition of a right leg implies that rank(v) ≥
rank(v1) ≥ rank(v2) ≥ · · · ≥ rank(vl), and the definition of a
left hand implies that rank(v) ≤ rank(u1) ≤ rank(u2) ≤ · · · ≤
rank(ul′ ). Thus rank(vl) ≤ · · · ≤ rank(v2) ≤ rank(v1) ≤ rank(v) ≤
rank(u1) ≤ rank(u2) ≤ · · · ≤ rank(ul′ ). We furthermore have
rank(v1) < rank(u1). Therefore Prl and Plh are internally disjoint.
Q.E .D.
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We next have the following lemma.

Lemma 5. Let u ∈ V − {r}, ll(u) = (u, u
′), rl(u) = (u, u

′′), and
N(u) = {v1, v2, · · · , vd(u)}. One may assume that u

′ = v1 and u
′′ = vs

for some s, 1 < s ≤ d(u). Then there exists t, 1 ≤ t ≤ s, such that
rl(vi) = (vi, u) for each i, 2 ≤ i ≤ t − 1, and ll(vj) = (vj, u) for each
j, t + 1 ≤ j ≤ s − 1. (Thus either (i) rl(vt) = (vt, u) 6= ll(vt), (ii)
rl(vt) 6= (vt, u) = ll(vt), or (iii) rl(vt) 6= (vt, u) 6= ll(vt). See Fig. 8.)
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vt +1vt -1
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rl(v )2

u =vsu =v1
' "

Fig. 8. Illustration for Lemma 5.

Proof. From the definitions of a 4-canonical decomposition and a
right leg, one can observe that if 2 ≤ i ≤ s − 1 and rl(vi) = (vi, u)
then rank(vi−1) < rank(vi). Similarly, if 2 ≤ i ≤ s − 1 and ll(vj) =
(vj, u) then rank(vj) > rank(vj+1).
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Assume for a contradiction that the claim does not hold. Then
rl(vi) = (vi, u) and ll(vj) = (vj, u) for some i and j, 1 ≤ j < i ≤ s.
Let vi ∈ Wi′ and vj ∈ Wj′ for some i

′ and j
′ , 1 ≤ i

′
, j

′ ≤ m. Thus
rank(vi) = i

′ , rank(vj) = j
′ , and both Gi′ and Gj′ are biconnected.

There are the following three cases.

Case 1: i
′ = j

′ . In this case, Gi′ has edges (u, vj) and (vi, u), and
all vertices in Wi

′ appear on Co(Gi
′ ). Therefore, vertex u and

the vertices in Wi′ from vj to vi form a cycle in Gi′ , and Gi′

has at least one vertex in the proper inside of the cycle. None
of the edges of G in the outside of the cycle is incident to any
vertex on the cycle other than u, vj and vi. Hence the removal of
three vertices u, vj and vi from G results in a disconnected graph,
contrary to the 4-connectivity of G.

Case 2: i
′

< j
′ . Since rl(vi) = (vi, u), vi precedes u on Co(Gi′ ).

Since ll(vj) = (vj, u), vj succeeds u on Co(Gj
′ ). Since Gi

′ is a
subgraph of Gj′ , vi must precede vj in N(u), contrary to the
assumption j < i.

Case 3: i
′
> j

′ . Similar to Case 2 above. Q.E .D.

Lemma 5 immediately implies the following lemma.

Lemma 6. Prl and Pll may cross at a vertex u, but do not share a
vertex u without crossing at u.

From the definitions of a left leg and a right leg one can imme-
diately have the following lemma.

Lemma 7. Let 1 ≤ k ≤ m and u ∈ Wk. Then u is on Co(Gk). Let
u

′ be the succeeding vertex of u on Co(Gk). Assume that the ordered
set N(u) starts with u

′ . Let ll(u) = (u, v
′) and rl(u) = (u, v

′′). Then
v

′′ precedes v
′ in N(u).

We then have the following lemma.

Lemma 8. Each of the two pairs of paths, Prl and Pll, Plh and Prh,
are internally disjoint.

Proof. We prove only that Prl and Pll are internally disjoint. Proof
for the other case is similar. Suppose for a contradiction that Prl and
Pll share an intermediate vertex. Let w be the intermediate vertex
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that is shared by Prl and Pll and appear last on the path Prl going
from r to v. Then Prl and Pll cross at w by Lemma 6. However, the
claim in Lemma 7 holds both for k = rank(v) and u = v and for
k = rank(w) and u = w, and hence Prl and Pll do not cross at w, a
contradiction. Q.E .D.

By Lemmas 3, 4 and 8 we have the following lemma.

Lemma 9. Trl, Tll, Tlh and Trh are four independent spanning trees
of G rooted at r.

Clearly the running time of Algorithm FourTrees is O(n). Thus
we have the following theorem.

Theorem 1. Four independent spanning trees of any 4-connected
plane graph rooted at any designated vertex can be found in linear
time.

4 Conclusion

In this paper we give a linear-time algorithm to find four independent
spanning trees of a 4-connected planar graph rooted at any designa-
ted vertex. Using four independent spanning trees, one can efficiently
solve the 4-path query problem for 4-connected planar graphs.

It is remained as future work to find a linear-time algorithm for a
larger class of graphs, say 4-connected graphs which are not always
planar.
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Abstract. This paper describes linear algorithms for partitioning a pla-
nar graph into k edge-disjoint connected subgraphs, each of which has
a specified number of vertices and edges. If �(≤ k) subgraphs contain
the specified elements(called bases), we call this problem the k-partition
problem with �-base (denoted by k-PART-B(�)). In this paper, we obtain
the following results: (1)for any k ≥ 2, k-PART-B(1) can be solved in
O(|E|) time for every 4-edge-connected planar graph G = (V, E), (2)3-
PART-B(1) can be solved in O(|E|) time for every 2-edge-connected
planar graph G = (V, E) and (3)5-PART-B(1) can be solved in O(|E|)
time for every 3-edge-connected planar graph G = (V, E).

1 Introduction

In this paper, we consider the following k-partition problem.
Input:
(1) an undirected graph G = (V, E) with n = |V | vertices and m = |E| edges;
(2) S ⊆ (V ∪ E)(|S| ≥ k);
(3) � distinct vertices and/or edges ai(1 ≤ i ≤ � ≤ k) ∈ S; and
(4) k natural numbers n1, n2, . . . , nk such that

∑k
i=1 ni = |S|.

Output:
a partition S1 ∪ S2 ∪ . . . ∪ Sk of the specified set S such that for each i(1 ≤

i ≤ k)
(a) ai ∈ Si(1 ≤ i ≤ �);
(b) |Si| = ni; and
(c) there is a connected subgraph Gi = (Vi, Ei) of G such that Si ⊆ (Vi ∪Ei)
and G1, G2, . . ., and Gk are mutually edge-disjoint.
The problem is called the k-partition problem with respect to edge-disjoint-

ness and it is simply called the k-partition problem unless confusion arises. Each
ai is called a base of the subgraph Gi. If �(≤ k) bases are specified for the k-
partition problem, that is, ai(1 ≤ i ≤ �) must be in Gi, the problem is called
the k-partition problem with �-base.

It has been shown that the k-partition problem with k-base has a solution for
every k-edge-connected graph and the edge-connectivity k is necessary to solve
the k-partition problem [3,7,10]. It is an interesting graph-theoretic question to

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 324–336, 1998.
c© Springer-Verlag Berlin Heidelberg 1998
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reveal relation between the number of partitions for these problems and the edge-
connectivity of input graphs for the cases that some bases are not specified. For
the k-partition problem with one-base, the following results have been obtained
[11].

1. For any k ≥ 2, the k-partition problem with one-base can be solved
in O(|V |

√
|V | log2 |V | + |E|) time for every 4-edge-connected graph G =

(V, E).
2. The tripartition problem with one-base can be solved in O(|V |2) time for

every 2-edge-connected graph G = (V, E).
3. The 4-partition problem with one-base can be solved in O(|E|2) time for

every 3-edge-connected graph G = (V, E).

In this paper, we show that if the input graph is planar, all the k-partition
problems stated above can be solved in linear time. In order to get these re-
sults, we use the similar methods in [11]. We can reduce the time complexity
to linear time by several properties of planar graphs. Furthermore, we derive
a new relation between the number of partitions and the edge connectivity of
the input graph. We show that we can solve the 5-partition problem with one-
base for every 3-edge-connected planar graph in linear time. Our algorithm uses
”canonical ordering” known in the area of graph drawings [6].

2 Preliminaries

We deal with a connected undirected graph G = (V, E) with a vertex set V and
an edge set E. For a graph G, the vertex set is denoted by V (G) and the edge set
is denoted by E(G). For a graph G = (V, E) and a vertex subset V ′, the induced
subgraph is denoted by G[V ′]. For two graphs G = (V, E) and G′ = (V ′, E′), the
graph (V ∪ V ′, E ∪ E′) is denoted by G ∪ G′. For a graph G = (V, E) and a set
E′ of edges, the graph (V, E − E′) is denoted by G − E′, and if E′ = {e} then
it is denoted by G − e.

A cut-vertex of G is a vertex whose removal disconnects G. A bridge of G
is an edge whose removal disconnects G. A biconnected component of G is a
maximal set of edges such that any two edges in the set lie on a common cycle.
A block of G is a bridge or a biconnected component of G. An Eulerian cycle of a
connected graph G is a cycle that traverses each edge of G exactly once, although
it may visit a vertex more than once. A Hamiltonian cycle of a graph G is a cycle
which contains all the vertices of G. A graph G is k-connected(k-edge-connected)
if there exist k internally vertex-disjoint(edge-disjoint) paths between every pair
of distinct nodes in G. Usually 2-connected graphs are called biconnected graphs
and 3-connected graphs are called triconnected graphs.

A graph is planar if it can be embedded in the plane so that no two edges
intersect except at a endvertex in common. A plane graph is a planar graph with
a fixed embedding.

In order to reduce the partition problem for k-edge-connected graphs into
the one for k-connected graphs, we used some transformation from a k-edge-
connected graph G to a k-connected graph ψk(G) [11]. If k = 2, 3 then the
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transformation ψk(G) preserves the planarity. Thus, using the result in [11], we
can reduce the partition problem for k-edge-connected planar graphs to the same
problem for k-connected planar graphs. However, the transformation ψ4(G) does
not preserve the planarity. In Section 3, we will introduce another transformation
from 4-edge-connected graphs to 4-connected graphs preserving planarity.

3 The k-Partition for 4-Edge-Connected Graphs

Theorem 1. [11] Let k ≥ 2. If G = (V, E) has an Eulerian cycle as a spanning
subgraph, the k-partition problem with one-base can be solved in O(Tec(G)+ |E|)
time, where Tec(G) is a computation time to find a spanning Eulerian cycle in
G.

It is known that if G is 4-edge-connected, then G has a spanning Eulerian
cycle. This spanning Eulerian cycle can be computed in O(|V |

√
|V | log2 |V |+|E|)

time [2]. Therefore, the k-partition problem with one-base can be solved for every
4-edge-connected graph in O(|V |

√
|V | log2 |V | + |E|) time from Theorem 1. In

the following, we show that if the input graph is 4-edge-connected and planar,
the k-partition problem with one-base can be solved in linear time.

Given a 4-edge-connected plane graph G = (V, E), we transform it to a 4-
connected graph π(G) = (Vπ , Eπ) preserving the planarity. Intuitively, π(G) is
obtained from G so that we add every vertex v of G with two concentric circles
and we introduce new vertices corresponding to the crosspoints between edges
and the concentric circles and new edges around the circles and between the
inner and the outer circle. Figure 1 shows an example of π(G). Clearly, π(G) is

G π(G)

Fig. 1. An example of π(G).

a plane graph with |Vπ| = |V |+ 4|E| and |Eπ| = 9|E|. From the construction of
π(G), we can obtain the following lemma. The proof can be done to show that
there are 4 vertex-disjoint paths between any pair of vertices in π(G) by using
4 edge-disjoint paths between the corresponding pair of vertices in G [9].
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Lemma 1. If G is 4-edge-connected planar , then π(G) is 4-connected planar.

Since every 4-connected planar graph has a Hamiltonian cycle [1], we can
derive a spanning Eulerian cycle in G using the Hamiltonian cycle in π(G).
Since the Hamiltonian cycle is computed in linear time [1] and the derivation
can be obtained in linear time, we have the following.

Theorem 2. Let k ≥ 2. If G = (V, E) is 4-edge-connected planar, the k-
partition problem with one-base can be solved in O(|E|) time.

4 The Tripartition for 2-Edge-Connected Graphs

In this section, we prove that we can solve the tripartition problem with one-base
for every 2-edge-connected planar graph in linear time. Since the transformation
ψ2(G) [11] preserves the planarity, it is sufficient to solve the tripartition problem
with one-base for every biconnected planar graph.

....

.. .. ..

.. .. ..

.. ..
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y(a)

(c)

(b)
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G1a′
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Fig. 2. The idea of the tripartition algorithm.

The tripartition algorithm for a biconnected graph is based on the following
idea [11]. The algorithm makes use of a linear structure of blocks shown in
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Figure 2(a). The algorithm consists of three cases illustrated in Figure 2(b)-(d).
Since each block Bi can be bipartitioned into two connected graphs Bi1 and
Bi2 such that ci ∈ Bi1 and ci+1 ∈ Bi2 [10], if there are no cases that some
block is partitioned into three pieces shown in Figure 2(b) and (c), the desired
tripartition can be done. For the case shown in Figure 2(d), the algorithm is
called for the block recursively. In this algorithm, one vertex a1 can be specified
to be contained in one subgraph G1. This enables us to call it recursively.

Therefore, it is sufficient to compute a linear structure in each block and
the size of these blocks(the number of specified elements in the blocks). For the
general case, such a linear structure can be computed in O(n) time. However,
since such linear structures have to be recomputed at every recursive call in
the algorithm and the recursive calls have to be done Ω(n) times in the worst
case, it takes O(n2) time. On the other hand, we show that we can compute
a linear structure in block and the size of each block for biconnected planar
graphs in linear time using the next lemma. Therefore, the tripartition problem
for biconnected planar graphs can be solved in linear time.

Lemma 2. Let G be a biconnected plane graph with the outerface F . Let (x, y) be
an arbitrary edge on F and let G′ = G−(x, y). Then G′ is biconnected, or G′ can
be divided into the blocks Bi(1 ≤ i ≤ p+1), where ci(1 ≤ i ≤ p) is the cutvertices
of G′ on F such that x ∈ V (B1), y ∈ V (Bp+1) and ci = V (Bi) ∩ V (Bi+1) (See
Figure 3).

...

x y

B1c1

B2

c2

B3

c3

B4

c4

Bp+1 cp

Bp

cp−1

Bp−1

cp−2Bp−2

cp−3

P

Fig. 3. A linear structure of a biconnected plane graph.

We can determine the linear structure of blocks shown in Lemma 2 and also
the linear structures of blocks for all Bi’s recursively, and count the size of each
block in linear time as follows.

Let P be the path from x to y in the outerface F ′ of G′ which is newly
appears on F ′. Traversing P, we can find (a) the cutvertices ci(1 ≤ i ≤ p), which
appear on both F and F ′, (b) the outerface Fi of Bi and (c) the size of Fi.
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We can do this traversal for each block Bi recursively. Thus, we can find the
linear structures and count the size of each block. Since every edge appears on
a boundary of an outerface at most twice, the number of edges traversed during
the computation is at most 2|E| in total.

We can implement this algorithm to attain the required time using doubly
linked adjacency list as a data structure for a plane graph [8].

Theorem 3. Let G = (V, E) be a biconnected planer graph. The tripartition
problem with one-base can be solved in O(|E|) time.

We have the following theorem from Theorem 3 and the transformation
ψ2(G).

Theorem 4. The tripartition problem with one-base for 2-edge-connected planar
graph G = (V, E) can be solved in O(|E|) time.

Remark: We can not 4-partition 2-edge-connected planar graphs in general.
There is a 2-edge-connected planar graph(in fact a biconnected planar graph)
which cannot be 4-partitioned with one-base. Figure 4 shows an example of an
instance which cannot be 4-partitioned under the assumption. The next section
will show some sufficient condition for some class of 2-edge-connected planar
graph which can be 4-partitioned with one-base.

a1

∈ S

n1 = 1

n2 = 6

n3 = 6

n4 = 6

|S| = 19

Fig. 4. An example of a biconnected plane graph which cannot be 4-partitioned.

5 The 5-Partition for 3-Edge-Connected Graphs

This section shows that the 5-partition problem with one-base has a solution
for every 3-edge-connected planar graph and it can be obtained in linear time.
Same as the 3-partition problem in the preceding section, it is sufficient to solve
the 5-partition problem for triconnected planar graphs by considering the trans-
formation.
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The 4-partition problem with one-base for triconnected graphs can be solved
with the nonseparating ear decomposition for triconnected graphs and the tripar-
tition with one-base for biconnected graphs [11]. The algorithm first bipartition
the input graph G into a biconnected graph G′ and a connected graph with the
base a1, which are connected with a path P . This can be done by using the
nonseparating ear decomposition. We can adjust the number of elements in the
graph with a1 using P . Then it can tripartition G′ with the path by using the
tripartition algorithm with one-base for biconnected graphs.

Since the nonseparating ear decomposition of triconnected planar graphs
can be computed in linear time [5], the 4-partition problem with one-base for
triconnected planar graphs can be solved in linear time. In this section, we show
that we can solve the 5-partition problem with one-base for triconnected planar
graphs in linear time by using canonical ordering which is a special case of
nonseparating ear decomposition and is useful for some graph drawing [6].

5.1 Canonical Ordering

Let G = (V, E) be a triconnected plane graph with a vertex v1 on the outerface.
Let π = (V1, . . . , VK) be an ordered partition of V , that is, V1∪· · ·∪VK = V and
Vi ∩Vj = φ for i �= j. Define Gk to be the subgraph of G induced by V1∪· · ·∪Vk

and denote by Ck the outerface of Gk. π is said to be a canonical ordering of G
if:

1. V1 consists of {v1, v2}, where v2 lies on the outerface and (v1, v2) ∈ E.
2. VK is a singleton {vn}, where vn lies on the outerface, (v1, v2) ∈ E and

vn �= v2.
3. Each Ck(k > 1) is a cycle containing (v1, v2).
4. Each Gk is biconnected and internally triconnected, that is, removing two

interior vertices of Gk does not disconnect it.
5. For each k in 2, . . . , K − 1, one of the following condition holds:

Vk is a singleton, {z1}, where z1 belongs to Ck and has at least one neighbor
in G − Gk.

Vk is a chain, {z1, . . . , z�}, where each zi has one neighbor in G − Gk, and
where z1 and z� each have one neighbor on Ck−1, and these are the only
two neighbors of Vk in Gk−1.

Proposition 1. [6] Every triconnected planar graph G with predefined vertex v1

on the outerface has a canonical ordering. And it can be computed in linear time
and space.

For k(1 ≤ k < K), define Pk as the path (zs, z1, . . . , z�, zt), where zi(1 ≤ i ≤
�) ∈ Vk and zs and zt are the only two neighbors of Vk in Gk−1. The canonical
ordering has the following properties. The proof is omitted here and is shown in
the final paper [9].

Lemma 3. The canonical ordering for every triconnected planar graph has the
following properties:
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1. G − Gk is connected for any k(1 ≤ k ≤ K − 1).
2. Pk contains at most one edge on the outerface of G and it must be (zs, z1)

or (z�, zt) if it exists.

Since canonical ordering is a special case of nonseparating ear decomposition,
we can use the similar idea in [11]. The properties in Lemma 3 enable us to 5-
partition triconnected planar graphs.

5.2 The 4-Partition with One-Base and the Tripartition with
Two-Base

In this subsection, we solve the 4-partition problem with one-base and the tri-
partition problem with two-base for almost triconnected planar graphs. Not only
this algorithm will be used as subroutines but also the idea of this algorithm will
be used repeatedly in the next subsections

A graph G′ is said to be a subdivision of a graph G if G′ is obtained from G by
replacing some of edges by paths having at most their endvertices in common. In
the subdivision, if an edge is replaced by a path, this edge is said to be subdivided.
First we give an algorithm for the 4-partition problem with one-base.

Let n1, n2, n3 and n4 be the numbers of elements specified in the 4-partition
problem for G′. Let S be the set of partitioned elements in G′. Let a1 be the
base contained in the subgraph with n1 elements and assume that a1 ∈ V and
it is located on the outerface of G. 1

G′ is 4-partitioned by using a canonical ordering of G as follows:
Let v1 be a neighbor of a1 and also belong to the outerface. Let π =

(V1, . . . , VK) be a canonical ordering of G with the vertex v1, where VK = {a1}.
By using the canonical ordering of G, the similar structure for G′ can be

constructed in which for each path Pk = (zs, z1, . . . , z�, zt) of Vk in G either
(zs, z1) or (z�, zt) may be subdivided in G′ from Lemma 3(2). If the path contains
the subdivision of an edge, without loss of generality, this edge is assumed to be
(z�, zt). This structure for G′ is also called the canonical ordering of G′.

There are two cases: Let P (a1, v1) be the path between a1 and v1 on the
outerface. The first case is that the two edges adjacent to a1 and on the outerface
are subdivided and the number of elements of P (a1, v1) in S is at least n1.
Otherwise is the second one.

For the first case, P (a1, v1) can contain the first subgraph, say S1, of the
solution containing the base a1. Since G′−E(S1) consists of a biconnected plane
graph and the path P (a1, v1)−E(S1) with the endvertex v1, G′ −E(S1) can be
tripartitioned. Because G′−E(P (a1, v1)) can be tripartitioned with the base v1.

The second case utilizes the canonical ordering of G′. Let k be the largest
number i such that the number of elements of G′−Gi−1 in S is at least n1. That
is, the first subgraph S1 of the solution containing the base a1 consists of G−Gk

and the subpath of Pk (See Figure 5). Thus, G′ is partitioned as illustrated in
Figure 5 . Since Gk−1 is biconnected, it can be tripartitioned with the base zt.

1 Although the base is assumed to be a vertex, it may be an edge.
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Therefore the desired partition can be obtained for Gk−1 and the path from zp

to zt.
Since the canonical ordering of G′ can be computed in linear time, we can

get the following theorem.

..

S1

a1

zs zt
zp

G′ − Gk

Gk−1

subdivided edge

Pk

Fig. 5. The partition of G′.

Theorem 5. Let G′ = (V ′, E′) be a subdivision of a triconnected plane graph
G = (V, E) in which only the edges on the outerface of G are subdivided. If the
base is in G and is located on the outerface of G, the 4-partition problem with
one-base for G′ can be solved in O(|E′|).

We can similarly treat the tripartition problem with two-base (See [9]).

Theorem 6. Let G′ = (V ′, E′) be a subdivision of a triconnected plane graph
G = (V, E) in which only the edges on the outerface of G are subdivided. If the
bases are in G and are located on the outerface of G, the tripartition problem
with two-base for G′ can be solved in O(|E′|).

5.3 The 4-Partition for Internally Triconnected Graphs

In this subsection, using the result in the preceding subsection and the tricon-
nected decomposition of biconnected graphs, we solve the 4-partition problem
with one-base for internally triconnected and biconnected planar graphs which
appear in canonical orderings of triconnected plane graphs.

The triconnected components of a biconnected graph G are defined as follows:
If G is triconnected itself it is the unique triconnected component. Otherwise let
(x, y) be a separation pair of G. G is partitioned into two subgraphs G1 and
G2, which have only vertices x and y in common. The decomposition process
is continued recursively on G′

1 = G1 ∪ (x, y) and G′
2 = G2 ∪ (x, y) until no
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decomposition is possible. The added edges are called virtual edges. The resulting
graphs are each either a triconnected simple graph, or a set of three multiple
edges(called triple bond) or a cycle of length 3 (triangle). The triconnected
components of G are obtained from such graphs by merging the triple bonds into
maximal sets of multiple edges, and the triangles into maximal simple cycles.
The triconnected components are uniquely determined and they are obtained in
linear time [4].

Here we describe the outline of the algorithm and the detail will be shown
in the final paper[9].

Let π = (V1, . . . , VK) be a canonical ordering of a triconnected plane graph.
Let G = (V, E) be a graph induced by V1 ∪ · · · ∪ Vk for some k(1 ≤ k ≤ K − 1).
Since G is an internally triconnected and biconnected plane graph, all vertices
of the separation pairs belong to the outerface of G. Moreover, there are no
vertices with degree 2 inside G because G is obtained from a triconnected graph.
Therefore, the triconnected components of G is generally shown as Figure 6.

a

b

c

d

e

f

g

triconnected graph

virtual edge

path of G

Fig. 6. A triconnected decomposition of an internally triconnected and biconnected

plane graph.

In Figure 6, the shaded areas represent triconnected graphs and the dotted
lines represent virtual edges. Here virtual edges corresponding to paths in G are
replaced by the paths. Note that these paths appear only on the outerface of
G. We can observe that in each triconnected component every virtual edge is
located on the outerface of the component because G is internally triconnected.

In order to 4-partition G with one-base, it is sufficient to 4-partition tricon-
nected graphs with virtual edges located on the outerface and cycles with virtual
edges.
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Let n1, n2, n3 and n4 be the numbers of elements specified in the 4-partition
problem for G. Let S be the set of partitioned elements in G. Let a1 be the base
contained in the subgraph with n1 elements and assume that a1 is located on
the outerface of G.

If the base a1 is contained in a triconnected graph with virtual edges, say G′,
we 4-partition G′ as follows:

Since the virtual edges are located only on the outerface, we can use the same
method mentioned in the preceding subsection by considering virtual edges as
subdivisions of edges. Assume that the partition proceeds as shown in Figure 7(a)
according to a canonical ordering of G′. From Lemma 3(2) the virtual edge must
be (z�, zt) if it exists.

Unless Pk = (zs, . . . , zt) contains the virtual edge, we have done the desired 4-
partition. Otherwise, there are three cases:(1) the virtual edge is bipartitioned,
(2) the virtual edge is tripartitioned and (3) the virtual edge is 4-partitioned
(Figure 7(b)).

We can treat the case (1) easily because we can bipartition each component
corresponding to the virtual edge with two bases.

For the case (2), we apply the algorithm for the tripartition with two bases
to the component corresponding to the virtual edge. This component may be
a triconnected graph with virtual edges or a cycle with virtual edges. However,
repeating this process, we can reach a triconnected graph or a cycle without
virtual edges. Since the former is a subdivision of a triconnected graph which
can be tripartitioned by Theorem 6 and the latter can also be tripartitioned
easily, we can obtain the desired partition.

For the case (3), as we change the partition as shown in Figure 7(c), we can
reduce it to the case (2) and the bipartition with two-base. If n1 is larger, that is,
Gk−1 is included in the graph with a1, we can recursively apply this algorithm
to the component.

If the base a1 is contained in a cycle with virtual edges, the 4-partition can
be treated similar to the case stated above [9].

Since canonical orderings can be computed in linear time, the above algorithm
can be implemented in time proportional to the number of edges in G and virtual
edges, which is O(|E|).

Theorem 7. Let π = (V1, . . . , VK) be a canonical ordering of a triconnected
plane graph. Let G = (V, E) be a graph induced by V1 ∪ · · · ∪ Vk for some k(1 ≤
k ≤ K − 1). If the base is located on the outerface of G, the 4-partition problem
with one-base for G can be solved in O(|E|) time.

5.4 The 5-Partition for Triconnected Graphs

We are ready to solve the 5-partition problem with one-base for triconnected
planar graphs.

Let G = (V, E) be a triconnected plane graph. Let n1, n2, n3, n4 and n5 be
the numbers of elements specified in the 5-partition problem with one-base for
G. Let a1 be the base contained in the subgraph with n1 elements. Without loss
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Fig. 7. The partition of the triconnected graph with virtual edges

of generality, G is assumed to be embedded in the plane such that a1 is located
on the outerface. Using the method described in Section 5.2 for the canonical
ordering of G and Theorem 7, we have the following theorems.

Theorem 8. Let G = (V, E) be a triconnected planar graph. The 5-partition
problem with one-base for G can be solved in O(|E|) time.

Theorem 9. Let G = (V, E) be a 3-edge-connected planar graph. The 5-parti-
tion problem with one-base for G can be solved in O(|E|) time.
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3. E. Györi: “On division of connected subgraphs,” in: Combinatorics(Proc. 5th Hun-
garian Combinational Coll., 1976, Keszthely) North-Holland, Amsterdam, 485–494
(1978).

4. J.E.Hopcroft and R.E.Tarjan: “Dividing a graph into triconnected components,”
SIAM J. Computing, 2, 3, 135-158 (1973).

5. L.Jou, H.Suzuki and T.Nishizeki: “A linear algorithm for finding a nonseparat-
ing ear decomposition of triconnected planar graphs,” Tech. Rep. of Information
Processing Society of Japan, AL40-3 (1994).



336 K. Wada and W. Chen

6. G. Kant: “Drawing planar graphs using the canonical ordering,” Algorithmica, 16,
1, 4-32 (1996).

7. L. Lovász: “A homology theory for spanning trees of a graph,” Acta math. Acad.
Sci. Hunger , 30, 241–251 (1977).

8. T. Nishizeki and N. Chiba: Planar graphs: Theory and algorithms, Annals of Dis-
crete Mathematics 32 Monograph, North-Holland (1988).

9. K.Wada and W.Chen: “Linear algorithms for a k-partition problem of planar
graphs without specifying bases,” Tech. Rep. of Wada–Lab. of ECE, NIT, TR98-
01(1998).

10. K.Wada and K.Kawaguchi: “Efficient algorithms for tripartitioning triconnected
graphs and 3-edge-connected graphs, Proc. of the 19th International Workshop on
Graph-Theoretic Concepts in Computer Science(WG’93), Lecture Notes in Com-
puter Science, 790, 132-143(1994).

11. K.Wada A.Takaki and K.Kawaguchi: “Efficient algorithms for a mixed k-partition
problem of graphs without specifying bases,” Proc. of the 20th International Work-
shop on Graph-Theoretic Concepts in Computer Science(WG’94), Lecture Notes
in Computer Science, 903, 319–330(1994), also to appear in Theoretical Computer
Science.



Domination and Steiner Tree Problems
on Graphs with Few P4s

Luitpold Babel1 and Stephan Olariu2?

1 Zentrum Mathematik
Technische Universität München

D-80290 München, Germany
babel@mathematik.tu-muenchen.de
2 Department of Computer Science

Old Dominion University
Norfolk, VA 23529, U.S.A.

olariu@cs.odu.edu

Abstract. The contribution of this work is to show that the recently-
proposed primeval and homogeneous decompositions of graphs can be
used to solve efficiently various types of weighted domination and Steiner
tree problems. Furthermore, we point out that these results imply linear-
time algorithms for large classes of graphs which, in some local sense,
contain only a small number of induced P4s.

1 Introduction

A set D of vertices of a graph G = (V, E) is a dominating set if every vertex
in V \ D has a neighbor in D. The minimum dominating set problem asks to
determine a dominating set of smallest cardinality. In the weighted version, each
vertex v of the graph is assigned a nonnegative weight c(v) and the problem is
to find a dominating set of smallest total weight.

In many applications (see e.g. [8,9]) dominating sets are subject to additional
constraints. In particular, one is frequently interested in dominating sets which
are either independent or cliques or induce connected subgraphs. In our paper,
the parameters α(G), β(G), and γ(G) denote, respectively, the independent do-
mination number, the dominating clique number, and the connected domination
number, that is, the smallest weight of an independent, complete, and connected
dominating set in G.

The Steiner tree problem bears some similarity to the minimum connected
dominating set problem. Given a set T of target vertices in a graph G = (V, E),
we are interested in finding a smallest set S ⊆ V \T of Steiner vertices such that
S ∪T induces a connected subgraph of G. Naturally, the weighted version of the
problem asks for a set S of smallest total weight. Such a set S is usually called
a Steiner set.
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In this work we demonstrate that the above problems can be solved in a very
efficient manner given the homogeneous decomposition of graphs. This new type
of graph decomposition extends the well known modular decomposition [18]. As
a direct application, we present linear-time algorithms for (q, q −4)-graphs, that
is, graphs where no set of at most q vertices induces more than q − 4 P4s. These
graphs properly contain, among others, all cographs, P4-reducible and P4-sparse
graphs.

2 p -Connected Graphs and the Homogeneous
Decomposition

Let G = (V, E) be a finite graph with no loops nor multiple edges. In order
to simplify our exposition, we shall often blur the distinction between sets of
vertices and the subgraphs they induce, using the same notation for both. For a
set U ⊆ V we let N(U) denote the set of vertices outside U that are adjacent to
vertices in U . The complement of G is denoted by G. A clique is a set of pairwise
adjacent vertices, an independent set is a set of pairwise nonadjacent vertices.
G is termed a split graph if its vertices can be partitioned into a clique and an
independent set.

The P4 is the chordless path with four vertices and three edges. In a P4
consisting of vertices u, v, w, x and edges uv, vw and wx we refer to v and w as
midpoints whereas u and x are called endpoints.

In [13] B. Jamison and S. Olariu introduced the notion of p-connectedness.
Specifically, a graph is said to be p -connected if for every partition of its vertex
set into two nonempty, disjoint, sets some P4 in the graph has vertices from both
sets in the partition. Such a P4 is also called a crossing P4. The p -connected com-
ponents of a graph are the maximal induced subgraphs which are p -connected.
It is easy to confirm that the p -connected components of a graph G are closed
under complementation and are connected subgraphs of G and G. Moreover,
each graph has a unique partition into p -connected components.

A p -connected graph G is separable if there is a partition of its vertices into
nonempty, disjoint, sets V1 and V2 such that every crossing P4 between V1 and
V2 has its midpoints in V1 and its endpoints in V2. We shall say that (V1, V2) is a
separation of G. In order to make the paper self-contained we now review some
important properties of p -connected graphs.

Theorem 1 ([13]). Every separable p -connected graph has a unique separation.
Furthermore, every vertex belongs to a crossing P4 with respect to the separation.

ut
A proper subset H of at least two vertices of a graph G is termed homogeneous

if every vertex outside H is either adjacent to all the vertices in H or to none of
them. A homogeneous set H is maximal if no homogeneous set properly contains
H. The graph obtained from a p -connected graph G by shrinking every maximal
homogeneous set to a single vertex is called the characteristic graph of G.
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The structure of separable p -connected graphs is revealed very clearly in the
following statement.

Theorem 2 ([13]). Let G be separable p -connected with separation (V1, V2).
The subgraph of G (respectively G) induced by V2 (respectively V1) is disconnec-
ted. Furthermore, every component of the subgraph of G (respectively G) induced
by V2 (respectively V1) with at least two vertices is a homogeneous set in G. ut

This result immediately implies the following useful characterization of se-
parable p -connected graphs.

Corollary 1 ([13]). A p -connected graph is separable if and only if its charac-
teristic graph is a split graph. ut

The introduction and study of p -connected and separable p -connected graphs
is justified by the following general structure theorem.

Theorem 3 ((Structure Theorem) [13]). For an arbitrary graph G, exactly
one of the following conditions is satisfied:

(1) G is disconnected;
(2) G is disconnected;
(3) There is a unique proper separable p -connected component H of G with

separation (V1, V2) such that every vertex outside H is adjacent to all vertices
in V1 and to no vertex in V2;

(4) G is p -connected. ut
This theorem suggests, in a quite natural way, a tree representation for ar-

bitrary graphs which is unique up to isomorphism. The tree associated with a
graph G is called the primeval tree of G. The internal nodes of the primeval tree
are labeled by integers i ∈ {0, 1, 2}, where an i-node indicates that the graph
associated with the subtree rooted at this node is obtained from the graphs
corresponding to its children by an ©i operation. The leaves of the tree are the
p -connected components of G.

The operations ©0 , ©1 and ©2 reflect the first three cases of the Structure
Theorem. A graph G arises from disjoint graphs Gi, (1 ≤ i ≤ k), by means
of a ©0 operation if G is the disjoint union of the graphs Gi (i.e. there are no
edges between two different graphs Gi). If G arises by a ©1 operation then G
is the disjoint sum of the graphs Gi (i.e. all edges between different graphs Gi

are present). Finally, let G1 be a separable p -connected graph with separation
(V1, V2) and let G2 be an arbitrary graph disjoint from G1. The graph G arises
from G1 and G2 by means of a ©2 operation if every vertex of G2 is adjacent to
all the vertices in V1 and to no vertex in V2. In the primeval tree, the subtree
associated with G1 becomes the left child, while the subtree associated with G2
becomes the right child of a 2-node.

The homogeneous decomposition [13] involves, additionally, the homogeneous
sets of the graph. Given the primeval tree, it constructs a new tree representa-
tion by – loosely speaking – replacing homogeneous sets by single vertices. This
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Fig. 1. A graph and the associated homogeneous decomposition tree

substitution is reflected by a ©3 operation. Let G0, H1, . . . , Hk be disjoint gra-
phs and let {x1, . . . , xk} be a set of vertices of G0. The graph G arises from
G0, H1, . . . , Hk by means of a ©3 operation if every vertex xi in G0 is replaced
by the graph Hi in the obvious way. In the resulting decomposition tree, the
leftmost child of a 3-node represents the characteristic graph, the other children
are the subtrees which represent the maximal homogeneous sets as illustrated in
Fig. 1.

Recently, linear-time algorithms have been proposed which construct the
primeval and the homogeneous decomposition tree for arbitrary graphs (see [2]).
Both these algorithms rely, in a crucial way, on known linear-time algorithms
for the modular decomposition [6,7,17].

3 Independent Dominating Sets

Assume that we are given an arbitrary graph G along with its homogeneous
decomposition tree T (G). We first consider the case where G arises by a ©0 ope-
ration, that is, G is the disjoint union of graphs G1, . . . , Gk. Clearly, any inde-
pendent dominating set in G is the union of independent dominating sets in the
subgraphs Gi. Hence, we write

α(G) = α(G1) + . . . + α(Gk).

If G arises by a ©1 operation, that is, if G is the disjoint sum of graphs G1, . . . , Gk

then we obtain immediately

α(G) = min{α(G1), . . . , α(Gk)},
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since an independent dominating set in G contains vertices from exactly one of
the subgraphs Gi.

More generally, consider a homogeneous set H in G. If an independent domi-
nating set contains no vertices from N(H) then it must consist of an independent
dominating set in H and an independent dominating set in G \ H \ N(H). On
the other hand, if it contains a vertex from N(H) then it does not contain a
vertex from H. This observation implies that

α(G) = α(GH),

where GH denotes the graph obtained from G by replacing H by a single vertex
of weight α(H).

As a consequence, if G arises by a ©3 operation involving homogeneous sets
H1, . . . , Hk, then it suffices to solve the problem on the characteristic graph of
G. Naturally, the weight of the vertex representing the homogeneous set Hi is
α(Hi).

Assume, finally, that G arises by a ©2 operation. Then G consists of a separa-
ble p -connected component G0 and a subgraph H0 outside G0 which is adjacent
to G0 as stipulated in the Structure Theorem. By Theorem 2, it follows that the
characteristic graph of G is a split graph. If the weights of all vertices represen-
ting homogeneous sets are already known, then we can easily solve the problem
for G. For that purpose, denote the vertices of the clique by y1, . . . , yr and the
vertices of the independent set by z0, z1, . . . , zs. The vertex z0 represents the set
H0 (which is homogeneous whenever it contains two or more vertices) and, by
convention, belongs to the independent set. If an independent dominating set in
the split graph contains no vertex from the clique then it must contain all verti-
ces from the independent set. If an independent dominating set contains a vertex
from the clique, say yi, then it must contain all vertices from the independent
set that are nonadjacent to yi. This shows that

α(G) = min{
s∑

j=0

c(zj); min
1≤i≤r

{c(yi) +
∑

zj 6∈N(yi)

c(zj)}}.

These results suggest the following algorithm for computing α(G) for an ar-
bitrary graph G.

Algorithm
Input: an arbitrary graph G;
Output: the independent domination number α(G) of G;

begin
construct the homogeneous decomposition tree T (G) of G;
let r denote the root of T (G);
call INDEPENDENT-DOMINATION(T, r);

end.
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Procedure INDEPENDENT-DOMINATION traverses the homogeneous decom-
position tree T (G) in a Depth-First manner, starting at the root. The details
are spelled out as follows.

Procedure INDEPENDENT-DOMINATION(T, v);
begin

Let G denote the graph represented by v;
If v is a leaf of T then

Compute α(G);
If v is a 0-node then

Let Gi denote the subgraphs of G represented
by the children wi, (1 ≤ i ≤ k) of v;
For every child wi of v do

INDEPENDENT-DOMINATION(T, wi);
Set α(G) =

∑k
i=1 α(Gi);

If v is a 1-node then
Let Gi denote the subgraphs of G represented
by the children wi, (1 ≤ i ≤ k) of v;
For every child wi of v do

INDEPENDENT-DOMINATION(T, wi);
Set α(G) = min1≤i≤k α(Gi);

If v is a 2-node then
Let G0 and H0 denote the subgraphs of G represented
by the children u and w0 of v;
Let further S and Hi denote the subgraphs of G0 represented
by the children w and wi, (1 ≤ i ≤ k) of u;
For every child wi of u and for w0 do

INDEPENDENT-DOMINATION(T, wi);
Let xi denote the representing vertices from Hi in S;
Define vertex-weights c(xi) = α(Hi) (i = 0, . . . , k);
Let y1, . . . , yr resp. z1, . . . , zs denote the vertices from
the clique resp. the independent set from S and let z0 = x0;
Set α(G) = min{∑s

j=0 c(zj); min1≤i≤r{c(yi) +
∑

zj 6∈N(yi) c(zj)}};
If v is a 3-node then

Let G0 and Hi denote the subgraphs of G represented
by the children w and wi, (1 ≤ i ≤ k) of v;
For every child wi of v do

INDEPENDENT-DOMINATION(T, wi);
Let xi denote the representing vertices from Hi in G0;
Define vertex-weights c(xi) = α(Hi) (i = 1, . . . , k);
Compute α(G0);

end.
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The correctness of the algorithm follows immediately from our previous di-
scussion. It is straightforward to modify the algorithm such that it returns not
only the independent domination number but also the corresponding indepen-
dent dominating set. Clearly, given the solutions for all subgraphs corresponding
to the (nonseparable) leaves of the tree, the solution for the graph can be com-
puted in linear time.

4 Connected Dominating Sets and Dominating Cliques

We now consider the problem of finding a smallest weight connected dominating
set in an arbitrary graph G. If G arises by a ©0 operation then no connected
dominating set exists. This is indicated by writing

γ(G) = ∞.

Assume that G arises by a ©1 operation. A smallest weight connected dominating
set in G consists either of a smallest weight connected dominating set in one of
the subgraphs Gi or it consists of precisely two vertices from different subgraphs
Gi and Gj . Therefore, we have

γ(G) = min
1≤i<j≤k

{γ(Gi); cmin(Gi) + cmin(Gj)},

where cmin(Gi) denotes the smallest weight of a vertex from Gi.
Now, assume that G arises by a ©3 operation involving the homogeneous sets

H1, . . . , Hk. Consider an arbitrary set Hi. Clearly, any connected dominating set
in G must contain at least one vertex from N(Hi). Therefore, a smallest weight
connected dominating set contains at most one vertex from Hi and, if this is the
case, this vertex has smallest weight in Hi. Hence, we can restrict the problem
to the characteristic graph of G. Naturally, the vertex which represents Hi has
weight cmin(Hi).

The same idea applies if G arises by a ©2 operation. We can restrict our
attention to the characteristic graph which is now a split graph.

It is easy to verify that the dominating clique problem can be treated in a
quite analogous manner. In case of a ©0 operation no dominating clique exists.
In case of a ©1 operation we either choose a dominating clique in one of the
subgraphs or two vertices from two different subgraphs. In case of a ©2 or a
©3 operation we have to find a dominating clique in the characteristic graph.
Hence, for the computation of β(G) we can adopt the ideas used to determine
γ(G).

As seen in the previous section, the weighted independent dominating set
problem can be solved very easily when restricted to split graphs. However, it
is known that the connected dominating set problem is NP-complete for split
graphs [19]. The latter result implies that the dominating clique problem is also
NP-complete for split graphs: a smallest connected dominating set in a split
graph is always a clique.



344 L. Babel and S. Olariu

Hence, in the case of a 2-node, we do not obtain γ(G) and β(G) as easily as
this was possible for α(G). Here, it is still an open problem to compute these
parameters for the characteristic graph of G. Except for this case, the procedures
CONNECTED-DOMINATION and DOMINATING-CLIQUE can be formula-
ted quite similarly to procedure INDEPENDENT-DOMINATION. We only need
to ensure that the weight of the vertex xi representing the homogeneous set Hi

is now cmin(Hi). Furthermore, in every node of the tree we have to determine
the smallest weight cmin(G) of all vertices belonging to G.

5 Steiner Sets

Let G = (V, E) be an arbitrary graph and let T ⊂ V be a set of target verti-
ces. We assume again that the homogeneous decomposition tree T (G) of G is
available.

Consider first the case where G is the disjoint union of graphs G1, . . . , Gk. If
there are two different subgraphs Gi and Gj which both contain vertices from
T then, obviously, no Steiner set S exists. On the other hand, if all vertices of
T belong to one of the subgraphs, say Gi, then S is completely contained in Gi.
Hence, we can restrict the problem to Gi: a Steiner set for Gi is also a Steiner
set for G.

If G is the disjoint sum of graphs G1, . . . , Gk then we need to distinguish
between two cases: If different subgraphs Gi and Gj contain vertices of T , then
T induces a connected graph, and so S is empty. If all vertices from T belong
to some subgraph Gi then either S is completely contained in Gi or S contains
precisely one vertex, namely a vertex of smallest weight, outside of Gi. Hence, we
solve the problem restricted to Gi and determine a vertex with smallest weight
outside Gi. The Steiner set S is the one of the two resulting sets which has the
smallest weight.

Now, let H be a homogeneous set in G. We consider three cases. First, assume
that T ⊆ H holds. In this case, S is completely contained in H or consists of
one vertex of smallest weight in N(H).

Next, assume that T ∩ H = ∅. Now, S contains at most one vertex from H
and, if this is the case, this vertex has smallest weight. Hence, we can restrict
the problem to the graph obtained from G by replacing H by some vertex of
smallest weight in H. Clearly, a Steiner set in the new graph is also a Steiner
set in the original graph.

Finally, assume that T ∩ H 6= ∅ and T 6⊆ H. It is an easy observation that S
contains no vertices from H (if no vertex from T belongs to N(H) then at least
one vertex from N(H) must belong to S). This shows that, as before, it suffices
to study the graph where H is replaced by a single vertex which represents the
set T ∩ H. A Steiner set in the latter graph is again a Steiner set in the original
graph.

Hence, if G arises by a ©2 or a ©3 operation with homogeneous sets H1, . . . , Hk

then we have to check whether T ⊆ Hi holds for some i ∈ {1, . . . , k}. In this case,
we compute a Steiner set in the subgraph Hi and determine a set containing a
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single vertex of smallest weight from N(Hi). By the previous arguments, S is
the set with smaller weight. Otherwise, we have to compute a Steiner set in the
characteristic graph of G where each homogeneous set Hi with T ∩ Hi = ∅ is
represented by one of its vertices of smallest weight. The vertices representing
sets Hj with T ∩ Hj 6= ∅ belong to the new set T ′ of target vertices, together
with the vertices from T which belong to none of the homogeneous sets.

6 Applications to Graphs with Few P4s

A large number of computational problems (see e.g. [3,5,11,16]) suggest the study
of graphs featuring certain “local density” properties. These properties are tra-
ditionally equated with the absence of induced paths of length three. In this
context, Corneil and his co-workers introduced and investigated the class of co-
graphs characterized by the absence of induced P4s (see [3,4,5] for a discussion of
structural and algorithmic results). The cographs have been extended by Jamison
and Olariu to different graph classes which contain a restricted number of indu-
ced P4s. The most familiar of these classes are the P4-reducible, P4-sparse and
P4-extendible graphs. In particular, P4-reducible graphs [10] are graphs where no
vertex belongs to more than one P4. A graph is termed P4-sparse [12] if no set
of five vertices induces more than one P4. Obviously, P4-sparse graphs genera-
lize both cographs and P4-reducible graphs. P4-extendible graphs [11] are graphs
where each p -connected component consists of at most five vertices.

A spider is a split graph G consisting of a clique and an independent set
of equal size at least two, such that either in G or in G each vertex of the
independent set has precisely one neighbor in the clique and each vertex of the
clique has precisely one neighbor in the independent set. In the first case G is
called a thin spider, otherwise a thick spider. Clearly, the complement of a thin
spider is a thick spider and vice versa.

In [1] we proposed to call a graph a (q, t)-graph if no set of at most q vertices
induces more than t distinct P4s. In this terminology, the cographs are preci-
sely the (4, 0)-graphs and the P4-sparse graphs coincide with the (5, 1)-graphs.
Furthermore, it turns out that the C5-free P4-extendible graphs are exactly the
(6, 2)-graphs. It has been shown in [1] that (q, q −4)-graphs can be recognized in
linear time for every fixed value of q. The following theorem of [1] characterizes
the p -connected components of (q, q − 4)-graphs.

Theorem 4 ([1]). A p -connected component of a (q, q − 4)-graph is either iso-
morphic to a spider or it contains less than q vertices. ut

It is an immediate consequence of this result that for a (q, q−4)-graph G the
leaves of the primeval decomposition tree, and hence also for the homogeneous
decomposition tree, represent spiders or graphs of restricted size. We shall now
demonstrate how to solve domination problems for these simple graphs.

If G contains fewer than q vertices, for some fixed q, then the parameters
α(G), β(G) and γ(G) can be determined in constant time. Assume that G is
a spider. Denote the vertices of the clique by y1, . . . , yr and the vertices of the
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independent set by z1, . . . , zr, such that yi is adjacent (resp. nonadjacent) to zi

if G is a thin (resp. thick) spider. If G is a thin spider then an independent domi-
nating set consists either of all vertices from the independent set or of one vertex
from the clique together with all nonadjacent vertices from the independent set.
Hence,

α(G) = min
1≤j≤r

{c(yj) +
∑

k 6=j

c(zk);
r∑

i=1

c(zi)}.

If G is a thick spider then an independent dominating set either contains all
vertices from the independent set or one vertex from the clique together with
the corresponding nonadjacent vertex from the independent set. This implies
that

α(G) = min
1≤j≤r

{c(yj) + c(zj);
r∑

i=1

c(zi)}.

If G is a thin spider then the clique is the only minimal connected dominating
set. Hence

β(G) = γ(G) =
r∑

i=1

c(yi).

If G is a thick spider then a minimal connected dominating set must consist of
two vertices from the clique. Therefore, in this case,

β(G) = γ(G) = min
1≤i<j≤r

{c(yi) + c(yj)}.

It is easy to see that all computations can be performed in time proportional to
the number of vertices of the spider.

Since the values of the parameters belonging to the leaves of the primeval
decomposition tree can be computed efficiently, we can efficiently compute the
independent domination number of a (q, q − 4)-graph using the algorithm from
Section 3. For the other two problems it remains to investigate the ©2 operation.

With Theorem 4 it is easy to see that, if G is the result of a ©2 operation,
then the characteristic graph of G either has at most q vertices or is isomorphic
to a spider with one additional vertex which is adjacent precisely to the clique.
In the first case we can solve the problem in constant time, in the second case the
parameters are determined in the same way as this has been done for spiders.

Altogether we obtain the following result.

Theorem 5. Once the primeval decomposition tree T (G) is available, the inde-
pendent domination number, the connected domination number and the domi-
nating clique number of a (q, q − 4)-graph G = (V, E), for some fixed q, can be
computed in O(|V |) time. ut

We now consider the Steiner tree problem with target set T . First we have
to show that the problem can be solved efficiently when restricted to the graphs
corresponding to the leaves of the primeval decomposition tree.
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Let G be such a graph. If G has less than q vertices then the problem can be
solved in constant time. Assume that G is a thin spider. If |T | = 1 then, clearly,
S = ∅. Therefore, assume that |T | ≥ 2. If a vertex zi from the independent set
of the spider belongs to T and if yi is not in T then yi must belong to S. This
fact suffices to construct the Steiner set S.

Now, let G be a thick spider and |T | ≥ 2. If at least two vertices yi and yj

of the clique belong to T then T induces a connected graph and S = ∅. If only
one vertex yi of the clique belongs to T then we have to consider two cases. If
zi is not in T then T is connected and S = ∅. If zi belongs to T then S must
contain one vertex from the clique with smallest weight. Finally, if no vertex from
the clique belongs to T then again we have two cases. If all vertices from the
independent set are in T then S consists of two vertices from the clique having
smallest weights. Otherwise, write T = {z1, . . . , zk}. Then S either contains only
one vertex, namely a vertex of smallest weight from {yk+1, . . . , yr}, or it contains
two vertices of smallest weight from {y1, . . . , yk}. These observations imply that
the Steiner set can be computed in time linear in the number of vertices of the
spider.

If G is the result of a ©0 or a ©1 operation then we proceed as shown in
Section 5. If G is the result of a ©2 operation then the characteristic graph of
G either has at most q vertices or is isomorphic to a spider with one additional
vertex which is adjacent precisely to the clique. In the first case we can solve the
problem in constant time, in the second case we proceed analogously as above.

To summarize our findings we state the following result.

Theorem 6. Once the primeval decomposition tree T (G) is available, the Stei-
ner tree problem for a (q, q−4)-graph G = (V, E), for some fixed q, can be solved
in O(|V |) time. ut

7 Dominating and Total Dominating Sets

A further problem which has attracted considerable attention in recent years is
the minimum total dominating set problem (see e.g. [14,15]). The task involves
finding a dominating set which contains no isolated vertices. We denote by δ(G)
and θ(G), respectively, the domination number and the total domination number,
that is, the smallest weight of a dominating set and of a total dominating set in
G.

The minimum dominating set and the minimum total dominating set problem
resist an analogous treatment which, given the homogeneous decomposition tree,
computes the solution in a simple bottom-up manner from the values of the
leaves. Nevertheless, as we demonstrate next, we can also solve these problems
in linear time for (q, q − 4)-graphs (with fixed q) by applying only slightly more
sophisticated techniques.

We assume that a (q, q − 4)-graph G is given along with its primeval decom-
position tree. If G corresponds to a leaf and if G has fewer than q vertices then
both δ(G) and θ(G) can be determined in constant time (we write θ(G) = ∞ in
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case G contains no total dominating set). If G is a thin spider then it is easy to
verify that

δ(G) =
r∑

i=1

min{c(yi); c(zi)},

and

θ(G) =
r∑

i=1

c(yi).

On the other hand, if G is a thick spider then

δ(G) = min
1≤j<k≤r

{
r∑

i=1

c(zi); c(yj) + c(yk); c(yj) + c(zj)},

and
θ(G) = min

1≤j<k≤r
{c(yj) + c(yk)}.

If G arises from graphs G1, . . . , Gk by means of a ©0 operation then we obtain

δ(G) = δ(G1) + . . . + δ(Gk).

If G arises by a ©1 operation then

δ(G) = min
1≤i<j≤k

{δ(Gi); cmin(Gi) + cmin(Gj)},

with cmin(Gi) denoting the smallest weight of a vertex in Gi. For θ(G) we obtain
analogous statements. Note that the last equality follows from the fact that a
minimum dominating set (and also a minimum total dominating set) in the
disjoint sum of graphs consists either of such a set in one of the graphs or of two
vertices from two different graphs.

Let now H be a homogeneous set in G. If a minimum dominating set D in G
contains no vertices from N(H) then it consists of dominating sets in H and in
G \ H \ N(H). If D contains a vertex from N(H) then at most one vertex from
H belongs to D and this vertex has smallest weight. Hence, we have

δ(G) = min{δ(H) + δ(G \ H \ N(H)); δ(GH)},

where GH is the graph which arises from G by replacing H by an independent
set of size two with one vertex having smallest weight in H and the other vertex
having weight ∞ (the second vertex guarantees that a vertex from N(H) must
belong to a minimum dominating set). An analogous equality holds for θ(G),
however, in GH it suffices to replace H by one vertex of smallest weight. Since a
total dominating set D contains no isolated vertices, it is clear that at least one
vertex from N(H) must belong to D.

Let G arise by a ©2 operation with a separable p -connected component G0

with separation (G0
1, G

0
2) and a subgraph H outside G0 adjacent to all vertices

of G0
1 and to no vertex of G0

2. By the previous arguments, we obtain

δ(G) = min{δ(H) + δ(G0
2); δ(GH)}.
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Since G is a (q, q − 4)-graph it follows that G0 has fewer than q vertices or G is
a spider. In the first case, both δ(G0

2) and δ(GH) can be computed in constant
time since G0

2 and GH have at most q + 1 vertices. If G0 is a spider then

δ(G0
2) =

r∑

i=1

c(zi).

If G0 is a thin spider then

δ(GH) = min
1≤i≤r

{c(yi) +
∑

j 6=i

min{c(yj); c(zj)}}.

If G0 is a thick spider then

δ(GH) = min
1≤i<j≤r

{c(yi) + c(yj); c(yi) + c(zi)}.

Similarly, if G0 is a thin spider then we obtain

θ(G) =
r∑

i=1

c(yi),

and, if G0 is a thick spider

θ(G) = min
1≤i<j≤r

{c(yi) + c(yj)}.

The previous considerations immediately imply the following statement.

Theorem 7. Once the primeval decomposition tree T (G) is available, the domi-
nation number and the total domination number of a (q, q −4)-graph G = (V, E)
with fixed q can be computed in O(|V |) time. ut

8 Conclusions

We studied several types of domination problems and the Steiner tree problem
in weighted graphs. In particular, we showed that the homogeneous and the pri-
meval decomposition are valuable tools for the resolution of these problems. We
demonstrated that the problems are solvable in polynomial time whenever they
can be solved efficiently for the subgraphs associated to the leaves of the prime-
val or homogeneous decomposition trees. In particular, we obtained linear-time
algorithms for (q, q − 4)-graphs which contain such familiar classes as cographs,
P4-reducible graphs and P4-sparse graphs, among others.
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Abstract. We show that a minimum fill-in ordering of a graph can
be determined in linear time if it can be modularly decomposed into
chordal graphs. These graphs are also called weak bipolarizable [12]. This
generalizes results of [2]. We show that the treewidth of these graphs can
be determined in O((n + m) log n) time.

1 Introduction

One of the major problems in computational linear algebra is that of sparse
Gauss elimination. The problem is to find a pivoting, such that the number of
zero entries of the original matrix that become non zero entries in the elimination
process is minimized. In case of symmetric matrices, we would like to restrict
pivoting along the diagonal. The problem translates to the following graph theory
problem [13].

Minimum Elimination Ordering: For an ordering < on the vertices, we con-
sider the fill-in graph G′

< = (V, E′) of G = (V, E). G′
< contains first the edges

in E and secondly two vertices x and y form an edge in G′
< if they have a

common smaller neighbor in G′
<. The problem of Minimum Elimination or-

dering is, given a graph G = (V, E), find an ordering <, such that G′
< has a

minimum number of fill-in edges.

Note that this problem is NP-complete [15] in general. There is a polynomial
time solution for this problem for so called HHD-free graphs [4]. Moreover, for
distance hereditary graphs and for certain graph classes with few P4-s, there
are linear time solutions [3,2]. Here we generalize the result of [2] and show
that a minimum fill-in ordering can be determined in linear time if the graph
can be modularly decomposed into chordal graphs. Graphs that are modularly
decomposable into chordal graphs coincide with the class of weak bipolarizable
graphs [12]

Another problem is to find an elimination scheme, such that the size of ”dense
matrices” is as small as possible. This is related to the problem of treewidth.

J. Hromkovič, O. Sýkora (Eds.): WG’98, LNCS 1517, pp. 351–358, 1998.
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Treewidth: Find an ordering <, such that the maximum clique size of G′
< is

minimized.

Also the problem of minimum treewidth is NP-complete [1]. The problem
has a polynomial time solution for HHD-free graphs [4].

We will show that we can compute a minimum elimination ordering and the
treewidth for graphs that can be modularly decomposed into chordal graphs in
linear time or almost in linear time.

In section 2, we introduce the notation of the paper. Section 3 presents a
linear time algorithm for minimum fill-in for graphs that can be modularly de-
composed into chordal graphs. Section 4 discusses the treewidth of graphs that
can be modularly decomposed into chordal graphs.

2 Notation

A graph G = (V, E) consists of a vertex set V and an edge set E. Multiple edges
and loops are not allowed. The edge joining x and y is denoted by xy.

We say that x is a neighbor of y iff xy ∈ E. The set of neighbors of x is
denoted by N(x) and is called the neighborhood. Analogously, for a set X of
vertices, N(X) is the set of neighbors of some vertex in X that are not in X and
N [X] is the set of neighbors of vertices in X together with the vertices in X.

Trees are always directed to the root. The notion of the parent, child, ancestor,
and descendent are defined as usual.

A subgraph of (V, E) is a graph (V ′, E′) such that V ′ ⊆ V , E′ ⊆ E. The
graph G[X] is the subgraph induced by X consisting of all vertices in X and all
edges xy ∈ E with x, y ∈ E.

We denote by n the number of vertices and by m the number of edges of G.
A graph is called chordal iff each cycle of length greater than three has a

chord, i.e. an edge that joins two nonconsecutive vertices of the cycle. Note that
chordal graphs are exactly those graphs having a perfect elimination ordering <,
i.e. for each vertex v the neighbors w > v induce a complete subgraph, i.e. they
are pairwise joined by an edge [8].

Note that in any chordal graph, the number of maximal cliques is bounded
by n and the number of pairs (x, c) such that x is in the clique c is bounded by
n + m.

The fill-in of a graph G = (V, E) and an ordering < is the smallest edge set
E′, such that E ⊆ E′ and < is a perfect elimination ordering of G< := (V, E′).
Note that G< is chordal. The problem to get a minimum fill-in or a minimum
elimination ordering is to get an ordering <, such that the fill-in is minimum.

The treewidth of G = (V, E) is the minimum maximum clique size of a chordal
graph G′ = (V, E′) with E ⊆ E′.

By a module of a graph G = (V, E), we define a subset V ′ of the vertex
set V such that all vertices in V ′ have the same neighbors outside V ′. We do
not compute all modules but those modules X which do not overlap with other
modules, i.e. there is no module Y that has a nonempty intersection with X and
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neither X ⊂ Y nor Y ⊂ X. We call such modules also overlap free. Note that the
overlap-free modules of any graph form a tree with respect to set inclusion, i.e.
two overlap free modules are disjoint or comparable with respect to set inclusion.
The notions of parent and child modules can be defined in an obvious way. The
parent P (X) of an overlap-free module X is the unique smallest overlap free
module that is a proper superset of X. Y is a child module of X if and only if
Y is an inclusion maximal proper overlap free submodule of X. The system of
overlap-free modules is also called the modular decomposition of the graph G.

Note that a modular decomposition can be determined in linear time [11,6,7].
Let G be a graph with modules V1, . . . , Vk. Then G/(V1, . . . , Vk) is the graph

we obtain from G by shrinking each Vi to one vertex. Let X be a module with
child modules Y1, . . . , Yk. GX = G[X]/(Y1, . . . , Yk) is the graph we get from
G[X] by shrinking each child module of Yj of X to one vertex.

We call a graph modularly decomposable into chordal graphs or shortly modu-
lated chordal if all graphs GX are chordal. Note that this class is identical with
the class of weak bipolarizable graphs [12].

3 Minimum Fill-in of Graphs with Modular
Decomposition into Chordal Graphs

We follow the ideas of [2]. The key lemma is the following.

Lemma 1. Let V ′ be a module of G and let N(V ′) be the set of neighbors of V ′

that do not belong to V ′. Then in any fill-in E′ of G, V ′ is complete or N(V ′)
is complete.

Proof: Assume V ′ and N(V ′) are both not complete in E′, i.e. there are
u, v ∈ V ′ and u′, v′ ∈ N(V ′) that are not joint by an edge in E′. Then they form
a cycle of length four in G and also in E′.

Q.E.D.

Corollary 1. Suppose V1 and V2 are disjoint modules of G and all vertices in
V1 are adjacent with all vertices in V2. Then in any fill-in E′ of G, V1 or V2 is
a complete set.

We immediately get the following.

Corollary 2. Let V1, . . . , Vk be the child modules of G. Then for any fill-in E′,
the set of Vi that are not complete in E′ form an independent set in

G/(V1, . . . , Vk).

Now we assume that V1, . . . , Vk are the child modules of G and

G′ = G/(V1, . . . , Vk)

is a chordal graph.
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To get a minimum fill-in, we first recursively compute a minimum fill-in E′
i,

for all Vi. Then we select an independent set V ′ of vertices of G′ as those modules
Vi that are not made complete. The neighborhoods of the modules in V ′ are made
complete. The modules corresponding to vertices of G′ not belonging to V ′ are
made complete. The number of resulting fill-in edges has to be minimized.

The following result proves that the resulting graph is a chordal graph and
is easy to check.

Lemma 2. 1. Let G be a chordal graph and v be a vertex of G. Then the graph
that comes up by replacing v by a complete set V1 with the same neighbors
outside V1 as v is a chordal graph.

2. Let G be a chordal graph and v be a vertex of G. Then the graph G′ that
comes up by making the neighborhood of v complete is a chordal graph.

3. Let G be a chordal graph and v be a simplicial vertex (i.e. the neighborhood
is complete) of G. Then the graph that comes up by replacing v by a module
that is a chordal graph is chordal.

Proof: We always can assume that G has a perfect elimination ordering <.
When we replcace v by consecutive pairwise adjacent vertices v1, . . . , vk, i.e.
v1 < v2 < . . . < vk, w < v iff w < v1, and v < w iff vk < w, for each vertex
w 6= v of G, < remains a perfect elimination ordering. This proves the first
statement of the lemma.

The second part is proved as follows. We show that < remains a perfect
elimination ordering. Let w < w1, w2 and wwν ∈ E or w and wµ are both
neighbors of v. It has to be shown that w1w2 ∈ E or that w1 and w2 are both
neighbors of v. If w is not a neighbor of v then w1w2 ∈ E. If w is a neighbor
of v and v ≤ w then ww1 ∈ E and ww2 ∈ E, because they are neighbors of w
or greater neighbors of v (and therefore adjacent to the greater neighbor w of
v). Therefore also w1w2 ∈ E. Finally let w < v be a neighbor of v. If w1 or w2
is a neighbor of w then it is also a neighbor of v (v and w1 or w2 arte greater
neighbors of w). In any case, w1 and w2 belong to the neighborhood of v.

The third part is proved as follows. We always have a perfect elimination
ordering < of G that starts with the simplicial vertex v. Let M be another
chordal graph with a perfect elimination ordering <′. When we replace v by M
as a module then the concatenation of <′ and < restricted to G − v is a perfect
elimination ordering.

Q.E.D.
To get the right independent set V ′, we proceed as follows. For each module

Vi, let fi be the number of fill-in edges one gets if Vi is made complete, i.e. the
number of non edges in Vi, and let gi be the number of fill-in edges one gets if
Vi is not made complete, i.e. the number of fill-in edges of a minimum fill-in of
G[Vi] plus the number of non edges in the neighborhood of Vi that join vertices
that appear in different Vj .

Lemma 3. The number of fill-in edges that are created by making exactly the
modules in V ′ not complete (and making the remaining modules complete) is

ΣVi∈V ′gi + ΣVi 6∈V ′fi.
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Proof: Note that V ′ is an independent set in G′ = G/(V1, . . . , Vk) and that
fill-in edges might be created by two modules Vi and Vj only in case that they
are common non edges of the neighborhoods of Vi and Vj . This can only be the
case if Vi and Vj belong to V ′. Now Vi and Vj are not joint by an edge in G′.
Since G′ is a chordal graph, all vertices in the joint neighborhood of Vi and Vj

are pairwise joint by an edge (otherwise G′ had a chordless cycle of length four.
Therefore no fill-in edge is created by two Vi’s. This proves the lemma.

Q.E.D.
To get the size of a minimum fill-in of G, one has to compute a maximum

weighted independent set of G′ = G/(V1, . . . , Vk), where the weight of Vi is
fi − gi.

A. Frank [9] stated an algorithm to determine a maximum weighted inde-
pendent set in a chordal graph. He proved that the algorithm has a polynomial
time bound. The algorithm has in fact a linear time bound.

Lemma 4. [9] We can determine a maximum weighted independent set in a
chordal graph G′ in linear time.

Since the number of vertices of Vi and non edges of Vi is known, one gets fi

immediately.
To get gi, one has to compute the number of non edges in the neighborhood

of Vi that are not in the same Vj . We have the number of non edges of the
neighborhood of Vi if we have the number of edges in the neighborhood of Vi

that are not in the same Vj . We consider the chordal graph G/(V1, . . . , Vk) and
weight each edge ViVj by |Vi||Vj |.

Lemma 5. For a chordal graph G′ with vertex weights w(v), for each vertex v
and edge weights w(e) = w(vw) = w(v)w(w), for each edge e = vw, we can
compute, for all vertices v of G′ simultaneously, the sum of edge weights in the
neighborhood of v in linear time.

Proof: We assume that a perfect elimination ordering of G′ is known. Let
h(v) be the sum of edge weights of edges that join neighbors x and y of v that
are greater than v. Since greater neighbors of v are pairwise adjacent,

h(v) = Σx,y>v,xv,yv∈E,x6=yw(x)w(y).

This can be replaced by

h(v) = ((Σxv∈E,x>vw(x))2 − Σxv∈Ew(x)2)/2.

Therefore all h(v) can be determined in linear time.
Next we have to consider neighbors x and y, such that at least one of x or y

is smaller than v. Without loss of generality, x < y and x < v. Note that if y is
a neighbor of x then y is a neighbor of v.

Let w′(x) be the sum of edge weights w(xy) with xy ∈ E and x < y. Note
that all w′(x) can be determined simultaneously in linear time.
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The sum of all edge weights in the neighborhood of v is determined by

h(v) + Σx<v,xv∈E(w′(x) − w(xv)).

Q.E.D.

Theorem 1. The size of a minimum fill-in of a modulated chordal graph can be
determined in linear time.

It remains to get a minimum fill-in ordering i.e. a perfect elimination ordering
of the fill-in. Note that we did not compute the edges of the fill-in graph explicitly.
What we still can get in linear time is the set of cliques of the fill-in graph. We
create the set C of cliques of the fill-in of G recursively as follows.

1. We assume that we know the set C ′ cliques of G′ and the sets Ci of the
fill-ins of G[Vi].

2. Suppose Vi belongs to V ′. We create cliques ci ∪ ⋃
c,Vi∈c∈C′ c.

3. Suppose Vi does not belong to V ′. Then in each clique that contains Vi, we
replace Vi by the vertices in Vi.

To get a minimum fill-in ordering of G, we only have to know that a perfect
elimination ordering can be determined in linear time if the cliques of a chordal
graph are known (perfect elimination ordering of an α-acyclic hypergraph) [14].

4 Treewidth of Modulated Chordal Graphs

We will show the following.

Theorem 2. The treewidth of a modulated chordal graph can be determined in
O(n + m) log n time.

Proof: We proceed in a similar way as in the case of minimum fill-in. We
recursively determine the treewidths of the maximal modules V1, . . . , Vk and
select an appropriate independent set I of G/(V1, . . . , Vk), such that the Vi ∈ I
are exactly those modules that are not made complete. We may assume that a
perfect elimination ordering of G/(V1, . . . , Vk) is known. In any fill-in G′ of G,
there are two kinds of cliques.

1. Cliques c that are unions of Vi, i.e. there is a Vi, such that c = Vi ∪⋃
Vj>Vi,ViVj∈E Vj . Note that in this case, all Vj in c are made complete.

2. Cliques c that are not unions of Vi, i.e. there is a clique c1 of G′[Vi], such
that c = c1 ∪ N(Vi).

We assume that we know the treewidth ti of G[Vi]. Let s1
i := ti + |N(Vi)|

and s2
i := |Vi| + ΣVj>Vi,ViVj∈E |Vj |. s1

i is the maximum size of a clique that
intersects Vi if Vi is not made complete. s2

i is the size of Vi together with its
greater neighborhood. For an independent set I of G/(V1, . . . , Vk), let J be the
set of Vi 6∈ I, such that all modules Vj in the greater neighborhood of Vi are not
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in I. The each clique that is a union of Vj is of the size s2
i , for some i ∈ J and

each clique that is not the union of some Vj is of the size s1
i , for some i ∈ I. The

maximum clique size of the fill-in GI associated with I is denoted by SI and can
be determined as follows.

SI = max(s1
i : Vi ∈ I, s2

i : Vi ∈ J).

The treewidth is therefore determined by

S := min
I

SI .

We again consider the elimination tree T with parent function Par where
Par(Vi) is the next greater neighbor of Vi in G/(V1, . . . , Vk). Let Di be the set
of descendents of Vi including Vi in T . For an independent set I of Di, let J
be the set of Vj 6∈ I in Di, such that no greater neighbor of Vj is in I. Then
Si

I := max(s1
j |Vj ∈ Di ∩ I, s2

j |Vj ∈ J) and Si = minI Si
I .

To get S, we determine the Si recursively. Let S1
i := minVi∈I Si

I and S2
i :=

minVi 6inI Si
I . Then

S1
i = max(s1

i , (Sj : Vj ∈ Di, VjVi 6∈ E, Par(Vj)Vi ∈ E))

and
S2

i = max(s2
i , (S

j : Par(Vj) = Vi)).

Note that Si = min(S1
i , S2

i ).
Obviously, the time bound is O(n2). But we also can get O(n + m) log n as

follows. We sort the children Vj of each Vi by the numbers Sj as soon as we
know the Sj , for all children Vj of Vi. This takes O(n + m) + O(n log n) time.
For each descendent Vj of Vi (i.e. Vj < Vi) that is a neighbor of Vi, we now can
determine a child Vl of Vj that is not a neighbor of Vi of maximum Sl in the
order of the number of children of Vj that are neighbors of Vi. This gives a time
bound in the order of the number of neighbors of Vi times a logarithmic factor.
The overall complexity of the algorithm is therefore O(n + m) log n.

Q.E.D.

Remark 1. The additional logarithmic factor comes from the fact that we have
to sort the children of any node of the elimination tree. It might be interesting
to improve the algorithm in such a way that we can circumvent sorting.

5 Conclusions

It might also be possible to extend the ideas also to HHD-free graphs. One should
mention that in HHD-free graphs, there is always a vertex, such that the in the
neighborhood, the connected components of the complement form modules [10].
A polynomial time algorithm to get a minimum fill-in for HHD-free graphs is
due to [4]. The same methods as in this paper also apply if all prime modules
modules with the exception of ”small” leaf modules are chordal (compare [2]).
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Abstract. The interval degree of a graph is defined to be the smallest
max-degree of any of its interval supergraphs. We find various bounds
for this parameter. We prove that for any graph G the interval degree
of G is at least the bandwidth of G, the pathwidth of G2 and at most
twice the bandwidth of G. Also we show that if G is an AT-free claw-free
graph, then the interval degree of G is equal to the clique number of G2

minus one. Finally, we show that there is a polynomial time algorithm
for computing the interval degree of AT-free claw-free graphs.

1 Introduction and Statement of the Problem

There are two interval completion problems which were studied intensively be-
cause of the large number of practical applications (see [4,13] for a survey). The
first (the profile problem) is for a given graph G to find an interval supergraph
of G with the minimum number of edges. The second (the pathwidth problem)
is to find an interval supergraph of G with the smallest clique number. Here we
introduce the related problem of finding an interval supergraph with the smal-
lest max-degree. The problem formulated arouse our interest because of its close
association with the bandwidth, the pathwidth and the treewidth minimization
problems and owing to its natural statement.

We use the standard graph-theoretic terminology compatible with [3], to
which we refer the reader for basic definitions. G is an undirected, simple (with-
out loops and multiple edges) and finite graph with the vertex set V (G) and the
edge set E(G). Unless otherwise specified, n denotes the number of vertices of
G. Let ω(G) denotes the clique number (maximum clique-size) of G. The degree
of a vertex v in a graph G is denoted by degG(v) and the maximum degree of
the vertices of a graph G by ∆(G). The closed neighbourhood of a vertex v in
a graph G (the set of neighbours of v in G with v) is denoted by NG[v]. The
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distance dG(u, v) between two vertices u and v of G is the length of the shortest
path between u and v in the graph G. Let Gk be the graph with vertex set V (G)
and two vertices u and v are adjacent in Gk if and only if dG(u, v) ≤ k.

A graph G is called an interval graph provided we can assign to each v ∈ V (G)
an interval Iv so that (u, v) ∈ E(G) if and only if Iv ∩ Iu 6= ∅. Some interesting
graph parameters can be defined in terms of interval supergraph. For example,
the pathwidth pw(G) of a graph which was introduced by Robertson and Seymour
[18] can be defined (see, e.g. [13]) as

pw(G)
4
= min{ω(G′) − 1: G′ is an interval supergraph of G}.

The problem of finding the profile of a graph has applications in sparse matrix
computations (see [4]). In terms of interval supergraphs the profile of a graph G
can be defined (see, e.g. [1]) as

p(G)
4
= min{|E(G′)|: G′ is an interval supergraph of G}.

In the same manner we define a new graph parameter, namely the interval
degree of a graph. The interval degree of a graph G is

id(G)
4
= min{∆(G′): G′ is an interval supergraph of G}.

The problem of interval completion with the smallest max-degree is for a given
graph G to find an interval supergraph I of G such that ∆(I) = id(G).

2 Linear Layouts

Since an interval representation of a graph naturally induces an ordering of its
vertices then it is not surprising that sometimes interval completion problems
can be ‘rewritten’ in terms of vertex orderings or linear layouts.

A linear layout of a graph G is a one-to-one mapping f : V (G) → {1, . . . , n}.
Letting f be a linear layout of a graph G and i ∈ {1, . . . , n}, we define

Si(G, f) = |{v ∈ V (G): f(v) ≤ i and ∃ (u, v) ∈ E(G), such that f(u) > i}|
and

vs(G, f) = max{Si(G, f): i ∈ {1, . . . , n}}.

The vertex separation number of G [5] is

vs(G)
4
= min{vs(G, f): f is a linear layout of G}.

As noted by a number of researchers for any graph G, vs(G) = pw(G) (see, e.g.
[9] or [8]).

Profile also may be ‘redefined’ [1] as a graph invariant p(G) by finding a
layout f of G which minimises the sum

∑

u∈V (G)

(f(u) − min{f(v): v ∈ V (G), v ∈ NG[u]}).
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Another very important graph parameter, namely bandwidth, is defined by
making use of linear layouts. For a linear layout f of G setting

Wi(G, f) = max{j − i: j ∈ {i, . . . , n}, f−1(j) ∈ NG[f−1(i)]}
and

bw(G, f) = max{Wi(G, f): i ∈ {1, . . . , n}}
one can define bandwidth of G as

bw(G)
4
= min{bw(G, f): f is a linear layout of G}.

The bandwidth problem has a long history and a number of practical applications
(see [4] for a survey).

In order to define the interval degree in terms of linear layouts, we introduce
a ‘hybrid’ of the bandwidth and the vertex separation number. Let f be a linear
layout of a graph G. For i ∈ {1, . . . , n} we define

sw(G, f) = max{Si−1(G, f) + Wi(G, f): i ∈ {1, . . . , n}}
(putting S0(G, f) = 0) and

sw(G)
4
= min{sw(G): f is a linear layout of G}.

Notice that Si is from the definition of the vertex separation number and Wi is
from the definition of the bandwidth.

Theorem 1. For any graph G, id(G) = sw(G).

Proof. (Sketch). First we prove that id(G) ≥ sw(G). Let GI be an interval
supergraph of G such that ∆(GI) = id(G). Without loss of generality we can
assume that the left endpoints of the intervals that represent GI are distinct
integers 1, 2, . . . , n. Such a representation leads to a linear layout f of G: for
v ∈ V (G) f(v) = i if and only if i is the left point of the corresponding interval
of v. For a vertex v with f(v) = i let us define

d1(v) = |{u ∈ V (G): f(u) < i and (u, v) ∈ E(GI)}|
and

d2(v) = |{u ∈ V (G): f(u) > i and (u, v) ∈ E(GI)}|.
Obviously, Si−1(G, f) ≤ d1(v), Wi(G, f) ≤ d2(v) and degGI

(v) = d1(v) + d2(v).
Choose a vertex v with a number i such that

Si−1(G, f) + Wi(G, f) is maximum.

Then ∆(GI) ≥ degGI
(v) = d1(v) + d2(v) ≥ Si−1(G, f) + Wi(G, f) = sw(G, f) ≥

sw(G).
We now turn to id(G) ≤ sw(G). Let f be a linear layout of G such that

sw(G) = sw(G, f). We assign to each vertex v ∈ V (G) the interval (f(v), r(v)),
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where r(v) = max{i ∈ {f(v), . . . , n}: f−1(i) ∈ NG[v]}+ 1
2 . Denote the correspon-

ding interval graph by GI . If (u, v) ∈ E(G) and f(u) < f(v) then f(v) < r(u);
hence (f(v), r(v))∩ (f(u), r(u)) 6= ∅. Consequently, (u, v) ∈ E(GI) and GI is the
interval supergraph of G. The further proof is straightforward once the following
observations are made: for a vertex v with a number i, Si−1(G, f) ≥ d1(v) and
Wi(G, f) ≥ d2(v). ut

The following Corollary is the main reason of our interest to the interval
completion problem with the smallest max-degree.
Corollary 1. For any graph G, bw(G) ≤ id(G) ≤ 2 bw(G).

Proof. It easy to check that for any graph G and linear layout f , vs(G, f) ≤
bw(G, f). Then Corollary follows immediately from Theorem 1. ut

The lower bound of Corollary is sharp
Lemma 1. If G is connected, then bw(G) = id(G) if and only if G is complete.

Proof. (We omit the proof here). ut
The upper bound for the interval degree in terms of the bandwidth is tight as

well. For example, for any star K1,n, where n = 2k, id(K1,n) = 2bw(K1,n) = n
and for any path Pn with n > 2 vertices, id(Pn) = 2bw(Pn) = 2.
Corollary 2. For any graph G, pw(G2) ≤ id(G).

Proof. (Sketch). Since pw(G2) = vs(G2) we show that for any linear layout f ,
vs(G2, f) ≤ sw(G, f). Let f be a linear layout and let v be a vertex of G,
i = f(v). Let j be the smallest integer for which f−1(j) has a neighbour w
in G with f(w) ≥ i. Define Dj≤ (D<j) to be the set of all vertices x of G
such that x is adjacent in G2 to a vertex y having f(y) > i and j ≤ f(x) ≤ i
(f(x) < j). It should be noted that Si(G2, f) = |Dj≤| + |D<j |. Inequalities
|Dj≤| ≤ Wj(G, f), |D<j | ≤ Sj−1(G, f) are almost obvious and we arrive at
Si(G2, f) ≤ Wj(G, f) + Sj−1(G, f). ut

The bound in Corollary 2 is sharp. Let us give (without proofs) some simple
examples.

A graph G is a cograph if it does not contain P4 (a path with four vertices)
as an induced subgraph.
Example 1. Let G be a connected cograph. Then vs(G2) = id(G) = n − 1.

A graph G is said to be cobipartite if it is the complement of a bipartite
graph. Let a cobipartite graph G be the complement of a bipartite graph with
bipartition (X, Y ). We define n1 = |X| and n2 = |Y |. The number of vertices of
X (Y ) that are adjacent in G to some vertices of Y (X) is denoted by m1 (m2).

Example 2. Let G be a cobipartite graph. Then vs(G2) = id(G) = max{n1 +
m2, n2 + m1} − 1.
(The proof is not difficult and we omit it here). We find Example 2 to be in-
teresting since, as shown by Parra and Scheffler in [17] the bandwidth problem
is NP-hard even for cobipartite graphs. We generalise this Example in the next
section.
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3 Minimal Triangulations and At-Free Claw-Free Graphs

A chord of a cycle C is an edge not in C that has endpoints in C. A chordless
cycle in G is a cycle of length more than three in G that has no chord. A graph G
is chordal if it does not contain a chordless cycle. A set of three vertices x, y, z of
a graph G is called an asteroidal triple (abbr. AT) if for any two of these vertices
there exists a path joining them that avoids the (closed) neighbourhood of the
third. A graph G is called an asteroidal triple-free (abbr. AT-free) graph if G does
not contain an asteroidal triple. This notion was introduced by Lekkerkerker an
Boland for the following characterisations of interval graphs.

Theorem 2. [12] G is an interval graph if and only if it is chordal and AT-free.

A graph isomorphic to K1,3 is referred to as a claw, and a graph that does not
contain an induced claw is said to be claw-free. Notice that cobipartite graphs
form a subclass of AT-free claw-free graphs. Another subclass of AT-free claw-
free graphs form proper interval graphs. An interval graph G is a proper interval
graph if it is claw-free. Thus G is a proper interval graph if and only if it is
chordal and AT-free claw-free.

Because of Example 2, one can conjecture that vs(G2) = id(G) for any AT-
free claw-free graph G. In order to prove this conjecture we restate the interval
completion problem in terms of minimal triangulations. A triangulation of a
graph G is a graph H on the same vertex set as G that contains all edges of G
and is chordal. A minimal triangulation of G is a triangulation H such that no
proper subgraph of H is a triangulation of G.

Möhring generalised Theorem 2 in the following way.

Theorem 3. [14] Every minimal triangulation of an AT-free graph is an inter-
val graph.

Möhring’s theorem implies

Corollary 3. For any AT-free graph G, id(G) is equal to the smallest max-
degree over all minimal triangulations of G.

Lemma 5 provides us with some information on the structure of minimal
triangulations. This information is strongly used in the proof of Theorem 4. In
order to obtain Lemma 5 we need additional ‘tools’. A subset S of vertices of a
connected graph G is called an a, b-separator for non adjacent vertices a and b
in V (G)\S if a and b are in different connected component of the subgraph of G
induced by V (G) \ S. If no proper subset of an a, b-separator S separates a and
b in this way, then S is called a minimal a, b-separator. A subset S is referred to
as a minimal separator, if there exist non adjacent vertices a and b for which S
is a minimal a, b-separator.

The following characterisation of minimal separators is well-known (see e.g.
[6]).

Lemma 2. Let S be an a, b-separator of G and let Ga, Gb be two components of
G \S containing a and b, respectively. Then S is a minimal a, b-separator if and
only if every vertex s ∈ S is adjacent to a vertex in each of these components.
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The following lemma can be found in [10], see also [11].

Lemma 3. Let H be a minimal triangulation of G and S be a minimal a, b-
separator of H. Then S is a minimal a, b-separator of G.

The following lemma is an immediate consequence of characterisations of a mi-
nimal triangulation by ‘completing’ minimal separators, see [11].

Lemma 4. Let H be a minimal triangulation of G. If an edge e = (x, y) ∈
E(H) \ E(G) then there is a minimal separator of G containing x and y.

The next lemma is related to a well-known theorem of Rose, Tarjan and
Lueker [19] on minimal triangulations.

Lemma 5. Let H be a minimal triangulation of G. If an edge e = (x, y) ∈
E(H) \ E(G), then there is an induced cycle of length ≥ 4 in G such that x, y ∈
V (C).

Proof. By lemma 4 there exists a minimal a, b-separator S in G containing x
and y. Let Ga, Gb be components of G \ S containing a and b, respectively.
By Lemma 2 vertices x and y have neighbours in Ga and Gb. Hence there
exist inclusion-minimal paths (x, a1, . . . , ak, y), ai ∈ V (Ga), and (x, b1, . . . , bl, y),
bi ∈ V (Ga). Since for no pair of vertices ai and bj (ai, bj) ∈ E(G), vertices
(x, a1, . . . , ak, y, b1, . . . , bl) induce a cycle of length ≥ 4 in G. ut

Lemma 5 implies some interesting corollaries.

Corollary 4. Let G be an AT-free graph. Then id(G) ≤ ω(G4)−1. In particular,
pw(G2) ≤ id(G) ≤ pw(G4).

Proof. Let GI be an interval supergraph of G such that ∆(GI) = id(G). By
Corollary 3 GI is a minimal triangulation of G. Since G is AT-free then it does
not contain a chordless cycle of length at least 6. Let O be a vertex of the
maximal degree in GI . By Lemma 5 for any u, w ∈ NI [v] dG(u, w) ≤ 4. Hence
degGI

(O) ≤ ω(G4) − 1 ≤ pw(G4). ut

Corollary 5. Let G be an AT-free graph. Then ∆(G2)
4 ≤ bw(G) ≤ ∆(G2).

Proof. From Theorem 1 and Lemma 5 it follows that bw(G) ≤ id(G) ≤ ∆(G2). It
is known (see [4]) that for any graph G ∆(G) ≤ 2bw(G) and bw(G2) ≤ 2bw(G).
Hence ∆(G2) ≤ 4bw(G). ut

Now we are ready to prove the main result of this section.

Theorem 4. Let G be an AT-free claw-free graph. Then ω(G2) − 1 ≥ id(G).

Proof. Let GI be an interval supergraph of G such that ∆(GI) = id(G). Notice
that owing to Corollary 3 GI may be treated as a minimal triangulation of G. Let
O be a vertex of the maximal degree in GI . Then |NGI

[O]|−1 = ∆(GI) = id(G).
Let a, b be vertices of NGI

[O]. We show that dG(a, b) ≤ 2 which implies the
existence of the clique in G2 containing all vertices of NGI

[O].
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Case 1. If a, b ∈ NG[O] then obviously dG(a, b) ≤ 2.
Case 2. Assume that a ∈ NG[O] and b 6∈ NG[O]. Then (O, b) ∈ E(GI) \ E(G)
and by Lemma 5 there is an induced cycle Cb in G of length at least four such
that O, b ∈ V (Cb). Because G is AT-free, the length of Cb is at most five. Hence
if a ∈ V (Cb) then dG(a, b) ≤ 2. Suppose that a 6∈ V (Cb). Cb is a chordless cycle
and G is claw-free; hence a is adjacent in G to at least one neighbour of O in Cb.
Let b1 be such a neighbour. If dG(b1, b) = 1 (see the left graph in Fig. 1) then
dG(a, b) = 2. Let dG(b1, b) = 2. Denote the second neighbour of O in Cb by b2
and the vertex that is placed between b1 and b in Cb by b3 (see the right graph
in Fig. 1). Then a is adjacent to at least one of the vertices b2, b3 and b because
a, b2, b3 cannot form an AT in G. Thus dG(a, b) ≤ 2.

a

O

b1

b

a

O

b2

b

b3
b1

Fig. 1. Case 2

Case 3. Suppose that a, b 6∈ NG[O]. Let Ca and Cb be chordless cycles of length
at least four in G that contain vertices O, a and O, b, respectively.

The proof is obvious if |E(Ca ∩ Cb)| ≥ 3 (the diameter of the graph Ca ∪ Cb

is at most two). Supposing |E(Ca ∩ Cb)| < 3, we arrive at three possible cases.
Case 3.1. |E(Ca ∩Cb)| = 2. It is easy to check that if Ca and Cb have a common
edge that is not incident to O then the diameter of Cb ∪ Ca is at most two.
Because of this, we can assume that O has the same neighbours in Ca and Cb,
i.e. V (Ca) ∩ NG[O] = V (Cb) ∩ NG[O]. We denote these neighbours by x and
y (see the left graph in Fig. 2). Since G is claw-free and Ca, Cb are chordless
cycles, the neighbour of x in Ca \Cb is adjacent to the neighbour of x in Cb \Ca

and the neighbour of y in Ca \ Cb is adjacent to the neighbour of y in Cb \ Ca

(see the right graph in Fig. 2). Then the distance in G between any two vertices
from V (Cb) ∪ V (Ca) is at most two.
Case 3.2. Ca and Cb have only one common edge. If this edge is not incident to O
then it is easy to check that the diameter of Ca ∪Cb is at most two. Suppose that
V (Cb) = {O, b1, b2, b3, b4} and V (Ca) = {O, a1, a2, a3, b4} (see the left graph on
Fig. 3) (if Ca or Cb is the cycle of length four then the proof is the same). Since
G is claw-free, then (a1, b1) ∈ E(G) and (a3, b3) ∈ E(G) (see the right graph on
Fig. 3). If (a3, b1) ∈ E(G) then a2 is adjacent to b1 in G (a2, a3, b1, b4 induce
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Ca O

x

y

O

x

y

Fig. 2. Case 3.1

a claw otherwise) (see the left graph in Fig. 4). If (a3, b1) 6∈ E(G) then a3 is
adjacent to b2 in G because a3, b2, O cannot form an AT in G (see the right
graph in Fig. 4). For both graphs in Fig. 4 for i, j = {2, 3} the distance between
ai and bj is at most two.

a3

a2

a1

O

b3
b4

b2

b1

a3

a2

a1

O

b3
b4

b2

b1

Fig. 3. Case 3.2

Case 3.3. E(Ca ∩ Cb) = ∅. It is easy to see that if |V (Ca ∩ Cb)| ≥ 2 then the
distance between any two vertices of the set V (Ca ∪ Cb) \ NG[O] is at most two.

Suppose that V (Ca ∩ Cb) = O and V (Cb) = {O, b1, b2, b3, b4}, V (Ca) =
{O, a1, a2, a3, a4} (if Ca or Cb is the cycle of length four the proof is similar).
Because G is claw-free and Ca, Cb are chordless in G then (a1, b1), (a4, b4) ∈ E(G)
(or (a1, b4), (a4, b1) ∈ E(G) but this is the ‘symmetric’ case). (See the left graph
in Fig. 5.)

Vertices a1, b2, b4 and a4, b1, b3 do not form ATs in G, so at least one pair
from each triple {(a1, b2), (a1, b3), (a1, b4)} and {(a4, b1), (a4, b2), (a4, b3)} is an
edge of G. If (a1, b3) ∈ E(G) (or (a4, b2) ∈ E(G) for the second triple) then
(a1, b2) or (a1, b4) is in E(G) ((a4, b1) or (a4, b3) is in E(G)) because vertices
b2, b3, b4 and a1 (b1, b2, b3 and a4) otherwise induce a claw in G. Thus at least
one edge of each pair {(a1, b2), (a1, b4)}, {(a4, b1), (a4, b3)} is in E(G).

There is a need to examine the following cases:
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a3

a2

a1

O

b3
b4

b2

b1

a3

a2

a1

O

b3
b4

b2

b1

Fig. 4. Case 3.2: (a3, b1) ∈ E(G) and (a3, b1) 6∈ E(G)
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a1

a4

O

b3b4
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b1
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O

b3b4
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b1

Fig. 5. Case 3.3: V (Ca ∩ Cb) = O and Case 3.3.1

Case 3.3.1. (a1, b4), (a4, b3) ∈ E(G) (see the right graph in Fig. 5.). (a4, b3) ∈
E(G) implies (vertices a3, a4, O, b3 cannot induce a claw) (a3, b3) ∈ E(G). From
(a1, b4) ∈ E(G) it follows (a2, a1, b4, b1 do not induce a claw) that (a2, b2) ∈ E(G)
or (a2, b4) ∈ E(G)). If (a2, b2) ∈ E(G) then the diameter of Ca ∪ Cb is at most
two. If (a2, b4) ∈ E(G) then (a2, b4, O, b3 do not induce a claw) (a2, b3) ∈ E(G).
Thus the distance between any two vertices ai, bj ∈ V (Ca ∪ Cb) \ NG[O] in G is
at most two.
Case 3.3.2. (a1, b2), (a4, b1) ∈ E(G). This case is ‘symmetric’ about the previous
case.
Case 3.3.3. (a1, b4), (a4, b1) ∈ E(G) (see the left graph in Fig. 6). If (a1, b2) ∈
E(G) then we arrive at Case 3.3.2. If (a4, b3) ∈ E(G) then this is Case 3.3.1.
Supposing that (a1, b2), (a4, b3) 6∈ E(G) we obtain (a1, b3) ∈ E(G) (a4, b4, b3, a1
induce a claw otherwise ) and dG(a2, b3) ≤ 2. Furthermore, vertices a2, a1, b3, b1
do not induce a claw in G; hence (a2, b3) ∈ E(G) or (a2, b2) ∈ E(G). Therefore,
dG(a2, b2) ≤ 2. Vertices a4 b2 are adjacent in G because a1, b1, b2, a4 otherwise
induce a claw (see the right graph in Fig. 6). Then dG(a3, b2) ≤ 2. The graph
induced by a3, a4, b2, b4 is not a claw; hence dG(a3, b3) ≤ 2. Thus for i, j = {2, 3}
dG(ai, bj) ≤ 2.
Case 3.3.4. (a1, b2), (a4, b3) ∈ E(G). The claw-free condition for a1, a2, O, b2
implies (a2, b2) ∈ E(G) and the claw-free condition for a3, a4, O, b3 implies
(a3, b3) ∈ E(G). ut

Lemma 6. If G is AT-free then G2 is AT-free.
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Fig. 6. Case 3.3.3

Proof. Let x, y, z be distinct vertices of G2. Suppose that there is a path S =
(y = s1, s2, . . . , sk = z) from y to z in G2 avoiding the closed neighbourhood
of x (in G2). Obviously, the subgraph of G induced by ∪k

i=1NG[si] is connected
and

∪k
i=1NG[si] ∩ NG[x] = ∅.

Therefore, every AT in G2 is also an AT in G. ut
Lemma 7. Let G be an AT-free claw-free graph. Then G2 is AT-free claw-free.

Proof. By Lemma 6 G2 is AT-free. Suppose that there exist vertices b, c, d and a
inducing a claw K in G2, where a is the vertex of degree three. Note that at least
two edges of K are from E(G2) \ E(G). If all edges of K are from E(G2) \ E(G)
then vertices b, c, d form an AT in G.

Assume that only two edges, say (b, a) and (c, a), are in E(G2) \E(G). Then
dG(b, a) = dG(c, a) = 2. Let x be a vertex adjacent to vertices a, b and y be a
vertex adjacent to a and c in G. Vertices b and c are not adjacent to d in G2;
hence x and y are not adjacent to d in G. Because G is claw-free, (x, y) is an
edge in G; whence it follows that b, c, d form an AT in G. This is a contradiction
and concludes the proof of Lemma 7. ut

The following statement is owed to Parra and Scheffler.
Theorem 5. [17] Let G be an AT-free claw-free graph. Then bw(G) = pw(G).

There are different ways to define the treewidth of a graph (see, e.g. [10]).
For more information on this parameter the reader is referred to the recent
survey paper of Bodlaender [2]. The following definition is more convenient for
our purposes. The treewidth tw(G) of a graph G is the smallest clique number
over all triangulations of G decreased by one.

The next Theorem summarise the results of this section.
Theorem 6. For any AT-free claw-free graph G,

id(G) = ω(G2) − 1 = pw(G2) = tw(G2) = bw(G2).

Proof. Let G be an AT-free claw-free graph. By Lemma 7 G2 is also AT-free
claw-free. By Theorem 3 pw(G2) = tw(G2) and by Theorem 5 pw(G2) = bw(G2).
Since for any graph G, pw(G) ≥ ω(G)−1 then Corollary 2 and Theorem 4 imply
pw(G2) = ω(G2) − 1 = id(G). ut
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4 Concluding Remarks

The following result is due to Müller.

Lemma 8. [16] Let G be an AT-free claw-free graph. Then G2 is a chordal
graph.

Lemma 6, Lemma 7 and Lemma 8 imply

Corollary 6. Let G be an AT-free claw-free graph. Then G2 is a proper interval
graph.

It easy to check that G2 can be constructed in O(n|E(G)|) time. Since the
the clique number of an interval graph can be calculated in a linear time (see,
e.g. [6]) then Theorem 6 and Lemma 8 implies

Corollary 7. For any AT-free claw-free graph G id(G) can be calculated in
O(n|E(G)| + |E(G2)|) time. Therefore, there is an O(n|E(G)| + |E(G2)|) algo-
rithm to approximate the bandwidth of AT-free claw-free graphs with worst case
performance ratio 2.

Karpinski and Wirtgen [7] showed that for the bandwidth problem on cobipartite
graphs (and hence on AT-free claw-free graphs) there is no polynomial time
approximation algorithm with an absolute error guarantee of n1−ε for any ε > 0
(unless P = NP ).

We leave many questions unanswered, a few of them are:

1. What about the computational complexity of the interval completion pro-
blem with the smallest max-degree? Notice that the bandwidth problem
remains to be NP-hard even for a special class of trees called caterpillars
with hairs of length at most three [15].

2. Figure 7 shows that the claw-free condition in Theorem 6 is necessary. Is
it true that there exists k ≥ 0 such that for any AT-free graph G id(G) ≤
pw(G2) + k?

3. Kloks, Kratsch and Müller [11] obtained an O(|E(G)|+n log n) algorithm to
approximate the bandwidth of an AT-free graph within a factor 4. Because
of Corollary 5 it is interesting to know whether calculation of the max-degree
of an AT-free graph squared can be done faster.

4. Is it possible to improve the time bound in Corollary 7? Probably the con-
struction of the square is not necessary for calculating ω(G2).

Acknowledgements. We are grateful to Dieter Kratsch and Haiko Müller for
fruitful discussions and suggestions. Also we thank anonymous referees for their
useful comments.
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Abstract. We give a more simple than in [8] proof of the fact that if a
finite graph has no minors isomorphic to the planar grid of the size of
r × r, then the tree-width of this graph is less than exp(poly(r)). In the
case of planar graphs we prove a linear upper bound which improves the
quadratic estimate from [5].

1. Introduction. Neil Robertson and P.D. Seymour in [6] proved that for
any r there exists m = f(r) such that every graph has tree-width ≤ m provided it
has no planar grid of size r×r as its minor. A nonelementary upper bound of f(r)
follows from their proof. In [3] we presented a proof giving an elementary upper
bound. The method from [3] allows to obtain the bound m ≤ exp(poly(r)),
where exp(x) is function 2x. N. Robertson, P.D. Seymour and R. Thomas [8]
obtain a bound of less than 29r5

. When considering the case of planar graphs,
N. Robertson and P.D. Seymour gave in [5] a proof with a quadratic upper
bound of corresponding function f(r). In Theorem 3 of the present paper we
prove a linear upper bound for planar graphs. Incidentally (Theorem 2) we state
in detail a shorter proof than in [8] for the bound exp(poly(r)) in general case.
But let us remark that for this case a much simpler proof still, and with a better
bound, can be found in [2].

The author does not know whether a polynomial upper bound is possible for
the problem. If the answer to this question is affirmative, we will have the com-
plete characterization of the graphs for which typical NP-problems (such as the
problem of the existence of the Hamiltonian cycle) can be solved in polynomial
time. This follows from the fact that such problems are solvable in polynomial
time for any family of graphs with bounded tree-width, whereas for a family of
graphs containing any plane grid they are NP-complete.

It is more convenient for us to use as in [3] the notion of n-divisibility instead
of the notion of the tree-width. We prove in Theorem 1 that tree-width of a
graph is related linearly (in both directions) with the minimal n for which the
graph is n-divisible.

2. Definitions and Theorems. We will consider procedures of dividing of a
finite graph into subgraphs: each subgraph arising in the process of dividing and
? This paper was supported in part by the INTAS project No. 93-0893.
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having more than one vertex, at the next step is divided into two subgraphs,
until all subgraphs have only one vertex (at the beginning of the process we
have only one subgraph — the graph itself; here we mean by subgraph a subset
of vertices of the graph together with all edges between them, but when we
say that a subgraph is divided into two subgraphs we mean that the set of its
vertices is partitioned into two parts). We’ll say that a subgraph B of a graph
G is separable from its complement by no more than n vertices iff there are no
more than n vertices in the graph G such that any boundary for B (i.e. having
only one end in B) edge is incident with at least one of these vertices. We’ll call
these “separating” vertices marked for B.

Definition. A graph is called m-divisible, if there exists a procedure of its
dividing where each arising subgraph is separable from its complement by no
more than m vertices. We say that a graph is m-nondivisible if it is not m-
divisible.

We’ll call degree of nondivisibility of a graph the minimal n such that the
graph is n-divisible. Theorem 1 shows that the notions of tree-width and degree
of nondivisibility are in fact equivalent. Let us recall the definition of tree-width
from [4]. Let V (G) denote the set of vertices of a graph G.

Definition. A tree-decomposition of a graph G is a family (Xi|i ∈ I) of
subsets of V (G), together with a tree T with V (T ) = I, with the following
properties.
1.

⋃
i∈I

Xi = V (G).

2. Every edge of G has both its ends in some Xi (i ∈ I).
3. For any i, j, k ∈ I, if j lies on the path of T from i to k, then (Xi

⋂
Xk) ⊆ Xj .

The width of the tree-decomposition is max
i∈I

(|Xi| − 1). The tree-width of G is

the minimum m ≥ 0 such that G has a tree-decomposition of width ≤ m.
Theorem 1. a) Any graph having tree-width n is (n + 1)-divisible.

b) Any n-divisible graph has tree-width no more than 3n.
Proof. Let us prove the item a). Consider the tree T of a tree-decomposition

of a graph G. Let us describe a process of dividing of G. First, we separate from
G the subgraph Xt corresponding to the root t of T . Remaining part is devided
into parts that equal to

⋃
v∈T ′

Xv \ Xt for each subtree T ′ with a root in a son

of t (we separate these parts one by one; they are pairwise disjoint because by
Property 3 their intersection would lie in Xt; by Property 2 there are not edges in
G connecting these parts). In each part we again sepapate the subgraph situated
in the root of corresponding subtree, then again divide the rest into parts and
so on.

Let e = (a, b) be an edge boundary for some subgraph G′ arising in the
process and corresponding to a subtree T ′ with root t′. It is easy to see that e
has its external end (say, b) in Xf , where f is farther of t′. Indeed, by Property
2, there is r such that a, b ∈ Xr. We have r ∈ T ′ since by construction (and by
Property 3) for any j /∈ T ′ G′ ⋂ Xj = ∅ and a ∈ G′. As b /∈ G′, there exists
an ancestor s of r such that b ∈ Xs. Then, by Property 3, b ∈ Xf . Thus, G′ is
separable from its complement by vertices of Xf , the number of which is ≤ n+1.



374 K.Y. Gorbunov

At the end of the process G will be devided into subgraphs having ≤ n + 1
vertices. We split from them vertices one by one untill all subgraphs consist of
only one vertex. The item a) is proved.

Let us prove the item b). First, we prove the following lemma.
Lemma 1. Let a graph G be n-divisible and a corresponding process of its

dividing be given. Then for each arising non-one-vertex subgraph P we can mark
≤ n vertices separating P from its complement, such that at the next partitioning
P into P1 and P2 the following conditions hold:
1. If a vertex a does not belong to P and a is marked for at least one of P1, P2
then a is marked for P .
2. If a ∈ Pi and a is marked for P then a is marked for Pi (i = 1, 2).
3. If a ∈ Pi and a is marked for Pj where j 6= i then a is marked for Pi (i = 1, 2).

Proof. For each subgraph P arising in the process let nP ≤ n be the minimal
number such that there exists a set consisting of nP vertices separating P from
G \ P . Among all such separating sets of cardinality nP we select (and mark for
P ) a set MP with minimal number of external (i.e. not belonging to P ) vertices.

Let us prove the item 1. Consider the set M of vertices from G \ P marked
for P1, say, but not for P . Let, contrary to the statement, M 6= ∅. Let C be the
set of vertices in P1 joint by an edge to M and unmarked for P1.

Let |C| > |M |. Evidently, all vertices in C belong to MP . Any boundary for
P edge, incident with a vertex in C, has another end in MP1 hence it leads either
to M or to MP . Therefore if we replace in MP the subset C with the set M , we
obtain a set of vertices separating P from G \ P and having less elements than
MP . This contradicts to minimality of MP .

Now, let |C| ≤ |M |. Every vertex in P1 which is adjacent with a vertex in M
either lies in C or is marked for P1. Therefore if we replace in MP1 the subset
M with the set C, we obtain a new set separating P1 from G \ P1. It has no
more vertices than the initial set, but the number of external for P1 vertices is
reduced. This contradiction proves the item 1.

Let us prove the item 2. Let, say, i = 1. Consider the set M of vertices in P1
marked for P but not for P1. Let M 6= ∅. Let C be the set of vertices in G \ P
joint by an edge to M and not belonging to MP . Let |M | ≤ |C|. Evidently, all C
is marked for P1. Let us replace in the set MP1 the subset C with the set M . We
obtain a new set of vertices separating P1 from G \ P1. It has no more vertices
than the old set but the number of external vertices is reduced. This contradicts
to the choice of MP1 . Now, let |M | > |C|. Replace in MP the subset M with the
set C. We obtain a new set of vertices separating P from G \ P and having less
vertices than MP . This contradiction proves the item 2.

Let us prove the item 3. Let, say, i = 1, j = 2. Consider the set M of vertices
in P1 marked for P2 but not for P1. Let M 6= ∅. Let C be the set of vertices
in P2 joint by an edge to M and unmarked for P2. Let |M | ≤ |C|. Evidently,
C ⊆ MP1 . Replace in the set MP1 the subset C with M . We obtain a new set of
vertices separating P1 from G\P1 with smaller number of external vertices. This
contradicts to the choice of MP1 . Now, let |M | > |C|. Replace in MP2 M with
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C. We obtain a new set of vertices separating P2 from G \ P2 and having less
vertices than MP2 . This contradiction proves the item 3. Lemma 1 is proved. �

So, let a graph G be n-divisible. Let us take the process of its dividing and
mark for each arising subgraph P the set MP separating P from G \P as in the
proof of Lemma 1. We’ll represent this process in the form of a binary dividing
tree D with subgraphs placing in its vertices (in a natural manner). A tree-
decomposition tree T is obtained from D by ascribing to each vertex p the set
Xp equal to union of all marked vertices for three subgraphs: the subgraph P
and two its sons into which it is partitioned (if they exist).

It remaines to prove three properties from the definition of tree-decomposi-
tion. Property 1 is obvious, since by definition of MP any vertex is marked for
corresponding one-vertex subgraph. Let us prove Property 2. Let e be an edge of
graph G. Consider a moment of dividing process when the ends of e turn out to
be in different subgraphs and let A be that of them for which marked end of e is
external (if there is no such subgraphs, Property 2 for e, clearly, holds). Consider
the sequence of such descendants of subgraph A that have e as a boundary edge.
Since for one-vertex subgraphs only one internal vertex is marked, there are two
neighboring subgraphs in this sequence — a farther and a son such that for the
farther an external end of e is marked and for the son — an internal end. This
implies satisfaction of Property 2 for e.

Let us prove Property 3. Let a vertex a is marked for two subgraphs G1 and
G2. It is sufficient to show that a is marked for all subgraphs on the path in
dividing tree connecting G1 and G2 exept, maybe, their common ancestor. Let
A be a subgraph on the path between G1 and G2. Consider two cases.

Case 1. One of G1, G2 is ancestor of another, say, G1 is ancestor of G2. Let
the vertex a not belong to G1. Then it follows from item 1 of Lemma 1 that if
a is unmarked for A then a is unmarked for all descendants of A. Hence, as a
is marked for G2 then a is marked for A. Now, let a ∈ G2. Then by item 2 of
Lemma 1 as a is marked for G1 then a is marked for any descendant of G1 which
contains a, including A. Now, let a ∈ G1, a /∈ G2. Let B be the nearest to G1
descendant of G1 on the path to G2 such that a /∈ B. Then if A lies between B
and G2 (or if A = B), it is easy to see that from item 1 and the fact that a is
marked for G2 it follows that a is marked for A. And if A lies between G1 and
B (A 6= B) then from item 2 and the fact that a is marked for G1 it follows that
a is marked for A.

Case 2. None of subgraphs G1, G2 is ancestor of another. Let P be the
nearest to them their common ancestor. It is easy to see that for both sons of
P (as well as for all subgraphs between them and G1, G2) a is marked: if a son
does not contain a this follows from item 1, if a son contains a then from item 3
of Lemma 1 and from the fact that another son does not contain a. Further, all
considerations, evidently, are reduced to the case 1. Theorem 1 is proved. �

N. Robertson and P.D. Seymour in [4] nonconstructively proved the existense
of a polynomial algorithm to test if a graph has tree-width ≤ m for fixed m. We
briefly describe a polynomial algorithm which for any fixed n decides if an input
graph is n-divisible and if so, constructs a process of its n-dividing.
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We’ll mean by n-divisibility of a subgraph its n-divisibility as a graph but
we take its boundary edges into consideration (in particular, the subgraph itself
must be separable from its complement by no more than n vertices). We call a
vertex g belonging to a subgraph B saturated for B if there are more than n
boundary edges incident with g (multiple edges are considered only once). An
external vertex which is incident with a boundary edge will be called external
boundary vertex.

Lemma 2. If a graph G is n-divisible, there exists a process of its n-dividing
such that for every arising subgraph B we at first separate from it one by one no
more than n vertices so that remaining subgraph B′ either becomes one-vertex or
has no saturated vertices and has no more than n2 external boundary vertices.
Then we divide B′ into connected components and only after this we divide this
components.

Proof. Let a non-one-vertex subgraph B be n-divisible and let no more than
n vertices separating B from its complement be marked. Let us separate out of
B a saturated (and, hence, marked) vertex b. It is easy to see that the rest B1 is
n-divisible because a process of n-dividing of B induces a process of n-dividing of
B1. (Indeed, a subgraph C arising in the induced process and corresponding to
the subgraph C ′ = C +{b} in the main process is separable from its complement
by ≤ n vertices — these vertices are the same as for C ′ including b.) We show
that any saturated for B1 vertex b1 is marked for B. Eash incident with b1 and
boundary for B1 edge either is boundary for B or leads to b. If b1 is not marked
for B then at least n adjacent with b1 vertices out of B must be marked for B.
Besides, b is marked for B, and we have a contradiction.

Separating b1 out of B1, we obtain B2 and so on until Bi = B′ has no
saturated vertices. Evidently, we have to separate ≤ n vertices. The fact that B′

has ≤ n2 external boundary vertices is obvious enough. Lemma 2 is proved. �
We’ll call the process of dividing described in Lemma 2 canonical process.

Now, we describe an algorithm. We consider the following totalities: either a
one-vertex subgraph K or a pair 〈K, P 〉 where P is a set of ≤ n2 vertices of an
input graph G and K is a connected component of the subgraph G \ P . We will
form step by step a list of all the totalities where K is n-divisible. Before the
first step we put all one-vertex subgraphs down on the list. After the m-th step
there will be all such pairs in our list that K is n-divisible by ≤ m partitioning
(and, maybe, some other pairs with n-divisible K).

At the (m+1)-th step we look over all pairs 〈K, P 〉 and for every pair which is
not contained in our list we do the following. First, we verify that K is separable
from its complement by ≤ n vertices. Let it be so. Then we suppose that K
can be partitioned into two (unknown) parts K1 and K2 being n-divisible by
≤ m dividing. Look over all quadruples of sets of vertices 〈O1, O2, P1, P2〉 where
|O1| ≤ n, |O2| ≤ n, |P1| ≤ n2, |P2| ≤ n2. The meaning is: Oi — the set
of those marked for Ki vertices which by Lemma 2 can be separated so that
the subgraph Ki \ Oi has the properties stated in Lemma 2; Pi — the set of
all external boundary for Ki \ Oi vertices. For a quadruple corresponding to a
canonical process, the subgraphs K1 \O1 and K2 \O2 which we try to find must
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be a union of some connected components of the subgraphs G \ P1 and G \ P2
respectively.

Let K ′ = K \(O1
⋃

O2). We call a path clear if all its vertices except, maybe,
ends lie in K ′ \ (P1

⋃
P2). For each vertex a in K ′ consider two the following

conditions.
1. Either a ∈ P1 or there exists a clear path leading from a to some vertex
b ∈ P1

⋂
K ′.

2. a /∈ P1
⋃

P2 and there exists a clear path leading from a to P2 \ K ′.
We put a in K2 if at least one of the conditions holds, otherwise we put a in
K1. (Note, that if both conditions are not satisfied then the conponent of G \P1
containing a either does not belong to K ′ or coincides with a component of
G \ P2.)

After this partitioning of K we verify that P1 and P2 really are the sets of all
external boundary vertices for K1 \O1 and K2 \O2 respectievly. It is easy to see
that if it is not the case then the chosen quadruples of sets does not correspond to
a canonical process of dividing. Finally, we verify that K1 and K2 are separable
from their complements by a sets of ≤ n vertices including respectively O1 and
O2.

We put 〈K, P 〉 down on our list if and only if all the connected components
of G\P1 and G\P2 contained in K ′ already present in the list. It is not difficult
to see that the described algorithm is required.

Remark. There is also another notion being studied in literature — the
branchwidth of a graph G. It is equal to the minimal t for which there exists
a process of dividing of edges of G (like our process for vertices) such that
for any arising set of edges E′ it holds |coup(E′)| ≤ t where coup(E′) is the
set of vertices incident both with an edge in E′ and with an edge not in E′.
N. Robertson and P.D. Seymour in [7] proved linear equivalence of branchwidth
and tree-width. Hans L. Bodlaender and Dimitrios M. Thilikos in [1] constructed
a linear algorithm for recognition of the relation branchwidth < T (for arbitrary
fixed T ).

Let us turn to our main result. Recall that a graph A is a minor of a graph
B if we can map every vertex of the graph A to a nonempty connected subgraph
of the graph B (moreover, different vertices correspond to disjoint subgraphs)
and map every edge of the graph A to an edge of the graph B joining those two
subgraphs which correspond to the ends of the edge in A.

Theorem 2. For any natural r ≥ 2 there exists m ≤ r2 exp(r20) such that if
a finite graph G has no minors isomorphic to the planar grid of the size of r×r,
then this graph is m-divisible.

Proof. We say that two subgraphs P1 and P2 of a graph G are n-separable
through a subgraph C of the graph G if we can select ≤ n vertices in C with the
following property: any path between P1 and P2 which has all interior vertices
in C and contains at least two edges, passes through at least one of the selected
vertices.
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Lemma 3. For any n, k in any (nk)-nondivisible graph there exist a connec-
ted subgraph C and k connected subgraphs, pairwise disjoint and disjoint from
C, such that any two of these k subgraphs are n-nonseparable through C.

Proof. Let m = nk. Let a graph G be m-nondivisible. We will carry out some
procedure on G described below. Before the beginning of every stage of this
procedure the conditions described in the following paragraph will be satisfied.

Some pairwise disjoint connected subgraphs are selected in the graph G.
One of them is m-nondivisible. We’ll call this subgraph “central subgraph” and
denote it by C. The selected subgraphs joined by an edge to C will be called
“boundary subgraphs”. There are not more than k boundary subgraphs. Any
edge boundary for C has external end in one of boundary subgraphs. For each
boundary subgraph P we can select ≤ n vertices in C

⋃
P such that any edge

which joins P to C is incident with at least one of the selected vertices.
It follows from the conditions above that C is separable from its complement

by ≤ m vertices. So, since C is m-nondivisible, for any partition of C into two
subgraphs, at least one of them is m-nondivisible. Before the beginning of our
procedure the subgraph C is a connected m-nondivisible component of the graph
G. The boundary subgraphs are absent.

Before the beginning of every stage, the number of the boundary subgraphs
is either strictly less than k or equal to k. In the first case let c be an arbitrary
vertex in C. Then the subgraph C1 = C \ {c} is m-nondivisible and is separable
from G \ C1 by ≤ m vertices. Let C0 be a m-nondivisible component of the
subgraph C1. C0 becomes the new central subgraph, and {c} becomes the new
boundary subgraph. Clearly, the inductive conditions are satisfied.

In the second case if there is no pair of boundary subgraphs being n-separable
through C then our procedure is completed, and we have found the required
subgraphs. Otherwise let P1 and P2 be such a pair. Consider the set M of
vertices in C which are joined by an edge to P1

⋃
P2. If M consists of only one

vertex c then we separate c in the same way as in the first case. In this case
we exclude P1 and P2 from the set of the selected subgraphs. Clearly, inductive
conditions are satisfied. If |M | > 1 then we mark ≤ n vertices in C separating
P1 and P2. Let us prove the following fact:
there exists a partitioning of C into nonempty parts C1 and C2 such that the
graphs P1

⋃
C1 and P2

⋃
C2 are connected and each edge connecting C1 with

P2
⋃

C2 or C2 with P1
⋃

C1 is incident with one of the marked vertices.
Choose in C two different vertices c1 and c2 such that ci is joined to Pi by an
edge. Ascribe ci to Ci. Ascribe to Ci the remaining vertices in C which can be
joined to Pi by a path with all interior vertices unmarked and lying in C. (If
both 1 and 2 can serve as i, we act arbitrary). Consider the subgraph C ′ in C
consisting of vertices which were not ascribed neither to C1 nor to C2. Since C
is connected, for each connected component K of the graph C ′ there is a vertex
in C \ C ′ which is joined to K by an edge. Fix such a vertex a. Ascribe K to Ci

which contains a. Now, the stated fact became obvious enough.
One of Ci is m-nondivisible, let it be C1. From the proven fact it follows that

C1 is separable from G \ C1 by ≤ m vertices. Let C0 be an m-nondivisible com-
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ponent of the subgraph C1. It will be the new central subgraph. The subgraph
P2

⋃
C2 will be the new boundary subgraph replacing P2. It is easy to verify

that the inductive conditions are satisfied.
Our procedure will end in a construction of the required subgraphs. This

completes the proof of Lemma 3. �
Let us take n = exp(r20), k = r2 in Lemma 3. We will use the following

theorem of Menger.
Menger’s Theorem. Two given nonadjacent vertices a and b of a graph

cannot be separated by deleting n vertices (different from a, b) if and only if
there exist n + 1 pairwise vertex-disjoint paths between a and b.

It follows from this theorem that for each pair of boundary subgraphs in
G there exist n + 1 pairwise vertex-disjoint (except ends) paths between these
subgraphs having all interior vertices in C. For all these pairs we fix n corre-
sponding paths. Let us order the formed families of paths and denote them by
S1, S2, . . . S k(k−1)

2
. We will reconstruct these families as follows.

At the next stage we take the next family Si in this ordering. By Si we mean
the family which was formed from the original Si by the reconstruction made
up to the current moment. We assume as an inductive condition that for each
j < i the family Sj consists of only one path and this path does not cross any
path of any other family. For each j > i we take for the new Sj some subfamily
of the old Sj of cardinality l = |Si|/ exp(r10). Consider the graph Si

⋃
Sj ⊆ C

which consists of all vertices and edges belonging to Si or to Sj except for the
end vertices and edges. Let us draw in Si

⋃
Sj a new family Sj of the cardinality

l so that it joins the same boundary subgraphs as the old Sj and the number
of edges in Si

⋃
Sj belonging to Sj but not to Si is minimal. One of the two

following cases holds.
Case 1. There is a path q in Si which does not cross ≥ |Sj |/ exp(r10) paths

in each Sj when j > i. In this case we take {q} for the new Si, and for each
j > i we take for the new Sj the subfamily of the old Sj which consists of all
paths not crossed by q. Evidently, the inductive condition is satisfied.

Case 2. There is no path described in the case 1. In this case we stop our
procedure.

If we have the case 1 at every stage than at the end of the procedure we will
have the complete graph with k vertices (and, hence, the r × r grid) as a minor
of our graph.

Assume that we have the case 2 at i-th stage. Then there exists j > i such
that not less than |Si|/k2 paths in Si cross ≥ |Sj | − |Sj |/ exp(r10) paths in Sj .
Fix such j and denote the set of |Si|/k2 described paths in Si by S1

i . We will
find the r × r grid in S1

i

⋃
Sj .

We order paths in Sj in the order of the decrease the number of paths in S1
i

crossed by the paths in Sj . Let V = {q1, q2, . . . , qk} be the set of the initial k
paths in this ordering.

Lemma 4. There exist at least |Sj | exp(r9) paths in S1
i crossing each path

in V .
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Proof. Denote b = |Sj |. Let us show that the path qk (and, hence, each path
in V ) crosses at least N = |S1

i | − b − exp(r10) paths in S1
i . Indeed, in all there

exist at least P =
(
1 − 1

exp(r10)

)
|S1

i |b pairs of crossing paths. Even if the paths

q1, . . . , qk−1 cross all paths in S1
i , it remains E = P − (k − 1)|S1

i | such pairs for
the other paths in Sj . Evidently, qk must cross at least
E
b = |S1

i | − |S1
i |

exp(r10) − (k − 1) |S1
i |
b ≥ |S1

i | − b − (k − 1) exp(r10) ≥ N

path in S1
i as we wanted. Hence, there exist

|S1
i | − kN ′ = b exp(r10)

k2 − kb − k exp(r10) ≥
≥ b

(
exp(r10)

r4 − r2 − r2 exp(r10)
exp(r19)

)
≥ b exp(r9)

paths in S1
i , crossing each path in V . The set of such paths we denote by U .

Lemma 4 is proved. �
We’ll call paths in U vertical and in V — horizontal. Consider a horizontal

path q. Clearly, there is an edge e /∈ U on q such that the path q crosses equal
(to within 1) number of different vertical paths on each side from e. It follows
from the minimality of the number of edges in Sj that after removal of the edge
e there will be no b (recall, b = |Sj |) pairwise vertex-disjoint paths between
the boundary subgraphs joined by Sj . By Menger’s theorem they are (b − 1)-
separable. Fix (b − 1) vertices separating these subgraphs. Clearly, on each path
in Sj except q there is just one fixed vertex. There are no more than (b − 1)
vertical paths passing through the fixed vertices. It is easy to see that any other
path in U does not cross q on both sides from e, otherwise we could go from
“the left” boundary subgraph to “the right” one not passing both through e
and through the fixed vertices. Since on each side from e the path q crosses half
of vertical paths, there are two large subfamilies Ul and Ur in U such that Ul

crosses q only on “the left” side from e and Ur only on “the right” side. It is easy
to see that on any horizontal path q′ there is an edge e′ such that Ul crosses q′

only on “the left” side from e′ and Ur — only on “the right” side. (Indeed, it is
sufficient to show that for any q1 ∈ Ul, q2 ∈ Ur there are not vertices al, ar on
q′ such that al ∈ q2, ar ∈ q1 and al lies on the left of ar on q′. But if it is not
the case we could easily bypass both e and all fixed vertices going from the left
to the right.)

Similarly, we divide each of two “halves” of the path q (before e and after
e) in two equal parts with respect to the corresponding part of vertical paths.
We continue this procedure until the path q (and, hence, all horizontal paths) is
divided into r2 exp(r4) segments. At the end of the procedure we have subfamily
U1 ⊆ U , |U1| = r2 exp(r4) and the partition of each horizontal path into segments
such that each path in U1 crosses any horizontal path on only one segment, and
different paths on different segments. All horizontal paths cross paths in U1 in the
same order. (Of course, at each step of dividing of a subset of vertical paths into
two parts, we throw out ≤ b “bad” vertical paths. But b is small in comparison
with |U | which ensures realizability of the procedure.)

We’ll say that a path q crosses a path p only once if their common vertices
and edges constitute exactly one (maybe, one-vertex) path (thus, this path is a
subpath of both p and q). We will use the following trivial fact. Let S1 and S2 be
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families of n pairwise vertex-disjoint paths such that any two paths in different
families cross only once and all paths in S1 cross paths in S2 in the same order
and all paths in S2 cross paths in S1 in the same order. Then the graph S1

⋃
S2

has as a minor the grid of size of n × n.
For each α ∈ U1 we consider the following graph. Its vertices are horizontal

paths. Vertices x and y are joined by an edge if there is a segment of the path α
such that its end vertices are on the paths x and y and all its interior vertices are
not in V . Clearly, the constructed graph is connected. Consider the subfamily
U2 ⊆ U1 of r2 paths such that all paths in U2 correspond to the same graph. Let
us take a frame tree in this graph. Evidently, a tree with r2 vertices has either
the height ≥ r or the number of leaves ≥ r. In the first case, clearly, we have the
r×r grid as a minor of our graph. In the second case consider the linear ordering
of U2 in which paths in U2 are crossed by horizontal paths. Let us divide U2 into
r groups of neighboring paths with respect to this ordering. We use every group
for the passing a path which in some fixed order crosses only once horizontal
paths corresponding to leaves of the tree. We use non-leaf vertices of the tree
for a moving from a leaf to another leaf vertex. Each such moving takes place
in individual tree. Thus we have the r × r grid as a minor. This completes the
proof of Theorem 2. �

Remark. It is shown in [2] that the degree 20 in the bound r2 exp(r20) can
be improved substantially while making the proof even simpler.

As we can see from the following theorem, for planar graphs there is a linear
upper bound of the value of m.

Theorem 3. For any r there exists m ≤ cr where c = 216 such that if a
finite planar graph has no minors isomorphic to the planar r × r grid, then this
graph is m-divisible.

Proof. Let us take k = 5, n = cr in Lemma 3, where c = 216. We construct
the families S1, S2, . . . , S10 in the same way as in the proof of Theorem 2. We will
carry out the same procedure with families of paths as in the proof of Theorem
2. At i-th stage we take the family Si being a subfamily of the original Si. There
are two possible cases. In the first case there exists a path q ∈ Si which crosses
less than half of paths in each Sj when j > i. Then for each j > i we take for
the new Sj the subfamily consisting of the paths of the old Sj which are not
crossed by q. After that we proceed to the next stage.

Since the complete graph with five vertices can not be a minor of a planar
graph, we will have at some i-th stage (i ≤ 9) the second case, that is, there is no
path described in the first case. Then there exists j > i such that ≥ cr

10·210 ≥ 4r
paths in Si are crossed by ≥ |Sj |/2 paths in Sj . Let us fix such j and denote the
set of ≥ 4r described paths corresponding to j by S1

i .
Clearly, we can consider the connected graphs A and B joined by Si to be

trees. Then it is easy to see that paths in Sj together with A, B divides the
plane into |Sj | parts called faces and every face has exactly two paths on its
boundary. Let us number paths in Sj by numbers 1, . . . , |Sj | so that the pairs of
paths (i, i + 1) where i < |Sj | and (|Sj |, 1) are neighboring i.e. some face has in
its boundary both paths. This numbering gives a cycle order on Sj .
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It is easy to see that to pass from some path in Sj to another path in Sj we
must cross all paths of one of two sets between them. Therefore, each path in S1

i

crosses |Sj |/2 paths in Sj which form a segment in the cycle order. Let us divide
Sj into four equal segments in the order. Evidently, there exists a quarter such
that ≥ |S1

i |/4 paths in S1
i contain a subpath crossing all paths of this quarter

and having its ends on the two exterior paths q1, q2 of the quarter and having
all its interior vertices out of q1, q2. Denote the set of such subpaths on paths
in S1

i by S2
i and denote the considered quarter of paths in Sj by S1

j . Clearly,
|S2

i | ≥ r, |S1
j | ≥ r.

Let us draw in the graph S2
i

⋃
S1

j a family U of |S2
i | pairwise vertex-disjoint

paths between q1 and q2 and a family V of |S1
j | pairwise vertex-disjoint paths

between A and B, such that the number of edges of the graph U
⋃

V is minimal.
We’ll call paths in U vertical and in V — horizontal. Clearly, each vertical path
crosses each horizontal path. It is evident also that vertical paths divide the
part of the plane bounded by q1, q2, A, B into parts and the set U (as well as
the parts of the plane) are ordered in a natural way so that to pass from some
vertical path to another vertical path we must cross all the paths between them.
The same is true for horizontal paths. Therefore, for the proof of the existence
of the grid it is sufficient to show that each vertical path crosses each horizontal
path only once. Suppose that it is not true. Let α be the nearest to q1 horizontal
path which crosses some vertical path β in vertices a1 and a2 not connected by
a path in α ∩ β.

We will show that the subpath [a1, a2] of the path β does not pass through
the part of the plane lying between q1 and α. Assume that it is not true. Then
either this subpath crosses the path α′ neighboring to α from the side of q1 or
there exists a subpath l of the path β with the ends lying on α and the interior
vertices lying out of V . The first case contradicts the condition of the choice of
the path α, since β crosses α′ not only in [a1, a2]. In the second case we can
pass α along l and reduce the number of edges in U

⋃
V . This contradicts the

minimality of this number.

If there are no vertices of vertical paths on the segment r = [a1, a2] of the
path α except the vertices of β, then we can pass β along r, which contradicts
the minimality of the number of edges. Otherwise, assume that there is a vertex
b on r belonging some vertical path β′. The subpath of β′ from b to q2 can not
lie entirely between α and q2 because it does not cross β. But this subpath can
not pass through the part of the plane between α and q1, because by the same
argument as for β we obtain from this assumption a contradiction either with
the condition of the choice of α or with the minimality of the number of edges
in U

⋃
V . This contradiction completes the proof of Theorem 3. �
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